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Preface

The Riemann integral is a useful tool for solving many mathematical
problems in elementary calculus. However, at the end of nineteenth
century, mathematicians found that the Riemann integral has the following
shortcomings:

(A) If a function is Riemann integrable on a bounded interval [a, b] of
the real line, then the function is bounded there.

(B) There is a bounded non-Riemann integrable derivative.

(C) There is a sequence (f,)22; of uniformly bounded, Riemann
integrable functions converging pointwise to a function f on a
bounded interval [a,b] of the real line, yet f is not Riemann
integrable on [a, b].

In 1902, Lebesgue defined a more general integral to remove the above-
mentioned defects (A), (B), and (C). On the other hand, the Lebesgue
integral is not powerful enough to integrate all finite derivatives. Thus,
it is natural for Lebesgue to ask for another general integral that would
overcome this drawback.

In 1912, Denjoy extended the one-dimensional Lebesgue integral so that
the resulting integral can integrate all finite deriviatves. Two years later,
Perron employed a different method to define his integral and used it in the
study of differential equations. It is somewhat surprising that the above
integrals of Denjoy and Perron coincide, and this integral is now commonly
known as the Denjoy-Perron integral. On the other hand, the classical
definitions of Riemann, Lebesgue, Denjoy, and Perron integrals have very
little in common.

In the 1950’s, Henstock and Kurzweil gave a slight but
ingenious modification of the classical Riemann integral to obtain
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the Henstock-Kurzweil integral, which is a Riemann-type definition of
the Denjoy-Perron integral.  Since then, various higher-dimensional
Riemann-type integrals have been defined and studied by several
authors; see, for example, [58,63-66,74,78,79,81,82,88,120,137,140]. Since
the one-dimensional Henstock-Kurzweil integral is equivalent to the Denjoy-
Perron integral, it is not so surprising that the multiple Henstock-Kurzweil
integral is equivalent to the classical multiple Perron integral.

This book gives an elementary treatment of the Henstock-Kurzweil
integration on Euclidean spaces; most of this book can be understood with
a prerequisite of advanced calculus. Furthermore, we present some recent
advancement of the theory.

In Chapter 1, we present some basic theory of the one-dimensional
Henstock-Kurzweil integral. = The definition of this integral is very
similar to that of the classical Riemann integral, and it encompasses
improper Riemann integrals. Moreover, the relatively new integral is
powerful enough to integrate every finite derivative.

Chapter 2 deals with the multiple Henstock-Kurzweil integral; in
particular, Fubini’s theorem is established for this integral. Unlike the
corresponding result in the classical Lebesgue theory, neither measure
theory nor topology is needed for the proof.

In the long Chapter 3 we use the Henstock-Kurzweil integral to define
the Lebesgue integral. Consequently, we recover all the standard results in
the Lebesgue theory.

In Chapters 4 and 5, we obtain further properties of Henstock-Kurzweil
integrable functions via the Henstock variational measure.

Chapter 6 is devoted to the proof of Kurzweil’s multiple integration by
parts formula, and we show that Kurzweil’s result cannot be improved.

In Chapter 7, we employ a new generalized Dirichlet test to study
certain classes of omne-dimensional trigonometric series.  Finally, in
Chapter 8, we employ the above chapters to deduce some delicate
convergence theorems for Henstock-Kurzweil integrals and double
trigonometric series. Some open problems are also given in Section 8.11.

I would like to thank Professor Lee Peng Yee, Professor Chew
Tuan Seng, my family members, and friends for their support and help
throughout the writing, without which this book would not have been
completed.
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Chapter 1

The one-dimensional
Henstock-Kurzweil integral

1.1 Introduction and Cousin’s Lemma

The purpose of this monograph is to study multiple Henstock-Kurzweil
integrals. In the present chapter, we shall first present and prove certain
results for the one-dimensional Henstock-Kurzweil integral.

Unless mentioned otherwise, the following conventions and notations
will be used throughout this monograph. R, RT, and N denote the real
line, the positive real line, and the set of positive integers respectively. An
interval in R is a set of the form [a, ], where —0o < @ < 8 < 00, and [a, b
denotes a fixed interval in R.

Definition 1.1.1.

(i) Two intervals [u,v], [s,t] in R are said to be non-overlapping if

(u,v) N (s,t) = 0.

(i) If  {lui,v1],...,[up,vp]} is a finite collection of pairwise
non-overlapping subintervals of [a,b] such that [a,b] = U5_, [uk,vk],
we say that {[ui,v1],..., [up, vp]} is a division of [a, b].

(iil) A point-interval pair (t,[u,v]) consists of a point ¢ € R and an interval
[u,v] in R. Here t is known as the tag of [u, v].

(iv) A Perron  partition of [a,b] is a finite  collection
{(t1,[ur,n]), ..., (tp, [up,vp])} of point-interval pairs,  where
{lur,v1],...,[up,vp]} is a division of [a,b], and tx € [ug,vy] for
k=1,...,p.

(v) A function § : [a,b] — R™T is known as a gauge on [a, b].

(vi) Let § be a gauge on [a,b]. A Perron partition

{(t1, [ur,v1])s .-, (tp, [up,vp])} of [a,b] is said to be d-fine if
[uk,vk] C (ty — O(tg), tk +6(tg)) for k=1,...,p.
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The following example shows that tags play an important role in our
study.

Example 1.1.2. We define a gauge ¢ on [0, 1] by setting

Eif0<t<1,
&w_{%ﬁt_O

Then the following statements are true.

(i) {[0,3],[3,3].[3,1]} is a division of [0,1].
(i1) {(0,][0, %]), (%, [%, %]), (1, [%, 1])} is a d-fine Perron partition of [0, 1].
(i) {(0,[0, %)), (3.[3,3]),(3,[3,1))} is not a 6-fine Perron partition of [0, 1].

The following natural question arises from Example 1.1.2.

Question 1.1.3. If § is an arbitrary gauge on [a, ], is it possible to find a
d-fine Perron partition of [a, b]?

In order to proceed further, we need the following result.

Lemma 1.1.4. Let § be a gauge on [a,b] and let a < ¢ < b. If Py and P,
are d-fine Perron partitions of |a,c| and [c,b] respectively, then Py U Py is
a d-fine Perron partition of [a,b].

Proof. Exercise. O

The following theorem gives an affirmative answer to Question 1.1.3.

Theorem 1.1.5 (Cousin’s Lemma). If § is a gauge on [a,b], then there
exists a 0-fine Perron partition of [a,b].

Proof. Proceeding towards a contradiction, suppose that [a, b] does not
have a §-fine Perron partition. We divide [a,b] into [a, 2F2] and [%FE, b]
so that [a,b] is the union of two non-overlapping intervals in R. In
view of Lemma 1.1.4, we can choose an interval [a1,b;] from the set
{[a, 2£2], [2£2, b]} so that [a1,b1] does not have a d-fine Perron partition.
Using induction, we construct intervals [a1, b1], [a2,b2],... in R so that the

following properties are satisfied for every n € N:

(i) [an,bn] D [ant1,bnt1l;
(ii) no d-fine Perron partition of [ay,, b,] exists;

(ili) by — an = 2.
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Since properties (i) and (iii) hold for every n € N, it follows from the
Nested Interval Theorem [6, Theorem 2.5.3] that

ﬂ ak, br] = {to}

for some to € R. On the other hand, since (\ro;[ar,br] = {to} and
0(tg) > 0, it follows from property (iii) that there exists N € N such
that {(to,[an,bn])} is a 0-fine Perron partition of [ax, by], a contradiction
to (ii). This contradiction completes the proof. O

Let Cla, b] denote the space of real-valued continuous functions on [a, b].
A simple application of Theorem 1.1.5 gives the following classical result.

Theorem 1.1.6. If f € Cla,b], then f is uniformly continuous on |[a,b)].

Proof. Let e > 0 be given. Using the continuity of f on [a,b], for each
xo € [a,b] there exists do(xg) > 0 such that

[F(2) = f@o)l < 5

whenever z € (xg—do(x0), To+do(x0))N[a,b]. We want to prove that there
exists 7 > 0 with the following property:

s,t € a,b] with [s —t| <n = |f(s) — f(t)] <e.

Define a gauge 0 on [a,b] by setting 6 = %50. In view of
Cousin’s Lemma, we may select and fix a d-fine Perron partition
{(t1, [ur,n]), ..., (&p, [up,vp))} of [a,b]. If s,t € [a,b] with |t —s| < n =
min{d(¢;) : ¢ = 1,...,p}, then there exists j € {1,...,p} such that
[t —t;| < d(¢; )andso|sft|<|sft\+|t7t\<25( i) = 00(t;). Thus

[f (@) = F() < (&) = fE)+ () — f(s)] <e.
Therefore, f is uniformly continuous on [a, b]. a
Following the proof of Theorem 1.1.6, we obtain the following corollary.

Corollary 1.1.7. If f € Cla,b], then f is bounded on [a,].
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1.2 Definition of the Henstock-Kurzweil integral

Let P = {(t1, [u1,v1]),- .., (tp, [up, vp])} be a Perron partition of [a,b]. If f
is a real-valued function defined on {¢1,...,%,}, we write

P
S(f,P) =Y f(ta)(vi — wi).
i=1
We first define the Riemann integral.

Definition 1.2.1. A function f : [a,b] — R is said to be Riemann
integrable on [a, b] if there exists Ay € R with the following property: given
e > 0 there exists a constant gauge ¢ on [a, b] such that

|S(f,P)— Aol < e (1.2.1)
for each d-fine Perron partition P of [a, b].
The collection of all functions that are Riemann integrable on [a, b] will

be denoted by Rla,b].

Once we omit the word “constant” from Definition 1.2.1, we obtain the
following modification of the Riemann integral.

Definition 1.2.2. A function f : [a,b] — R is said to be Henstock-
Kurzweil integrable on [a,b] if there exists A € R with the following
property: given € > 0 there exists a gauge ¢ on [a, b] such that

|S(f,P)— Al <e (1.2.2)
for each d-fine Perron partition P of [a, b].
The collection of all functions that are Henstock-Kurzweil integrable on

[a, b] will be denoted by HK]a,b].

It is easy to deduce from Definitions 1.2.1 and 1.2.2 that if f € RJa,b],
then f € HK]Ja,b]. In this case, Cousin’s Lemma shows that there is a
unique number satisfying Definitions 1.2.1 and 1.2.2.

Theorem 1.2.3. There is at most one number A satisfying Definition
1.2.2.

Proof. Suppose that A; and Ag satisfy Definition 1.2.2. We claim that
A = As.

Let € > 0 be given. Since A; satisfies Definition 1.2.2, there exists a
gauge 01 on [a, b] such that

IS(f, P1) — A1] < %
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for each d;-fine Perron partition P; of [a,b]. Similarly, there exists a gauge
d on [a, b] such that

S, P) = Ae] < 5
for each dy-fine Perron partition P of [a, b].
Define a gauge ¢ on [a, b] by setting
0(z) = min{o1(z), d2(x)}. (1.2.3)

According to Cousin’s Lemma (Theorem 1.1.5), we may fix a d-fine Perron
partition P of [a,b]. Since (1.2.3) implies that the J-fine Perron partition
P is both §;-fine and §,-fine, it follows from the triangle inequality that

|A1 — Ao < |S(f, P) — A1| +|S(f, P) — Az| < e.
Since € > 0 is arbitrary, we conclude that A; = As. O

Theorem 1.2.3 tells us that if f € HK]|a,b], then there is a unique
number A satisfying Definition 1.2.2. In this case the number A, denoted by
(HK) f; f, (HK) fab f(z) dzor (HK) f; f(t) dt, is known as the Henstock-
Kurzweil integral of f over [a,b].

It is clear that if f € R[a,b], then f € HK][a,b] and the num-
ber (HK) f;f satisfies Definition 1.2.1. In this case the unique number
(HK) [ f, denoted by [”f, [V f(z) dz or [’ f(t) dt, is known as the
Riemann integral of f over [a,b]. The following example shows that the
inclusion R[a,b] C HK]a,b] is proper.

Example 1.2.4. Let Q be the set of all rational numbers, and define the
function f : [0,1] — R by setting

1 ifzel0,1]NnQ,
f(z) =
0 otherwise.
Then f € HKI0,1]\R[O0, 1].

Proof. Let (r,)52; be an enumeration of [0,1] N Q and let € > 0. We
define a gauge ¢ on [0, 1] by setting
sugr if @ =1y, for some n € N,
o(z) =
1 ifzel0,1\Q
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If P is a d-fine Perron partition of [0, 1], then

S(f,P) = 0] Y fOe-w+ Y fOw—u)

(t,[u,v])eP (t,[u,v])EP
teQn(o,1] t€[0,1\Q

PORRIGICEED

(t,[u,v])eP
teQn(o,1]

> S
<Z2—k
k=1

= E.

Since £ > 0 is arbitrary, we conclude that f € HK|[0,1] and (HK) fol f=0.

It remains to prove that f ¢ R[0,1]. Proceeding towards a
contradiction, suppose that f € R[0,1]. Since f € R[0,1] C HK]0,1] and
(HK) fol f =0, we have fol f =0. Hence for £ = 1 there exists a constant
gauge 01 on [0, 1] such that

IS(f, P1)l <1

for each d1-fine Perron partition P; of [0, 1]. If ¢ is a positive integer satis-
fying ¢=! < &1, then

Pyi={((k1 = D)g " [(k1 = 1)g " kg ™)) s ki =1,...,q}

is a d;-fine Perron partition of [0,1]. A contradiction follows:

1> 8(f,P) = (kg' —(k—1)g ") = 1.
k=1 O

The following theorem shows that the one-dimensional Henstock-

Kurzweil integral is useful for formulating a Fundamental Theorem of
Calculus.

Theorem 1.2.5. Let f : [a,b] — R and let F € Cla,b]. If F is
differentiable on (a,b) and F'(x) = f(z) for all x € (a,b), then
f € HKJa,b] and

b
<Hm/f:F@—ﬂw
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Proof. Let e > 0 be given. Since F is continuous on [a,b], for each
x € [a, b] there exists d1(z) > 0 such that

€
)~ Fly)| < &
whenever y € [a,b] N (x — §1(z), z + 61 (x)).
Since F is differentiable on (a,b), for each z € (a,b) there exists

d2(z) > 0 such that

y e(v—u)
Fe)o—) - (F) - P < 3=

whenever x € [u,v] C (a,b) N (z — d2(x),x + d2(x)).

Define a gauge ¢ on [a, b] by the formula

min {61(x),52(x), Lz —a), (b x)} if a <z <b,

o) = c if b
S @+ PO iz & {a,b}
If P is a d-fine Perron partition of [a, b], then
IS(f, P) - (F(b) — F(a))|
- v {f(t)(v —u) — (F) - F(u))}’
(t,[u,v])eP
< S B0-u) - (FE) - Fw)
s
+ Y O - )~ (F) - Fw)|
less"
< X (-0 +F@-Fa)+ Y S
el ler
S SUICE RS SR IO RV O TS D =t
e il (Llueher
S(f@I B | 2 e(v )
NCECEACIET IR P YW ey
a<t<b

<eE.
Since € > 0 is arbitrary, we conclude that f € HK|a,b] and

b
(HE) [ 1 =FO) - Fa). -
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The following examples are special cases of Theorem 1.2.5.

Example 1.2.6. Let

9 .1
zosin— 0 <z <1,
x

F(z) =
0 ifx =0.
Then F is differentiable on [0,1]. In particular, F' € HK][0, 1] and

1
(HK)/ F' =sinl.
0

Example 1.2.7. Let

- fo<aze<Z,
f(.%') — Ig Sln31} = 2
0 ifx =
Then f € HK[0,%] and
2 2 4
HK =-—-—.
wK) [T r=3-%

The following theorem is a consequence of Theorem 1.2.5.

Theorem 1.2.8. If f : [a,b] — R is a derivative on [a,b], then
f € HK][a,b.

We remark that the converse of Theorem 1.2.8 is not true. More details
will be given in Section 4.5.

1.3 Simple properties

The aim of this section is to prove some basic properties of the Henstock-
Kurzweil integral via Definition 1.2.2.

Theorem 1.3.1. If f,g € HK|a,b], then f + g € HK|[a,b] and

(HK)/ab(erg)=(HK)/abf+(HK)/:g-
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Proof. Let e > 0 be given. Since f € HK]Ja,b], there exists a gauge 4,
on [a,b] such that

b 9
< =

<3

S(f.Py) — (HK) /

a

for each ¢;-fine Perron partition P; of [a,b]. Similarly, there exists a gauge
d2 on [a, b] such that

b

‘scq,Pg) — (HEK) / g

a

<=
2

for each ds-fine Perron partition P, of [a, b].
Define a gauge ¢ on [a, b] by setting
0(z) = min{dy(x), d2(z)}, (1.3.1)

and let P be a d-fine Perron partition of [a,b]. Since (1.3.1) implies that
the d-fine Perron partition P is both d;-fine and ds-fine, the identity

S(f+9,P)=5(f,P)+5(9,P)
and the triangle inequality yield

S<f+g,P>—{(HK)/abeHK)/abg}

b

S(g, P) — (HK) / g

a

b
< S(f,P)—(HK)/ fl+

<e.

Since e > 0 is arbitrary, we conclude that f + g € HK]la,b] and

(HK)/ab(f+g)=(HK)/abf+(HK)/abg- .

Theorem 1.3.2. If f € HKJa,b] and ¢ € R, then cf € HK|a,b] and

(HK)/abcf:c{(HK)/abf}.

Proof. Lete > 0 be given. Since f € HK]|a,b], there exists a gauge § on
[a, b] such that

3

<
le| + 1

b
S(f,Py) - (HE) / /
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for each d-fine Perron partition Py of [a,b]. If P is a d-fine Perron partition
of [a,b], then

b

f

S(cf P) — ¢ {(HK)/abf}| — |

S(f.P) — (HK) /

a

Since e > 0 is arbitrary, we conclude that cf € HK|a, b] and

(HK)/abcfc{ (HK)/abf}. .

Theorem 1.3.3. If f,g € HK|a,b] and f(z) < g(z) for all x € [a,b], then

(HK)/abfg (HK)/abg.

Proof. Let e > 0 be given. Since f € HK]|a,b], there exists a gauge 01
on [a,b] such that

9
< =

b
S(.P) - (HE) [ f] <3

for each 6;-fine Perron partition P; of [a, b]. Similarly, there exists a gauge
d2 on [a,b] such that

b
S(g. P2) — (HK) / g

a

<5
2

for each ds-fine Perron partition P of [a, b].

Define a gauge ¢ on [a, b] by setting
(x) = min{d1 (x), d2()}, (1.3.2)

and we apply Cousin’s Lemma to fix a d-fine Perron partition Py of [a, b].
Since (1.3.2) implies that the d-fine Perron partition Py is both d;-fine and
do-fine, it follows from the inequality S(f, Py) < S(g, Po) that

b b
(HE) [ £ <SP +5 <80 +5 < (HEK) [ g+
and the desired inequality follows from the arbitrariness of €. O

The following theorem gives a useful necessary and sufficient condition
for a function f to be Henstock-Kurzweil integrable on [a, b].
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Theorem 1.3.4 (Cauchy Criterion). A function f : [a,b] — R is
Henstock- Kurzweil integrable on [a,b] if and only if given € > 0 there exists
a gauge § on [a,b] such that

IS(f, P) = 5(f,Q) <e (1.3.3)
for each pair of 0-fine Perron partitions P and Q of [a,b].

Proof. (=) Let € > 0 be given. Since f € HK]a,b], there exists a
gauge ¢ on [a, b] such that

b
S(f,PO)—(HK)/ f| <% (1.3.4)

for each 0-fine Perron partition Py of [a, b]. If P and Q are two é-fine Perron
partitions of [a,b], the triangle inequality and (1.3.4) yield

b b
S(f.P) — S(£.Q)| < |S(f, P) - (HE) / - |s¢r.Q) - (1K) / /

(<) For each n € N we let §,, be a gauge on [a, b] so that

S(f, @u) = S( )] < -

for each pair of é,,-fine Perron partitions Q,, and R,, of [a,b]. Next we define
a gauge A, on [a, b] by setting
Ay (z) = min{d1(z),...,d(2)},

and apply Cousin’s Lemma to fix a A,,-fine Perron partition P, of [a, b].

+ < e.

We claim that (S(f, P,))22, is a Cauchy sequence of real numbers. Let
€ > 0 be given and choose a positive integer N so that % <e. If n; and
ng are positive integers such that min{nq,ne} > N, then P,, and P,, are
both Apingn, n,}-fine Perron partitions of [a, b] and so

1 1
S(fiPny) =S P)| < =——= < v <e.
S Pua) = S( Poa < s < 5 <2
Consequently, (S(f, P))52, is a Cauchy sequence of real numbers. Since
R is complete, the sequence (S(f, P,))22, converges to some real number

A.

It remains to prove that f € HK|[a,b] and A = (HK) ff f. Let P be
a Ap-fine Perron partition of [a,b]. Since our construction implies that
the sequence (A,,)S2; of gauges is non-increasing, we see that the A,,-fine
Perron partition P, is Ay-fine for every integers n > N. Thus
1
n—oo
Since € > 0 is arbitrary, we conclude that f € HKJa,b] and A = (HK) f: I

O
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We are now ready to give an important class of Henstock-Kurzweil in-
tegrable functions.

Theorem 1.3.5. If f € Cla,b], then f € HK]Ja,b].

Proof. Let ¢ > 0 be given. Since f is continuous on [a,b], for each
x € [a, b] there exists 6(z) > 0 such that

whenever y € [a,b] N (z — §(x),x + 6(x)).

Clearly, the function  +— d(z) is a gauge on [a,b]. Let P =
{1, [ur, v1]), - (tp, [up, vp])} and @ = {(wi, [z1,31]), .- -, (w, [Tq, Yq))}
be two d-fine Perron partitions of [a,b]. If [u;,v;] N [zk, yx] is non-empty
for some j € {1,...,p} and k € {1,...,q}, we select and fix a point
zjk € [uj,vj] N [xk,yk]. On the other hand, if [u,,v,] N [zs,ys] is empty
for some r € {1,...,p} and s € {1,...,q}, we set 2z, s = a. Let p1(0) =0
and let py([a, B]) = B — « for each pair of real numbers « and 3 satisfying
a < 8. By the triangle inequality,

S(£,P) = S(£,Q)
= (D0 £ (0 = ) = 37 Flwn) e — )

j=1 k=1

q P
F (w00 [, yel) = >0 Flwi)p (fug, v3] 0 [k, yx])

k=1 j=1

IA I
= M-
M- I 1M

<.
Il
—_

(f(t5) = F(zjn)) pa([ug, vs] 0 [, )

<.
Il
—

P
1Y (Flwr) = F(zik)) (g, 0] O [k, ye])
j=1k=1
<e€.
An application of Theorem 1.3.4 completes the proof. (I

The following theorem is also a consequence of Theorem 1.3.4.

Theorem 1.3.6. If f € HK]Ja,b], then f € HK]|c,d] for each interval
[¢,d] C [a,b].
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Proof. Let [c,d] be a proper subinterval of [a, b]. For each £ > 0 we use
Theorem 1.3.4 to select a gauge 6 on [a, b] such that

1S(f, P) = S(f,Q) <e

for each pair of d-fine Perron partitions P and @ of [a,b]. Since
[c,d] is a proper subinterval of [a,b], there exists a finite collection
{[u1,v1], ..., [un,vn]} of pairwise non-overlapping subintervals of [a, b] such
that [c,d] & {[u1,v1],...,[un,vN]} and

N

[a,b] = [e,d] U U [k, VK]

k=1
For each k € {1,..., N} we fix a 0-fine Perron partition Py of [ug,vg]. If
Py.q) and Q¢ q) are d-fine Perron partitions of [c,d], then it is clear that
Pieg U U, Py and Qfe,a) Y UL, Py are d-fine Perron partitions of [a, b].
Thus

|S(f7 P[c,d]) - S(f7 Q[c,d])|
N N
= S(f, Pea)) + Y S(f, P) — )= > S(f, Pr)
k=1

k=1

N
= S('f’P[C’d] U U Pk) - S(f:Q[c,d] U U Pk)
k=1

<E€.
By Theorem 1.3.4, f € HK|c, d]. O

Remark 1.3.7. If f € HK]Ja,b] and ¢ € [a,b], we define the Henstock-
Kurzweil integral of f over {c} to be zero.

Theorem 1.3.8. Let f : [a,b] — R and let a < ¢ < b If
f € HKla,c]NHK]|c,b], then f € HK|a,b] and

HK/fHK/f+HK/f
Proof. Given ¢ > 0 there exists a gauge d, on [a, ¢] such that
¢ 3
S(.p) -~ (HE) [ 1] <

whenever P, is a d,-fine Perron partition of [a, ¢]. A similar argument shows
that there exists a gauge dp on [c, b] such that

b
S(f.P,) — (HK) / 7l <

N ™
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for each dp-fine Perron partition P, of [c, b].
Define a gauge ¢ on [a, b] by setting

min{d,(z),c—z} ifa <z <,
d(z) = § min{d.(z),d(z)} if z = ¢,
min{dy(z),z —c} if c <z <b,
and let P = {(t1,[u1,v1]),..., (¢, [up,vp])} be a d-fine Perron partition
f [a,b]. Since our choice of ¢ implies that ¢ = u; = v for some
j,k € {1,...,p}, we conclude that P = P; U P, for some d-fine Perron
partitions Py, Py of [a,c] and [c, b] respectively. Consequently,

s<f,P>—{<HK>/:f+<HK>/be}

b
S(f, o) — (HE) / f|

S(f, Py) — (HE) f]

<e.
Since € > 0 is arbitrary, the theorem follows. |
Exercise 1.3.9.
(i) Prove that if f,g € RJa,b], then f + g € R[a,b] and

[uo=[+]s

(ii) Prove that if f € R|a,b] and ¢ € R, then ¢f € R[a,b] and

/abcf:c/abf.

(iii) Let f : [a,b] — R and let a < ¢ < b. Prove that if f € R[a,c]N R]c,b],

then f € Ra,b] and
[i=[s[s

1.4 Saks-Henstock Lemma

The aim of this section is to establish the important Saks-Henstock Lemma,
(Theorem 1.4.4) for the Henstock-Kurzweil integral. As a result, we deduce
that there are no improper Henstock-Kurzweil integrals (Theorems 1.4.6
and 1.4.8). We begin with the following definitions.
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Definition 1.4.1. A finite collection {(t1, [u1,v1]),. .., (tp, [Up,vp])} of
point-interval pairs is said to be a Perron subpartition of [a,b] if t; € [u;, ;]
for i = 1,...,p, and {[ui,n],...,[up,vp]} is a finite collection of non-
overlapping subintervals of [a, b].

Definition 1.4.2. Let {(t1, [u1,v1]),. .., (tp, [up,vp])} be a Perron sub-
partition of [a,b] and let § be a gauge on {ti,...,tp}. The
Perron subpartition {(t1, [u1,v1]), ..., (tp, [up, vp])} is said to be J-fine if
[’U;i,’Ui] - (ti — 5(ti),ti + 5(tl)) fori=1,...,p.

By replacing é-fine Perron partitions by é-fine Perron subpartitions in
Definition 1.2.2, we obtain the following

Lemma 1.4.3. Let f € HK]la,b] and let € > 0. If § is a gauge on |[a,b)
such that

b
> fa)e ) - WE) [ f] <z
(=,[y,2])€Q @
for each §-fine Perron partition Q of [a,b], then
) {f(t)(v—u)—(HK)/ f} <e (1.4.1)
(t,[u,v])eP u
for each §-fine Perron subpartition P of [a,b].
Proof. Let P be a o-fine Perron subpartition of [a,b]. If

Ut ju,eopyep (s v] = la,b], then (1.4.1) follows from Theorem 1.3.8. Hence-
forth we assume that (J , ,)ep[u, v] C [a,b]; in this case, we choose non-

overlapping intervals [z1,91],. .., [2q, Yq] such that
q
o]\ U @)=l .
(t,[uv])eP k=1

For each k& € {1,...,q} we infer from Theorem 1.3.6 that
f € HK|[xk,yr]. Hence for each n > 0 there exists a gauge d; on [z, yx]
such that

S(f. Py) — (HK) /f‘ <1

for each d-fine Perron partition Py of [z, yx]. Since § and Jy are gauges
on [ug, vg], we can apply Cousin’s Lemma to select and fix a min{d, oy, }-fine
Perron partition Qy, of [z, yx].
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Following the proof of Lemma 1.1.4, we conclude that
Q := PUJ{_, Qx is a d-fine Perron partition of [a,b] such that

S(£,Q) =S(f, P)+>_ S(f,Qx)

k=1
and
b
(HK) | f= (HK) f+ZHK .
A (t [u v])EP / /
Consequently,
> {row-w-wx) [ 1}
(t,[u,v])eP u
q b q v
{ )= f,czk}—{wm/ r=>ou) [ f}‘
k=1 a k=1 Tk
str.@) - ) [ 1]+ S [sten - ) [ [
<e—+nn.
Since 1 > 0 is arbitrary, the lemma is proved. O

We are now ready to state and prove the following crucial Saks-Henstock
Lemma, which plays an important role for the rest of this chapter.

Theorem 1.4.4 (Saks-Henstock). If f € HK][a,b], then for each e > 0
there exists a gauge on & on [a,b] such that

>

(t,[u,v])EP

FOw—u) — (HK) /f‘ <e (1.4.2)

for each 8-fine Perron subpartition P of [a,b)].

Proof. Since f is Henstock-Kurzweil integrable on [a, b], it follows from
Lemma 1.4.3 that there exists a gauge d on [a, b] such that

> {row-o-wm [} <

(z[zy])eQ
for each ¢-fine Perron subpartition @ of [a,b]. Let P be a d-fine Perron
subpartition of [a, b], let

P ={(tlua) e P s -0 - (1K) [ 7> 0

(1.4.3)

N ™
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and let P~ = P\P". Then P UP~ is a d-fine Perron subpartition of [a, b]
and hence the desired result follows from (1.4.3):

> |row-w-wmx [ 1

(t,[u,v])EeP )
- > {f<t><v ) - (HE) / f}
< E. -

Theorem 1.4.5. Let f € HK|a,b] and let F(z) = (HK) [ f for each
x € [a,b]. Then F is continuous on [a,b].

Proof. For each € > 0 we apply the Saks-Henstock Lemma to select a
gauge 6 on [a, b] such that

>

(t,[u,v])eP

F@&)(v —u) — (HK) /f‘ <<

for each d-fine Perron subpartition P of [a,b]. By making § smaller, we
may assume that §(t) < s forallt e [a,b]. If € [a,b], then

[F(y) = F(2)| <[f(2)(y —2) = (F(y) = F@)| + [f(2)(y —2)[ <e
whenever y € (x — §(x),x + d(x)) N [a,b]. Since z € [a,b] is arbitrary, we
conclude that F' is continuous on [a, b]. O

Theorem 1.4.6 (Cauchy extension). A function f : [a,b] — R is
Henstock-Kurzweil integrable on [a,b] if and only if for each ¢ € (a,b) the
function fliq.) is Henstock-Kurzweil integrable on |a,c] and

C
lim (HK)/ fexists. (1.4.4)
c—b— a
In this case, (HK) f;f =lim,,- (HK) [ f.

Proof. (=) This follows from Theorem 1.4.5.

(«<=) Let € > 0 and let (¢,,)22, be a strictly increasing sequence of real
numbers such that ¢y = a and sup,,cyc, = b. Since (1.4.4) holds, there
exists a positive integer N such that

(HK) / f— lim (HE) /af‘ <Z (1.4.5)
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whenever x € [cn, b).

For each k € N we let 0 be a gauge on [cx_1, ¢ so that the inequality
v €
> @0 - w) [ < o (1.4.6)
(2[2,y]) €EQu x

4(2k)
holds for each di-fine Perron subpartition @y of [ck—_1, k]

Define a gauge ¢ on [a, b] by setting
(1 — co) if x = co,
min{dx(cx), Opr1(ck), 5(ck — ck—1), 3 (k1 — cx)}

if x = ¢ for some k €N,
min{dx(z), 3(z — cx_1), 2(cx — 2)}

if v € (ck—1,c) for some k€N,

min{bch,m} if =0,
and let P = {(t1,[x0,z1]),- .., (¢p, [£p—1,2p])} be a d-fine Perron partition
of [a,b]. After a suitable reordering, we may assume that a = zo < 1 <
oo < xp=>b. Since b & |Jg—,[ck—1,cx], our choice of § implies that ¢, = b
and z,—1 € (¢, ¢r41] for some unique positive integer . We also observe
that if k € {1,...,r}, our choice of ¢ implies that

{(t7 [’LL,U]) S [uvv} - [Ckflﬂck}}
is a dx-fine Perron partition of [cx_1,cx]. Thus

s(.p) - i ) [

IN

Z{ )3 f(t)(v—U)—(HK)/kf}
R leber

Y - - (HE) / |+ 1FO)] (b= 2p1)
(t,[u,v]))EP Cr
[uvv]g[chzP—l]

4 (HK)/:p_lf— lim (HK)/acf’

c—b~

<e. O
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Corollary 1.4.7. Let f : [a,b] — R and suppose that f|, is Riemann
integrable on [a,c] for every ¢ € (a,b). If lim,_;- f: f(t) dt exists, then

f € HK|a,b] and
c b
dim =) [

Likewise, we have the following modification of Theorem 1.4.6.

Theorem 1.4.8 (Cauchy extension). A function f : [a,b)] — R is
Henstock-Kurzweil integrable on [a,b] if and only if for each ¢ € (a,b) the
function fli.y is Henstock-Kurzweil integrable on [c,b] and

c—at

b
lim (HK)/ f exists.
In this case, (HK) f; f=lim,,,+(HK) fcb f.
The following corollary is an immediate consequence of Theorem 1.4.8.

Corollary 1.4.9. Let f : [a,b] — R and suppose that fli.y is Riemann
integrable on [c,b] for every ¢ € (a,b). If lim, .+ fcb f(t) dt exists, then

f € HK[a,b] and
c b
tim =) [

\/11_7 if0<x <1,

Example 1.4.10. Let

flz) =
0 if 2 = 0.

Since f is Henstock-Kurzweil integrable on [0, ¢] for all ¢ € [0, 1) and

thHQAC

c—1—

1
dt = 1i 2—-2J1—-c| =2
Vi—i CS?< C) ’

it follows from Theorem 1.4.6 that f € HK|0, 1] and

(HK)/Olfzz
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Example 1.4.11. Let

Ssinl if0<az<1,
h(z) =
0 ifx=0.

It is clear that h is Henstock-Kurzweil integrable on [c,1] for all
€ (0,1). On the other hand, since the limit
, 1o , 1
lim (HK) — sin— dx = lim { cosl— cos—
c—0t c I x c—07t c
does not exist, an application of Theorem 1.4.8 shows that h is not
Henstock-Kurzweil integrable on [0, 1].

Exercise 1.4.12. Show that the Saks-Henstock Lemma remains true for
the Riemann integral.

Further applications of the Saks-Henstock Lemma will be given in the
subsequent chapters.

1.5 Notes and Remarks

Cousin’s Lemma has been used by Gordon [46] to prove some classical
results in analysis. Theorem 1.1.6 is also due to Gordon [46].

It is known that R|a,b] is a linear space. Further properties of the
Riemann integral can be found in [88, Sections 1.3-1.5] or [6, Chapter 7].

In 1957, Kurzweil [71] gave a slight but ingenious modification of the
classical Riemann integral and used it in his work on differential equations.
Later, Henstock [55] discovered the integral independently and developed
the theory further. This integral, which is now commonly known as the
Henstock-Kurzweil integral, is also known as the Henstock integral, the
Kurzweil-Henstock integral, or the generalized Riemann integral; see, for
example, [4-6,85,88]. In dimension one, this integral is equivalent to the
Perron integral in the following sense: a function which is integrable in one
sense is integrable in the other sense and both integrals coincide; a proof of
this result is given in [44, Chapter 11]. A good overall view of the theory
can be found in Bongiorno [10] and Lee [86]. See also [133].



Chapter 2

The multiple Henstock-Kurzweil
integral

The goal of this chapter is to prove some basic properties of the
m~dimensional Henstock-Kurzweil integral, where m is a positive integer.
While most results are similar to that of Chapter 1, certain proofs require
different techniques.

2.1 Preliminaries

Let R™ be the m-dimensional Euclidean space. A typical element
(z1,...,2Zm) in R™ will be denoted by .

An interval in R™ is a set of the form [u,v] := [[",[u;, v;], where
—0 < u; < vy < oo for i = 1,...,m. On the other hand, the set
[T:%, [si,ti] € R™ is known as a degenerate interval if s; = t; for some
i € {1,...,m}. The aim of this section is to establish some basic properties
of intervals in R™.

Definition 2.1.1. Two intervals [s,t], [u,v] in R™ are said to be
non-overlapping if [T\~ (si, t;) N1/~ (ui, v;) is empty.

We remark that it is not difficult to check that if [s,¢] and [u,v] are
non-overlapping intervals in R, then [s,¢] U [u,v] is an interval in R if and
only if s = v or t = u. The following lemma, which is equivalent to
[73, 1.5 Lemma], gives a necessary and sufficient condition for a union of
two intervals in R to be an interval in R™.

Lemma 2.1.2. Let [s,t] and [u,v] be non-overlapping intervals in R™.
Then [s,t] U [u,v] is an interval in R™ if and only if there exists

je{l,...,m} with the following properties:

21
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(1) (s4,t5) N (uj,v;) is empty;
(i) [sj,t;] N [uj,v5] is non-empty;
(iil) [sq, ] = [ug,v;] for alli € {1,...,mN\{j}.

Proof. (=) Suppose that [s,t] U [u,v] is an interval in R™. Since [s, ¢]
and [u, v] are assumed to be non-overlapping intervals in R™, there exists
j€{1,...,m} such that (s;,t;) N (u;j,v;) is empty; that is, (i) holds.
To prove (ii), it suffices to prove that
[s1,t1] U [u1,v1], - -y [Smy tm] U [ty Vi)

are intervals in R, which is equivalent to the condition that
[T ([si, t:] U [ug, v;]) is an interval in R™. Since [s,t] U [u, v] is assumed
to be an interval in R™, we get
[S,t] U [’U,, ’U] = H([Sl,h] U [u,;, 1}7]) (2.1.1)
i=1
It remains to prove that (iii) holds. To do this, we use (i) and (ii) to fix
xj € [uj,v]\[s;,t;]. If x; € [s;,t;] for all i € {1,...,m}\{j}, then it follows
from our choice of z; and (2.1.1) that @ € [u,v]. Hence [s;, ;] C [u;, v;] for
alli € {1,...,m}\{j}. Since a similar argument shows that [u;, v;] C [s;, ;]
for all i € {1,...,m}\{j}, we get (iii).
(«<=) Conversely, suppose that (i), (ii) and (iii) are satisfied. In this
case, it is not difficult to check that (2.1.1) holds. O

In the proof of Theorem 1.3.5, p1(@) := 0, and p1([u,v]) = v —u
whenever —oo < u < v < co. Similarly, we let u,,(0) := 0, and

m m
pon (] [l ve]) := T [ (0i = i)
k=1 i=1
whenever —oco < u; < v; < oo for i = 1,...,m. The following theorem is

obvious.

Theorem 2.1.3. If I and J are intervals in R™ and J C I, then
pm (J) < pm ().

For the rest of this section, we fix an interval [a, b] in R™. A division
of [a,b] is a finite collection of pairwise non-overlapping intervals in R™
whose union is [a, b]. Our goal is to show that if D is a division of [a, b],
then

pm([a, b]) = Z fn (1)

IeD
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Example 2.1.4. The collection
{10, 1] < [0, 2], [1,2] < [0, 1], [1, 2] x [1, 2]}
is a division of [0, 2] x [0, 2].

We begin a special kind of division. A division D of [a, b] is a net if for
each k € {1,...,m} there exists a division Dy, of [a, bi] such that

D= { ﬁ[sk7tk] : [Sk,tk] € Dy for k = L...,m}.
k=1
Example 2.1.5. The collection
{[0,1] x [0,1],[0,1] x [1,2],[1,2] x [0,1],[1,2] x [1,2]}
is a net of [0, 2] x [0, 2].

Let Z,,([a, b]) be the collection of all subintervals of [a, b]. The following
lemma is obvious.

Lemma 2.1.6. If I € Z,,,([a, b)), then there exists a net D of [a,b] such
that I € D and the cardinality of D is not more than 3™.

The following lemma is a consequence of Lemma 2.1.6.

Lemma 2.1.7. If {[1,...,I,} C Z,,([a,b]) is a finite collection of non-
overlapping intervals in R™, then there exists a net Dy of [a, b] with the fol-
lowing property: if J € Dy and JNI,. € T,,([a,b]) for some r € {1,...,p},
then J C I,.

Proof. Foreach k € {1,...,p} we apply Lemma 2.1.6 to select a net Dy,
of [a, b] such that I € Dj. Then

P
Dy ;:{ﬂ]k € In([a, b)) : Ji € Dy, fork:l,...,p}
k=1

is a net of [a, b] with the desired property. O
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The following lemma is a consequence of Lemma 2.1.2.

Lemma 2.1.8. If [s, t] and [u, v] are non-overlapping subintervals of [a, b]
such that [s,t] U [u,v] € I,,([a, b]), then

o ([85 ] U [w, v]) = i ([85t]) + pm ([, v]).
Proof. Let j€{l,...,m} be given as in Lemma 2.1.2. Then

(85 8] U [u, v])

m

= Mm(H([Si,ti} U [quzD)

i=1

= (tj —sj tvj —uy) ||t —si)

s

:Mm([s,t])+ﬂnr([u’v]) (]

Ryl

PO

The following theorem is a consequence of Lemmas 2.1.7 and 2.1.8.

Theorem 2.1.9. If {I1,...,I,} is a division of [a, b], then
P
pm([a, b)) = Zﬂm(lk)~
k=1

Proof. 1If {I,...,I,} is a net of [a, b], then the result is a consequence
of Lemma 2.1.8.

On the other hand, suppose that {I1,...,I,} is not a net of [a, b]. In
this case, we let Dy be given as in Lemma 2.1.7. Thus

Some generalizations of u,, will be given in Chapters 3 and 5.
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2.2 The Henstock-Kurzweil integral

Unless specified otherwise, for the rest of this book the space R™ will be
equipped with the maximum norm |[||-|||, where

[l|lz||| = max{|z;|: i =1,...,m},
and [a, b] denotes a fixed interval in R™. Given & € R™ and r > 0, we set
B(x,r) :={y e R™: |||z —yl|| <r},
where € —y := (1 —y1,.- -, Tm — Ym) (y € R™).
Definition 2.2.1.

(i) A point-interval pair (t,I) consists of a point £ € R™ and an interval [
in R™. Here t is known as the tag of I.
(ii) A Perron  partition of [a,b] is a finite collection

{(t1, [u1,v1]), ..., (tp, [up,vp])} of point-interval pairs, where
{[u1,v 1],..., [up, vy} is a division of [a,b], and t; € [ug,vy] for
k=1,...,p.

(iii) Let P = {(t1, [u1,v1]),..., (tp, [up, vp])} be a Perron partition of [a, b]
and let § be a gauge (i.e. positive function) defined on {¢1,...,¢,}.
The Perron partition P is said to be §-fine if [ug, vi] C B(tx, 6(tx)) for
k=1,...,p.

We are now ready to state and prove the following crucial result.

Theorem 2.2.2 (Cousin’s Lemma). If§ is a gauge on [a, b], then there
exists a d-fine Perron partition of [a, b].

Proof. Proceeding towards a contradiction, suppose that [a, b] does not
have a d-fine Perron partition. For each k € {1,...,m}, we divide [ag, by]
into [ag, “’C;rbk] and [“’“;rb’“ ,bi] so that [a, b] is a union of 2™ pairwise non-
overlapping intervals in R™. Since [a, b] does not have a d-fine Perron
partition, we can select an interval I; from the above-mentioned 2™ inter-
vals so that there is no d-fine Perron partition of I;. Using induction, we
construct a sequence (I,)22 ; of subintervals of [a, b] so that the following
conditions hold for every n € N:

(i) In D Inta;
(ii) no d-fine Perron partition of I,, exists;
(iii) max{|[[t - sl : s,t € I} = 5 [||b — all|.
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Since properties (i) and (iii) hold for every n € N, it follows from the
Nested Interval Theorem that

m I, = {to}

k=1

for some ty € R™. On the other hand, since ﬂ I, = {to} and §(xo) > 0, it

follows from property (iii) that there exists N E N such that {(to,In)} is a
d-fine Perron partition of Iy. But this contradicts property (ii). Therefore
a 0-fine Perron partition of [a, b] exists. O

Let Cla,b] be the space of continuous functions on [a,b]. A simple
application of Cousin’s Lemma gives the following result.

Theorem 2.2.3. If f € Cla, b], then f is uniformly continuous on [a, b].

Proof. Exercise. O
Following the proof of Theorem 2.2.3, we get the following corollary.

Corollary 2.2.4. If f € C[a,b], then f is bounded on [a, b].

Let {(t1, [u1,v1]),. .., (tp, [up, vp])} be a Perron partition of [a, b]. For
any function f defined on {t¢1,...,t,}, we set
= Z I (te) po ([ug, v&])-
k=1

We begin with the definition of the Riemann integral.

Definition 2.2.5. A function f : [a,b] — R is said to be Riemann in-
tegrable on [a, b] if there exists Ay € R with the following property: given
€ > 0 there exists a constant gauge é on [a, b] such that

IS(f,P) — Ag| < ¢ (2.2.1)
for each d-fine Perron partition P of [a, b].

The collection of all functions that are Riemann integrable on [a, b] will
be denoted by Rla, b].

Once we omit the word “constant” from Definition 2.2.5, we obtain the
following modification of Definition 2.2.5.

Definition 2.2.6. A function f : [a,b] — R is said to be Henstock-
Kurzweil integrable on [a, b] if there exists A € R with the following prop-
erty: given € > 0 there exists a gauge 6 on [a, b] such that

|S(f,P)— Al <e (2.2.2)

for each d-fine Perron partition P of [a, b].
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The collection of all functions that are Henstock-Kurzweil integrable on
[a, b] will be denoted by HK]|a,b].. It is easy to deduce from Definitions
2.2.5 and 2.2.6 that if f € R[a, b], then f € HK]|a, b]. In this case, Cousin’s
Lemma shows that there is a unique number satisfying Definitions 2.2.5 and
2.2.6.

Theorem 2.2.7. There is at most one number A satisfying Definition
2.2.0.

Proof. Suppose that both numbers A; and As satisfy Definition 2.2.6.
We claim that A; = A,.
Let € > 0 be given. Since A; satisfies Definition 2.2.6, there exists a
gauge 01 on [a, b] such that
€
IS(f, P1) — A] < B

for each §;-fine Perron partition P; of [a, b]. Similarly, there exists a gauge
d2 on [a, b] such that

(. P2) = Aol < 5
for each da-fine Perron partition P, of [a, b].
Define a gauge ¢ on [a, b] by setting
d(x) = min{d1(x), d2(x)}.
In view of Cousin’s Lemma, we may fix a J-fine Perron partition P of [a, b].

Using our definition of 4, it is not difficult to check that P is both §;-fine
and do-fine. Thus

|A1 — Ao < [S(f, P) — Au| +|S(f, P) — As| <ee.
Since € > 0 is arbitrary, we conclude that A; = As. O
The above theorem shows that if f € HK]Ja,b|, then there is a
unique number A satisfying Definition 2.2.6. In this case, we write A
as (HK) [ipy [0 (HEK) [ig 4 f(x) dx or (HK) [, ) f(t) dt, which is
known as the Henstock-Kurzweil integral of f over [a,b]. If, in addition,
f € R|a, b], the Riemann integral of f over [a, b] will be denoted by f[a’b] f,

f[a’b] f(x) dx or f[a’b] f(t) dt.
Example 2.2.8. Let f be a constant real-valued function defined on [a, b].

Then f is Riemann and hence Henstock-Kurzweil integrable on [a, b].

Further examples of Henstock-Kurzweil integrable functions will be
given in Section 2.3.
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2.3 Simple properties

The aim of this section is to prove some basic properties of the Henstock-
Kurzweil integral via Definition 2.2.6.

Theorem 2.3.1. If f,.g € HK[a,b], then f + g € HK[a,b] and

feur) [ g

[a,b]

(HK) /[ (9= )

[a,b]

Proof. Let e > 0 be given. Since f € HK]Ja,b], there exists a gauge 1
on [a, b] such that

3
< =

s(.p) - () [ g <

[a,b]

f

for each d;-fine Perron partition P; of [a, b]. Similarly, there exists a gauge
da on [a, b] such that

S(g.Pe) ~ (HE) [ g/ <5

[@,b]

for each d3-fine Perron partition P, of [a, b].

Define a gauge ¢ on [a, b] by setting
§(x) = min{d1 (z), d2(x)}, (2.3.1)

and let P be a d-fine Perron partition of [a, b]. Since (2.3.1) implies that
the 0-fine Perron partition P is both §;-fine and ds-fine, the identity

S(f+9,P)=5(f,P)+5(g, P)

and the triangle inequality yield

(7 +a.P) - {(HK) e /[a’b] s}

S(g.P) - (HK) / g

[a,b]

< i+

S(f.P) — (HK) /

[a,b]

<eE.

Since € > 0 is arbitrary, we conclude that f + g € HK][a, b] and

f+(HK)/ g-

(HK) /[ )= (K » ;

[a,b]
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Theorem 2.3.2. If f € HK[a,b] and ¢ € R, then cf € HK]|a,b] and

(HK) /[a’b] of =c {(HK) /[a’b]f}.

Proof. Let e > 0 be given. Since f € HK]|a,b], there exists a gauge §
on [a, b] such that

3

<
N <1

S(f,Py) — (HE) /

[a,b]

for each d-fine Perron partition P; of [a, b]. If P is a d-fine Perron partition
of [a, b], then

s(ef.p) - { (1K) /M }

Since € > 0 is arbitrary, the theorem is proved. O

f

= || <e.

S(1.p) - (K) [

[a,b]

Theorem 2.3.3. If f,g € HK|a,b] and f(x) < g(x) for oll x € [a,b],
then

HK) [ f< (HEK) / 0.

[a,b] [a,b]

Proof. Let e > 0 be given. Since f € HK]|a,b], there exists a gauge §;
on [a, b] such that

3
< =

<3

S(f.P) — (HE) /

[a,b]

for each d1-fine Perron partition P; of [a, b]. Similarly, there exists a gauge
da on [a, b] such that

S(g.Pe) ~ (HE) [ g/ <5

[@,b]

for each d5-fine Perron partition P, of [a, b].
Define a gauge 4 on [a, b] by setting
0(x) = min{d,(x), d2(x)}, (2.3.2)

and we apply Cousin’s Lemma to fix a d-fine Perron partition Py of [a, b].
Since (2.3.2) implies that Py is both §;1-fine and d2-fine, we conclude that

(HE) [ <SR+ 580 R+ <(WE) [ gee
[a,b] [a,b]

and the desired inequality follows from the arbitrariness of €. O
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The following theorem gives a necessary and sufficient condition for a
function f to be Henstock-Kurzweil integrable on [a, b].

Theorem 2.3.4 (Cauchy Criterion). A function f : [a,b] — R
belongs to HK[a,b] if and only if given € > 0 there exists a gauge 6 on
[a, b] such that

IS(f, P) = 5(f.Q) <e
for each pair of 0-fine Perron partitions P and Q of [a, b].

Proof. (=) Let € > 0 be given. Since f € HK]a,b], there exists a
gauge ¢ on [a, b] such that

3
< =

URE

S(f, Py) — (HE) /

[a,b]

for each é-fine Perron partition Py of [a, b]. Hence, for each pair of d-fine
Perron partitions P and @ of [a, b], we have

1S(f, P) = S(f,Q)] < +

<e.

S(f.P) - (HK) /

[a,b]

7+ 18(7.Q) - (1K) /

[ab]

/

(<) For each n € N we let d,, be a gauge on [a, b] such that

1
|S(f»Qn) _S(f7Rn)| < E
for each pair of dé,-fine Perron partitions @,, and R,, of [a,b]. Next we
define a gauge A,, on [a, b] by setting

Ay () = min{di(x), ..., 0n(x)},
and apply Cousin’s Lemma to fix a A,-fine Perron partition of [a, b].

We claim that (S(f, P,,))22, is a Cauchy sequence of real numbers. Let
€ > 0 be given and choose a positive integer N so that % < e. If n; and
ny are positive integers satisfying min{ni,n2} > N, then P,, and P,, are

both Apingn,,n.}-fine Perron partitions of [a, b] and so
1 1

S Pn - S ) Pn - . 3 S - .

S Po) = U Puo)| < s < <
Consequently, (S(f, Pn))52, is a Cauchy sequence of real numbers. Since R
is complete, the sequence (S(f, P,))32; of real numbers converges to some
real number A.
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It remains to prove that f € HK[a,b] and A = (HK) [i, ., f. Let P
be a An-fine Perron partition P of [a, b]. Since the sequence (A,,)2; of
gauges is non-increasing, we see that the Perron partition P, is Apn-fine for
every integers n > N. Thus

IS(f,P) — Al = lim |S(f,P) = S(f, P)| < % c:

Since ¢ > 0 is arbitrary, we conclude that f € HK]Ja,b] and
A= (HK) [, - O

We are now ready to give an important class of Henstock-Kurzweil in-
tegrable functions.

Theorem 2.3.5. If f € Cla, b], then f € HK][a, b].

Proof. Let ¢ > 0 be given. Since f is continuous on [a,b], for each
x € [a, b] there exists d(x) > 0 such that
€
f(y) = f(@)| < g
2 Hi:l (bl — ai)
whenever y € [a,b] N (x — (x), z + §(x)).
Clearly, the function @ — §(x) is a gauge on [a, b]. To this end we let
P ={(t1,5),...,(tp, I,)} and Q = {(w1,1),...,(wy, Jg)} be two o-fine
Perron partitions of [a, b]. If I, N Jj is non-empty for some r € {1,...,p}
and k € {1,...,q}, we select and fix a point 2, € I, N J;. On the other

hand, if I N J; is empty for some r € {1,...,p} and s € {1,..., ¢}, we set
zrs = a. Thus

IS(f, P) = 5(f,Q)|
=) f) (L) = f(wi)pm (k)
j=1 k=1

P

-3

1

f(t; N Jk) — f(we) pm (L N k)

M-

1

<.

Me -

J

M=

>

M- 11

< [t N Jk) — f(z56)pm (L 0 Jk)
j=1k=1 Jj=1k=1
p q
+ Zf’wk Vb (I N Jk) szz]7 I; N Jg)
=1 j=1 J=1 k=1
< E.

An application of Theorem 2.3.4 completes the proof. O



32 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

The proof of Theorem 2.3.6 is slightly more complicated than that of
Theorem 1.3.6.

Theorem 2.3.6. If f € HK]Ja,b], then f € HK(I) for each
I €Z,(la,b)).

Proof. Let e > 0 be given. According to Theorem 2.3.4, there is a gauge
§ on [a, b] such that

IS(f, P) = S(f,Q)l <e
for each pair of é-fine Perron partitions P and Q of [a, b].

Suppose that I € Z,,([a,b]). If I = [a,b], then the theorem is true.
Henceforth we assume that I # [a, b]; in this case, we apply Lemma 2.1.6
to select a finite collection C of intervals so that I ¢ C and CU {I} is a net
of [a,b]. For each J € C U {I}, we apply Cousin’s Lemma to fix a d-fine
Perron partition Py of J. If P; and @ are d-fine Perron partitions of I,
then

P=pPulJPrandQ=Q;U ] Py
Jec Jec

are d-fine Perron partitions of [a b] such that

(f) PI Z S f) PJ
Jec
and
(f) QI Z S fa PJ
Jec
Thus
IS(f, Pr) = S(f,Qn)| = |S(f,P) - S5(f.Q) <e,
and the theorem follows from Theorem 2.3.4. O

Remark 2.3.7. If f € HK[a,b] and [ is a degenerate subinterval of [a, b],
we define the Henstock-Kurzweil integral of f over I to be zero.

Before we state and prove the next theorem, we need the following

Definition 2.3.8. For any x € R™ and non-empty set X C R™, we define
dist(z, X) := inf { |||z — s||| : s € X }.
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The proof of Theorem 2.3.9 is more involved than that of Theorem
1.3.8. Indeed, if m > 2 and {[s, ¢, [u,v]} is a division of [a, b], then the
intersection [s, ] N [u, v] contains more than one point.

Theorem 2.3.9. Let {[s,t],[u,v]} be a division of |a,b). If
f € HK|[s,t|N HK[u,v], then f € HK|a,b] and
wwy [ p=mr) [ prwey [ g
[a,b] [s,t] [u,]

Proof. Given € > 0 we select a gauge 4, on [s, ] such that

3
< =

s(.P) ~ (HE) [ 1<

[s,t]

f

for each ¢;-fine Perron partition Py of [s,¢]. Similarly, there exists a gauge
d on [u, v] such that

S
< =

str.p) - (E) [ )<}

[u,v]

f

for each ds-fine Perron partition P, of [u, v].
Define a gauge d on [a, b] by setting
min{d; (z), d2(x)} if x € [s,t] N [u,v],
0(x) = { min{dist(z, [u,v]),d1(x)} if x € [s, t]\[u, v],
min{dist(x, [u, v]),d2(x)} if © € [u, v]\[s, ],
and let P be a d-fine Perron partition of [a, b]. Then
{(z,I) € P:x € [s,t] and p, (I N[s,t]) >0}
is a d-fine Perron partition of [s, ¢], and
{(z,I) € P:x € [u,v] and p, (I N [u,v]) > 0}

is a 0-fine Perron partition of [u, v]. Thus

s(.p) - { () s /M f}‘

Z{f umIﬁst]):(m,I)GPande[s,t]}(HK)/[t]f|
S @) 1) € P and € fus o]} (1K) | ]f‘

<E.

Since € > 0 is arbitrary, the theorem is proved. ([l
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Theorem 2.3.10. Let f : [a,b] — R and let D be a division of [a,b]. If
f€HK(J) forall J € D, then f € HK[a, b] and

(HK / f=> (HK / f.
[a,b] JeD
Proof. In view of Theorem 2.3.6 and Lemma 2.1.7 we may assume that

D is a net of [a, b]. In this case, we apply Theorem 2.3.9 repeatedly to get
the result. (]

For each f € HK]a,b], it follows from Theorem 2.3.6 that f € HK(I)
for each I € Z,,([a,b]). In this case, we can define an interval function
F: 7, (a, b]) — R by setting

= (HK) /1 f (2.3.3)

Here F is known as the indefinite Henstock-Kurzweil integral, or in short the
indefinite H K-integral, of f. Theorem 2.3.10 tells us that F' is an additive
interval function; that is, if D is a division of some I € Z,,([a, b]), then

=2 F)
Jep
Definition 2.3.11. Let = € [a,b] and let F : Z,,([a,b]) — R. The
interval function F' is said to be strongly derivable at x if the following
limit
F
D,F(x) := lim F(u,v]) exists.

lo—ull»0 |[Jv—ull]
x€[u,v]€ZL, ([a,b])

The following theorem is an m-dimensional analogue of Theorem 1.2.8.

Theorem 2.3.12. Let F : Z,,([a,b]) — R be an additive interval func-
tion. If F is strongly derivable at every point x € [a,b], then DsF is
Henstock-Kurzweil integrable on [a, b] and

(HK) [ D.F = F(la, b]).
[a,b]

Proof. Let e > 0 be given. Since F is strongly derivable at every point
of [a, b], for each = € [a, b] there exists §(x) > 0 such that

|Ds F (@) pm (1) = F(I)] < 1+ ri’/f{f((li)— a;)
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for each I € Z,,,([a, b)) satisfying « € I C B(x,d(x)). It follows that § is a
gauge on [a, b]. If P is any é-fine Perron partition of [a, b], then

|S(DsF, P) — F(la, b])|

=| Y DF(t)pm(I) - F([a, b))

(¢,I)eP

—| S (D@ l) - F(1)}

(¢, I)eP
< S IDF)nl) — F(D)
(¢,1)eP
epm (1)
< D7
(t,1)eP L4 T2 (b — i)
< E.

Since € > 0 is arbitrary, we conclude that D,F € HK]|a, b] and

(HK) [ D.F = F(la,b)).
[a,b] O

2.4 Saks-Henstock Lemma

The aim of this section is to establish the important Saks-Henstock Lemma
for the Henstock-Kurzweil integral (Theorem 2.4.4). We begin with some
definitions.

Definition 2.4.1. A finite collection {(t1,[u1,v1]),..., (tp, [up, vp])} of
point-interval pair is said to be a Perron subpartition of [a,b] if
ty € [ug,vg] for k = 1,...,p, and {[u1,v1],...,[up, vy} is a finite col-
lection of non-overlapping intervals in [a, b].

Definition 2.4.2. Let {(t1, [u1,v1]),. .., (¢p, [up, vy])} be a Perron subpar-
tition of [a, b] and let ¢ be a gauge on {t1,...,t,}. The Perron subpartition
{(t1, [u1,v1]), ..., (tp, [Up, vp])} is said to be d-fine if [ug, vi] C B(ty, (L))
fork=1,...,p

By replacing d-fine Perron partitions by J-fine Perron subpartitions in
Definition 2.2.6, we obtain the following lemma.
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Lemma 2.4.3. Let f € HK|[a,b] and let ¢ > 0. If § is a gauge on [a,b]
such that

> s - ) [ g)<e

(z,J)EQ
for each 6-fine Perron partition Q of [a, b], then
S {stmnn - am) [ 1} < (2.4.1)
t,1)eP I

for each §-fine Perron subpartition P of [a, b].

Proof. Let P be a Jd-fine Perron subpartition of [a,b]. If
U(t,[)ePI = [a, b], then (2.4.1) follows from Theorem 2.3.10. Henceforth
we assume that (J; nep ! C [a, b]; in this case, we choose non-overlapping
intervals Ji,...,Jq such that {Jp : k =1,...,¢} UUy 1yep{I} is a divi-
sion of [a,b]. For each k € {1,...,q} we infer from Theorem 2.3.6 that
f € HK(Jy). Thus for each n > 0 there exists a gauge d; on Ji such that

S(f.Py) — (HE) / fl< !

< —
q
for each dj-fine Perron partition P of Jk.' Since § and §f are gauges on
Jk, we can apply Cousin’s Lemma (Theorem 2.2.2) to select and fix a
min{4, o5, }-fine Perron partition Qy of Jz. Then Q := PUJI_, Qx is a
d-fine Perron partition of [a, b] such that

S(£,Q) = S(f, P)+Y_ S(f,Qx)

k=1
and
(HK) [a,b]f_ Py (HK) /f+z HK/ .
Therefore
Py {00 - ) [ 1}
= |{sro-Lstan }—{<HK /W,]f > | 1)
S(.Q) - (H /[ab] (.0 - (@) | f‘
<e+n. h

Since 1 > 0 is arbitrary, the lemma is proved. O
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We are now ready to state and prove the following crucial result, which
plays an important role for the rest of this monograph.

Theorem 2.4.4 (Saks-Henstock). If f € HK[a,b], then for each ¢ > 0
there exists a gauge 6 on [a, b] such that

D

(t,[u,v])eP

<e (2.4.2)

F ()t ([t 0]) — (HE) / f

[u,v]

for each 6-fine Perron subpartition P of [a, b].

Proof. Since f is Henstock-Kurzweil integrable on [a, b], it follows from
Lemma 2.4.3 that there exists a gauge ¢ on [a, b] such that

> {f(w)um(J)—(HK)/Jf} <§ (2.4.3)

(®,J)€Q

for each d-fine Perron subpartition @ of [a,b]. Let P be a d-fine Perron
subpartition of [a, b], let

Pr={ener: sOu.n - @) [ >0}

and let P~ = P\P*. By (2.4.3),

2.

FOnD) ~ (1K) [ f‘

(t,1)eP

(t’g;m { F&)pm (1)~ (HK) /I f}(t,l)ze:P {f(t)um(f) — (HK) /I f}
<s+:

= €.

O

Our next goal is to establish a higher-dimensional analogue of Theorem
1.4.5; see Theorem 2.4.10. However, this result does not appear to be an
immediate consequence of the Saks-Henstock Lemma. We will show that
it is a corollary of the Strong Saks-Henstock Lemma (Theorem 2.4.7). We
begin with the following observation.
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Observation 2.4.5. Let F' : Zi([a, b]) — R be an additive interval func-
tion, and let ¢ € [a, b]. Define the function F; : [a,b] — R by

_ F([t,z]) ift<az<b,
Ft((E) =
—F([z,t]) ifa<z<t.
Then F([u,v]) = F(v) — F(u) for all [u,v] € Z; ([a, b]).

In order to formulate an m-dimensional analogue of Observation 2.4.5
(cf. Lemma 2.4.6), we need to fix some notations.

For each t,x € [a,b], let < t,x >=[];",[ou, Bk], where
[tr, ] if ti < @1 < B,
[k, Br] =
[:L'k7tk] if ap < <ty
fork=1,...,m.
For each [u,v] € Z,,([a, b]) we let V]u, v] be the collection all vertices
of [u,v]:
V(u, v]
={(u1 +e1(v1 —w1), ..., Um + Em(vm — um)) : & € {0,1}
for i:1,...7m}.
Recall the the signum function on R is defined by sgn(0) := 0 and
sgn(z) = il (x € R\{0}). The following lemma is an m-dimensional
analogue of Observation 2.4.5.

Lemma 2.4.6. Let H : Z,,([a, b]) — R be an additive interval function,
and let t € [a,b]. Define the function Hy : [a,b] — R by

Hy(z) = H(< t,z >) Hsgn(a:,; — ;).
i=1
Then the inequality
H(u,o)l < Y |Hua)]
eV [u,v]
holds for every [u,v] € Z,,,([a, b)).

Proof. Using Observation 2.4.5 repeatedly, we get
H([u,v])

1 1
= Z T Z (_1)2211(176{)];[15(“1 + 51(01 - ul)a R Em(vm - Um))

e1=0 Em=0
and the lemma follows. O
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The following theorem is a consequence of Lemma 2.4.6 and Theorem
2.4.4.

Theorem 2.4.7 (Strong version of Saks-Henstock Lemma). If f €
HK]|a,b], then for each € > 0 there exists a gauge 6 on [a,b] such that

sup | f (B () — (HE) /J fl<e

JeL,(I)

(t,I)eP
for each §-fine Perron subpartition P of [a,b].

Proof. For each e > 0 we use the Saks-Henstock Lemma to select a gauge
0 on [a, b] so that

€
> ‘f(w)um(f’) - ) [ f‘ < gt (2.4.4)
(@,1)€Q r
for each §-fine Perron subpartition Q of [a, b].

Let {(¢1,11),..., (tp, I,)} be a d-fine Perron subpartition of [a, b]. With-
out loss of generality, we may assume that ¢ is a vertex of I whenever the
point-interval pair (¢, I') belongs to P. For k =1,...,m, we let J;, € Z,,(Ix)
and write

V(Ik) = {’wa, P ,’wkgm}.
According Lemma 2.4.6 and Remark 2.3.7,

> stewnn ) - ) / 'f‘

p 2
> D |f(
k=1 j=
2™ p

> |/
=1 k=1
2Me
< 2m+1
<e. O

IN

ftklim <tk7wkj )_(HK)/ f‘
<tg,wi, ;>

ftlclffm <tk»wk] )_(HK)/ f‘
<tg,wi, ;>

<.

Theorem 2.4.8. If f € HK|[a,b], then given ¢ > 0 there exists n > 0 such

that
HE f
’( ) /[]

whenever [u, v] € I, ([a, b)) with pm,([u,v]) <n.

<e
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Proof. For each € > 0 we use Theorem 2.4.7 to select a gauge ¢ on [a, b)

such that
p

sup
k=1 Jk,eI?n(Ik)

for each ¢-fine Perron subpartition {(¢t1,I1),...,(tp,I,)} of [a,b]. Ac-

cording to Cousin’s Lemma (Theorem 2.2.2), we may fix a J-fine

T (k) pm (Ji) — (HK)/J f’ <§

Perron partition P of [a,b], and let n = s TG ner T U
[u,v] € Z,,([a, b]) with g, ([u, v]) < n, then
|<HK)/ IEDICY f|
[u,v] (t,1)eP IN[u,v]
< >0 @m0 [u, o))
(t,I)eP
+ Y [fOpmI 0 [u,v]) - (HK) f‘
(¢,1)eP [w,v]NI
<e. O

For any subsets X and Y of [a, b], we write XAY = (X\Y) U (Y\X).
For any I, J € y,([a, b]), we put i (IAT) = (1) + i (J) = pim (101
We are now ready to state and prove a refinement of Theorem 2.4.8.

Theorem 2.4.9. Let f € HK]|a, b] and let F be the indefinite Henstock-
Kurzweil integral of f. Then for each € > 0 there exists ng > 0 such that

\F(I) - F(J)| <e
for each I, J € T, ([a,b]) with pm(IAJT) < no.

Proof. TFor each € > 0 we choose 79 > 0 corresponding to zmsr in Theo-
rem 2.4.8.

Suppose that I, J € Z,,([a, b]) with p,,, IAJ) < no. If p,,(INJ) =0,
then I and J are non-overlapping intervals with p,, (I) + pm(J) < 19. In
this case, our choice of 7y yields

IF(I) — F(J)| < % <e.
On the other hand, suppose that p,,(I NJ) > 0. Since F is additive
(Theorem 2.3.10), it follows from the triangle inequality, Lemma 2.1.6 and

our choice of 7y that

|[F(I) = F(N| <|FI)-FINN|+|FJ)-FInNJ)| < 23(31—?)16 <e g
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Let (a,b] := [/~ (@i, b;]. The following theorem is an m-dimensional
analogue of Theorem 1.4.5.

Theorem 2.4.10. Let f € HK|a,b] and let

~ [HE) [y f i@ € (a,b],
F(w)_{o o if z € [a, b]\(a, b].

Then F is continuous on [a, b].

Proof. For each € > 0 we select g > 0 associated to ¢ according to
Theorem 2.4.9. Next we pick § > 0 so that u,,([a, z]Ala, y]) < no whenever
z,y € [a,b] with |||z — y||| < §. An application of Theorem 2.4.9 yields
the result. O

The following theorem is an m-dimensional analogue of Theorem 1.4.6.

Theorem 2.4.11. Let f : [a,b] — R. If f € HK|e,d] for every
[e,d] € T,,([a, b]) disjoint from {b}, then f € HK|[a,b] if and only if

lim (HK) f exists. (2.4.5)

In this case,

z€[a,b]
Proof. (=) This follows from Theorem 2.4.10.

(«<=) Conversely, suppose that (2.4.5) holds. In this case, it is easy to
check that the limit
lim (HK) / f
A (]
exists whenever [u,b] € Z,,([a, b]). Now we define the interval function
F :7,([a,b]) — R by setting

(HEK) [iy0 if [u,v] € Z,,,([a, b]) and b & [u, v],

F([u,v]) =

lim m[_,b](HK) Jruzy £ 1f [, 0] € Ti([@, B]) and v =b.
zcu,b ’

Then F is an additive interval function on Z,([a, b]). Next we let
(HK) f[a’m] f if x € [a,b]\{a},
F(x) =
lim 45 (HK) f[a,m] fifx="5

xz€la,b]
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so that we can apply Lemma 2.4.6 with H = F and t = a to conclude that

|F([u, v])] < Z ‘ﬁ(m)‘ whenever [u,v] € Z,,([a, b]). (2.4.6)
zeV([u,v])

It remains to prove that f € HK]Ja,b]. For each € > 0 we use (2.4.6)
and (2.4.5) to choose n € (0, 3 ming—1,....m(bx — ax)) so that

|F([z, b])| < % whenever x € H(bi — 1, by]. (2.4.7)
i=1

For any given n € NU {0}, we observe that the set

e (b S D\ ()

1= K3

can be written as a union of 2" — 1 pairwise non-overlapping intervals in
R™. Hence we infer from the definition of F' and Saks-Henstock Lemma
that there exists a gauge 6, on (ITiL; [b; — 259, b))\ (TTiZ, [b: — %%, bi))
such that

. %Q F@)pn(7) = FO)| < 55w 2.48)

for each 6,,-fine Perron subpartition @),, of U,.
Define a gauge ¢ on [a, b] by setting

min{d, (), dist (z, [T/ [b; — L5%, bi])}
[bs

if ¢ e ([T, [b: — bn:i‘ b\, [bs — bn:-(; b))
for some n € NU {0},
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and choose a d-fine Perron partition P of [a, b]. According to our choice of
d(b), (2.4.7) and (2.4.8), we have

1S(/, P) — F(las b))
<| ¥ 10w -rm}l+| ¥ {sowmn-rn]
®sr St

<] 2 {f(t)um(l)—F(I)} +§+§

(¢, I)eP
t+£b
> 2
<y 3 (D) = F(D| + 5
n=0 (t,I)eP

e (T [bi — 5395 b D\ (TTT [bi — 25t bi])

< €.
Since € > 0 is arbitrary, f € HK|a,b). O

A similar reasoning yields the following result.
Theorem 2.4.12. Let f : [a,b] — R and suppose that f € HK|[e,d) for
every [¢,d] € T,,([a, b]) disjoint from {a}. Then f € HK|a,b] if and only
if
Jim (HK) | exists.
z€(a,b] [x,b]
In this case,

i (1K) [ =) [ )
z€la,b] [z,b] [a,b]

Further extensions of Theorems 2.4.11 and 2.4.12 will be given in Chap-
ters 4 and 5.

2.5 Fubini’s Theorem

The aim of this section is to show that Fubini’s Theorem holds for the
multiple Henstock-Kurzweil integral (Theorem 2.5.5). We begin with the
following definition.
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Definition 2.5.1. If X C [a, b] is any set, the characteristic function xx
of X is defined by

(@) = 1 ifxelX,
XX B 0 otherwise.

We need four lemmas in order to prove Theorem 2.5.5 below.

Lemma 2.5.2. Let f : [a,b] — R and suppose that Z C [a,b]. Then the
following assertions hold.

(i) If xz € HK[a,b] and (HK) f[a,b] xz =0, then fxz and |fxz| belong
to HK|a, b] and

HK) [ fyz = (HE) / Fxzl = 0.
la,b] [a,b]

(ii) If f(x) > 0 for all x € [a, b], then the converse of (i) holds.

Proof. (i) Let € > 0 be given. For each k € NU {0} there exists a gauge

i on [a, b] such that
€

Y @) <
(@ T)eP: (kj + 1)2

for each di-fine Perron subpartition Py of [a, b].
Define a gauge § on [a, b] so that
d(x) = op(x)
whenever k € NU {0} and € [a,b] with k£ < |f(z)| <k+1. If Pisa
d-fine Perron partition of [a, b], then

S(xz P <> 3 1f®xz®)| pm(I) <e.

k=0  (t,])EP
E<|f(t)|<k+1

Since ¢ > 0 is arbitrary, we conclude that fyxz € HK][a,b] and
(HK) f[a’b] fxz = 0. Similarly, we have |fxz| € HK]Ja,b] and
(HK) f[a b |fxz| = 0. This completes the proof of (i).

Since the proof of (ii) is similar to that of (i), the lemma is proved. O

For the rest of this section, we let r and s be positive integers so that
r+ s =m. We also fix an interval E,. (resp. Fs) in R” (resp. R?).

Lemma 2.5.3. Let f € HK(E, x Es), let Z, = {£ € E, : f(&,-) &
HK(E;)}, and let Zs ={n € Eq : f(-,n) € HK(FE,)}. Then the following
assertions hold.
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(i) (HK) [g, xz:(§) d§ = 0.
(it) (HK) [, xz5(n) dn =0.
Proof. (i) Using the definition of Z, together with Theorem 2.3.4, for
each £ € Z, there exists g(§) > 0 with the following property: for each

gauge 0, on L there exist d,-fine Perron partitions @1 ¢, @2, of Es such
that

S fEmn) = DY fEm)us(J2) > g(€). (2.5.1)
(m1,J1)€EQ1 ¢ (12,J2)€Q2,¢
We will first prove that (HK) fEr g(§) d§ = 0, where g(§) := 0 whenever
e E\Z,.
Let € > 0 and select a gauge A on E, X E, so that

1S(f, Q1) — S(f,Q2)| < e (2.5.2)

for each pair of A-fine Perron partitions @1, Q2 of E, x F,. In particular,
for each £ € Z, the function A(E, ) is a gauge on E; hence (2.5.1) implies
that there exist two A(E, -)-fine Perron partitions T ¢, T5 ¢ of E; such that

Z f(&n3)us(J3) — Z F(&na)ps(Ja) > g(§). (2.5.3)
(3,J3)€T ¢ (na,Ja)€T2 ¢
On the other hand, for each ¢ € E,\Z, we fix a A(&, -)-fine Perron partition
T¢ of Eg; in this case, we set 11 ¢ = To ¢ = 1.

Define a gauge §,- on E,. by setting
6,(§) = min{A(&,n) : (n, J) € Trg UTae},
and let P be a §,-fine Perron partition of E,.. Since
Py ={((&mn), I xJ): (&) € Pand (n,J) € Ty e}
and
Py ={((&n), I xJ): (& 1) € Pand (n,J) € Tae}

are A-fine Perron partitions of E, x Ey, we infer from (2.5.3) and (2.5.2)
that

> 96 ue(D)

(&,NepP
<Y (X femmtn- X femulo )un
(&eP ~(ns5,J5)€T ¢ (n6,J6)ET2, ¢

:S(f7pl)_s(f7p2)
<E.
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Since € > 0 is arbitrary, we conclude that (HK) fE'r g(&) d¢ = 0. Now we
apply Lemma 2.5.2(ii) with m = r and f = gxz,. + Xg,\z. to conclude
that (HEK) [, Xz, (€) d€ = 0.

Since the proof of (ii) is similar to that of (i), the lemma follows. O

If f and g are real functions defined on E,. and E; respectively, we define
the function f ® g : E,. x Es — R by setting

(f®g)&n) = f(&an).

Lemma 2.5.4. Let f, Z, and Z; be given as in Lemma 2.5.3. Then the
following assertions hold.

(i) xz ® xzs € HK(E, x E;) and
(HE) / (xzr ® X22)(E1) d(€,m) = 0.
ErxEg
(i1) fxzrxzs € HK(E, X Eg) and
(HE) / F(E )X wzs (E2) (€, ) = 0.
ErxEsg

Proof. (i) Let € > 0 and select a gauge A, on E, so that

g
Xz () (I') < s
oy )

for each A,-fine Perron subpartition P’ of E,..

Define a gauge 0 on E, x E by setting §(&,n) = A,.(£). For each o-
fine Perron partition P of E, x Fs, we fix a net Dy = {Jy,...,JJy} of
so that the following condition is met: if J € D,, then J C J’ for some
((¢',0),I' x J') € P. Then

{&nD:((&n),IxJ)yePand J,CJ} (k=1,...,N)

are A,-fine Perron subpartitions P’ of E,; hence

N
S(xz @xz:P) <> Y xz©Que(Dps (TN Jk)
k=1 (e Ix )P

< Z Z XZy (f)NT(I)Ns(Jm Jk)
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Since € > 0 is arbitrary, assertion (i) holds.

Using (i) and Lemma 2.5.2(i) with m = r+s, we get (ii). This completes
the proof of the lemma. O

Theorem 2.5.5 (Fubini). Let f € HK(E, X E;), let Z, = {{ € E, :
f& ) € HK(Es)}, and let Zs ={n € Es : f(-,n) € HK(E,)}. Then the
following statements are true.

(i) (HK) [, xz,(§) d§ = 0.
(i) (HK) [p, Xxzs(n) dn = 0.
(iii) There exists fo € HK(E, x E;) with the following properties:

(a) fo(&,m) = f(&m) whenever (§,n) € (Er x Es)\(Zr X Zs);
(b) the Henstock-Kurzweil integrals

) [ T {(HK) [ e dn} .

) [ 5 {(HK) [ e ds} dn
exist;

(©
)y [ p ) [ {r) [ e iy de

- ) [ S {(HK) [ e dé} an.

Proof. Statements (i) and (ii) follow from Lemma 2.5.3. To prove part
(a) of (iii), we define the function fy : E,. x Es — R by setting fo =
IX(ErxEs)\(2rx2s)- By Lemma 2.5.4 and Theorem 2.3.1, fo € HK (E, < E)
and

(HK) /EMES fo=(HK) /EE f. (2.5.4)

Now we prove part (b) of (iii). For each € > 0 we use (2.5.4) to select a
gauge A on E, x E, such that
S(fo,P) — (HK)/ f‘ <z (2.5.5)
ErxEg
for each A-fine Perron partition P of E, X Es. Since the definition of fy
implies that the function n — fo(&, n) belongs to H K (Es) whenever £ € E,.,
for each € € E, we select a A(E, -)-fine Perron partition T¢ of E; so that

S(o(&) — (HK) | fol&n) d”’ ST

(2.5.6)
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Define a gauge 6, on E,. by setting
6(§) = min{A(&,n) : (n,J) € Te},
and let @, be any d,-fine Perron partition of F,.. Then
Po={(&mn). I xJ): (& 1) € Qr and (n,J) € T¢}

is a A-fine Perron partition of E, x E,. Therefore the triangle inequality,
(2.5.5) and (2.5.6) yield

) [ folen) dn) (D) — (1K) [

3 (0 [, soteon an) Lo

<| X (w0 [ st dn)un - st 7
(€D)eQr Bs

+|S(for Po) — (HK) /E L

< X {(om [ seman)umn- 2 fo(fm)m-(f)us(«f)}|
(€.1)EQr Es (n.J)€ETe

+35

< > |0 [ e an)unn = S ot )|+ 5

(n,J)€ETe

Since € > 0 is arbitrary, we conclude that the function
¢ (HK) fEs fo(&,m) dn belongs to HK(E,.) and

) [ {urs) R anf de=ur) [ .

X B
Similarly, we get

) [ {om) [ gt dehan=moy [
Es Eyr E,.xE,
This completes the proof of the theorem. ([

Example 2.5.6. Let m = 2 and define the function f : [0,1]2 — R by
o0
24k

f&mn) = k—HX[kaflA’kaP (€,n) sin(2% 7€) sin(2%87).
k=0

Then f € HE((0,1]?) and (HK) [, f = 0.
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Proof. First, we observe that f is continuous on [0, 1]%\{(0,0)}. Hence,
by Theorem 2.3.5, f € HK(I) for every interval I € Z»([0, 1]?) satisfying
INn{(0,0)} = 0. In view of Theorem 2.4.12, it remains to prove that

4
sup (HK)/ fl< (2.5.7)
(z1,22)€[0,1)2\[0,2- 7~ 1]2 [1,1] % [w2,1] n+1
for all n € N.
A direct computation shows that
wx) [ f=0
[Il,l]X[IQ,l]

whenever (1, 22) 12\ ({(0,0)} U Upz;[27%71,27%]2). On the other
hand, suppose that (1‘1,1‘2) el 27 x 27 1 ,27"] for some n € N.

By Fubini’s Theorem,

‘(HK) / f‘ -
[z1,27 "] x[z2,27 7]

’ (=1 + cos(2?"mx1))(—1 + cos(22"mz2))

n+1
4
< .
“n+1
Combining the above cases yields (2.5.7) to be proved. O

The following example shows that the implication
f€ HKla,b] = |f| € HK|a, b]
is false.

Example 2.5.7. If f is given as in Example 2.5.6, then |f| ¢ HK ([0, 1]?).

Proof. For each n € N, we have

@ [
[2771,71’1]2
24k )
(HK) /[2 gk R ‘ s1n(22k7r§)sm 22k77n ‘ d(&,n)

94k 2=k 2
1 (/ |sin(22k7r:1:)| da:)
2—k—1

n 22k

k:0k+1

NE

k=0

I
bl
|~ I[M]=
o
x5

3
[\v}

Since the series > po % diverges, it follows from Theorem 2.4.12 that
|| ¢ HE([0,1]%). =
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The next example shows that the implication
f € HK[a,b] and g € Cla,b] = fg € HK]a, b]
is false.

Example 2.5.8. Let m = 2 and define the function ¢ : [0,1]> — R by

o0 1 . )
g(&m) = Z %k sin® (227 m¢) sin® (2%% 7).
k=0
If f is given as in Example 2.5.6, fg ¢ HK([0,1]?).

Proof. Proceeding towards a  contradiction, suppose  that
fg € HK([0,1]?). Then for each n € N we have

) [ oK) [ g

» 3T

2n—1
=S o) [ ga- fo}
k=n [0’2%6]2 [O’zkﬁ]z
2n—1 22k 9~k ok 2
= sin®(2*"rmx) dx
i k+1 <‘/2—k—1 ( ) )
9
> —.
— 128

This is a contradiction, since Theorem 2.4.9 implies

lim {(HK)/ fg—(HK)/ fg}:O.
n—oo [072%]2 [0’22;71]2

This contradiction completes the proof. O

The following example shows that if m > 2, the hypotheses of Theorems
2.4.11 and 2.4.12 cannot be relaxed.

Example 2.5.9. Let m = 2 and let

2 if (w1, 22) € (0,1] x (3,1],
h(x1,22) = —1—1% if (x1,22) € (0,1] x (%, %],
0  otherwise.
Then
lim (HK) h (2.5.8)

(x1,22)—(0,0) w1115 o,
(rll,rj)e(o,1)2 [1,1]x [w2,1]

exists but h ¢ HK([0,1]?).
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Proof. 1t is easy to check that the limit (2.5.8) exists. If h € HK ([0,1]?),
then h|[0)1]x[%,1] € HK([0,1] x [2,1]), a contradiction to Fubini’s Theorem.
The proof is complete. O

The following example shows that the converse of Theorem 2.5.5 is false.

Example 2.5.10. Define f : [0,7]> — R by

223 sin (27T (21 — 55)) sin(27F2ay)

fz1,20) = if (z1,22) € [gr, ga=r] ¥ [0, 5] for some n € N,
0 otherwise.

Direct computations show that the following iterated integrals

/ab (/cdf(xl,arz) da:2> dxl,/cd (/abf(xl,xg) da:1> dxo

exist and coincide for every interval [a,b] x [¢,d] C [0,7]2. On the other
hand, since lim, o pi2([2, 55%7] X [0, 5=]) = 0 and

sup (HK)/ ‘ f=4,
neN (57 gz X[

0,575=]

it follows from Theorem 2.4.8 that f ¢ HK ([0, 7]?).

2.6 Notes and Remarks

It is known that Rla,b] is a linear space. Further properties of multiple
Riemann integrals can be found in [1, Chapter 14].

The multiple Henstock-Kurzweil integral is equivalent to the multiple
Perron integral in the following sense: a function which is integrable in one
sense is integrable in the other sense and both integrals coincide; see also
Schwabik [147] or Ostaszewski [134].

The proof of Theorem 2.4.7 is similar to that of [93, Theorem 3.4]. For
other results concerning interval functions, see Aversa and Laczkovich [3],
and Laczkovich [83, 84].
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K. Kartdk [68] proved Theorems 2.4.11 and 2.4.12 in the context of
Perron integration. For a more general version of such results, see Faure
and J. Mawhin [37].

A Fubini’s Theorem holds for multiple Perron integrals (cf. [118]).
For further results concerning Fubini’s Theorem, see Kurzweil [72] or Os-
taszewski [134].

Examples 2.5.6 and 2.5.8 are due to Kurzweil [73].



Chapter 3

Lebesgue integrable functions

3.1 Introduction

It is known that if f € HK]|a,b], then |f| need not belong to HK]|a, b];
see, for instance, Example 2.5.7. Moreover, Example 2.5.8 shows that if
f € HK([0,1]?) and g € C([0,1]?), then fg need not belong to HK ([0, 1]?).
In this chapter, we study a subclass of Henstock-Kurzweil integrable func-
tions that removes the above “undesirable” properties.

Definition 3.1.1. A function f : [a,b] — R is said to be Lebesgue inte-
grable on [a, b] if both f and |f| belong to HK|[a, b).

The collection of all functions that are Lebesgue integrable on [a, b]
will be denoted by Ll[a,b]. If f € L'[a,b], we write (HK) f[a,b] f as

f[a’b] I dpom, f[a’b] f(®) dpm(x) or f[a’b] f(t) dm(t). According to Defini-
tion 3.1.1 and Example 2.5.7, L[a,b] C HK][a, b].

The following simple lemma gives a necessary condition for a function
to be Lebesgue integrable on [a, b].

Lemma 3.1.2. If f € L'[a,b], then

sup{z

IeD

/f dum’ : D is a division of [a, b]} < / |f] dptm.-
I [a,b]

Proof. Let D be a division of [a, b]. According to Theorems 2.3.3 and

2.3.10, we have
fd,um’ < /|f| dUm:/ |f| At
Z [ 1; 1 [a,b]

IeD

Since D is an arbitrary division of [a, b], the lemma follows. O

53
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The above necessary condition turns out to be a sufficient condition for
f to be Lebesgue integrable there.

Theorem 3.1.3. If f € HK|a,b|, then f € L'[a,b] if and only if

sup{z

IeD

(HK)/If' . D is a division of [a, b]} <o0o.  (3.1.1)

In this case,

d m — S
/[a’b]lfl i = sUD { 3

: D is a division of [a, b]}
IeD

(HK) / /

(3.1.2)

Proof. (=) This follows from Lemma 3.1.2.

(«<=) Conversely, suppose that (3.1.1) holds. Let V' denote the left-hand
side of (3.1.1). Since f € HK]|a, b], it suffices to prove that |f| € HK|a, b]
and

(HK)/[ ) fl=V. (3.1.3)

For each € > 0 we fix a division Dy of [a, b] so that

V<)

JeDg

(HK)/f‘+f. (3.1.4)
J 2
By the Saks-Henstock Lemma there exists a gauge ¢ on [a, b] such that

>

(w,1)eqQ

fw)pm(I') — (HK) /If‘ < %

for each d-fine Perron subpartition @ of [a,b]. By making ¢ smaller, if
necessary, we may assume that if (w, I') € @ and p,,, (I’ N K) > 0 for some
K € Dg, then I' C K. Thus

(HK)/Jf: > (HK) [ fforall J e Dy. (3.1.5)
(

! I’
w,I")eq
I'cJ
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To this end, we consider any §-fine Perron partition P of [a, b]. According
to our choice of 4, (3.1.4) and (3.1.5), we have

Yo 1 ®lpm(l) =V

(t,I)ep
< ¥ (i@ -|am) [} +v- ¥ Jam [1
< Y ot - ) [ o+ v = 3 ) [ 4]
(t%ép /I Jgo /J
<eE.
Since £ > 0 is arbitrary, we conclude that |f| € HK]|a, b] and (3.1.3) holds.

O

The following theorem is a consequence of Theorems 2.3.3 and 3.1.3.

Theorem 3.1.4. If f,g € HK|a, b] and |f(x)| < g(x) for all x € [a,b],
then f € L'[a,b].

The proof of the following theorem is left to the reader.
Theorem 3.1.5. Ll[a,b] is a linear space.
Definition 3.1.6. Let f and g be real-valued functions defined on [a, b].

(i) We define the maximum of f and g, denoted by max{f,g} or f Vg,
by

(max{f,g})(z) := max{f(x),g(x)} for all € [a, b].
(ii) We define the minimum of f and g, denoted by min{f, g} or f Ag, by

(min{ f, g})(x) := min{ f(x),g(x)} for all x € [a, b).
The proofs of the following theorems are left to the reader.

Theorem 3.1.7. If f,g € L'[a,b], then max{f,g} and min{f, g} also
belong to L'[a, b].

Theorem 3.1.8. If f € L'[a, b], then |f| € L'[a,b] and

/ £ djinm s/ f] .
[a,b] [a,b]

Exercise 3.1.9. Let m = 1 and let F' be given as in Example 1.2.6. Show
that F’ € HK[0,1]\ L0, 1].
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3.2 Some convergence theorems for Lebesgue integrals

In this section we use the Saks Henstock Lemma to prove some convergence
theorems for the Lebesgue integral. The first convergence theorem is the
following version of the Monotone Convergence Theorem.

Theorem 3.2.1. Let f : [a,b] — R and let (f,)>2, be a sequence in
L'la,b]. If (fn(x))22, is monotone and f(x) = lim, o0 fn(x) for all
x € [a,b], then f € L'[a,b] if and only if the sequence (f[a,b] fn dpim)
18 bounded. In this case,

[e%S)
n=1

lim fn d/im = f d;ufm~

=0 Ja,b] [a,b]

Proof. We may assume that 0 < fu(x) < foyi(x) < f(x) for
all z € [a,b] and n € N.

(=) Suppose that f € L'la,bl. Since f € L'[a,b] and
fo(@) < fopi(x) < f(z) for all x € [a,b] and n € N, it follows from
Theorem 2.3.3 that the sequence (f[a,b] fn dum):;l is bounded.

(<=) Suppose that the sequence ( f[a,b] fn d,um):o:l is increasing and
bounded. In this case, this sequence converges to a real number A, where

A = sup In ditm.
neN Ja,b]

We claim that f € HK|a, b] and (HK) f[a,b] f=A. Let € > 0 be given
and select a positive integer N so that

A— [ fxdpm <=
[a,b] 3

For each n € N we use the Saks-Henstock Lemma to select a gauge 6,
on [a, b] such that

>

(@, J)€EQn

@)= [ 1, dum\ <35

for each d,,-fine Perron subpartition @,, of [a, b].

For each x € [a,b] the increasing sequence (fy,(x))5%; converges to
f(x); hence there exists a positive integer r(x) > N such that

f(@) = fn(2)

3

< m (3.2.1)
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for all integers n > r(x).
Define a gauge ¢ on [a, b] by setting
5(13) = 57‘(:1:) (:I:),
and let P be a 0-fine Perron partition of [a, b]. Next for each k € N we let
P, ={(t,I) e P:r(t)=k}

and use Cousin’s Lemma to choose positive integers ki,...,ks so that
ki < -+ < ks, P=Ui_ Py, and Py, # 0 for i = 1,...,s. It follows
that

IS(f,P) - A
—| S FOuaD) - A

(¢, I)eP

= Z Z f®)pm(I) — A (by our choice of Py,,...,Py.)
i=1 (t,I)E Py,

Z ST () ~ Foiey @) (D)

i=1 (t,])€Py,

+ Z > {fr(t) /fr(t dum}

i=1 (¢,I)E Py,

IN

i=1 (t,I)€Py,
=51+ S + 53, (322)

say.

We claim that max{Si, S2, S3} < §.
(i) Using (3.2.1), we get S < §:

S
€
S S 10— fo®] ) <
i=1 (t,1)EP,
(ii) For each i = 1,...,s we note that Py, is a d,-fine Perron subparti-

tion of [a, b]. Hence, by the triangle inequality and our choice of gauge 4,
we have Sg <z

52y Y

=1 (t,I)EPy,

S

13
3( My S 3

friey(t) /fr (t) dum‘

=1
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(iii) We have S3 < £:

IN dpm
[a,b]

= Z v dpm (since P is a partition of [a, b])

t.nep’!
= Z Z /fN i (by our choice of Py, ,...,Px.)

1=1 (t,I)EPy,
< Z Z /fr () Ahbm (since (t) > N)

1=1 (t,I)EPy,
<A (by the definition of A)
< I dpm + < (by our choice of N).

[a,b) 3

Combining the above inequalities, we get

|S(f,P) — Al <e.

Since € > 0 is arbitrary and f(x) = li_>m fn(x) > 0 for all x € [a,b], we

conclude that f € L'[a, b] and

/ f dum = hm fn dpim.-
[a,b] [a,b]

Example 3.2.2. Let m = 2 and let

22—; if (x1,29) € (2—1” %%1)2 for some n € N,

f(x1,22) =

0 otherwise.

Then f € L([0,1]?) and

=1
Fdue=) —.
/[071]2 ];1 k2

Proof. For each n € N we let

n
x1,$2 Z 2 Lk L (1'1,1’2).
=1

‘ l\D
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Then (f,)%%; is a sequence in L'([0,1]?). For each (z1,z2) € [0,1]%, the
sequence (fp(z1,22))22, is increasing and limy, o0 fn(z1,22) = f(21,22).
Since we also have
(22PN (1 =~ 1
£ ()£ o
/. > (5)(=) L=
for all n € N, an application of Theorem 3.2.1 shows that f € L(]0,1]?)
and
1
[ dpg = lim Jnduz =Y —.

[0,1]? ]

Our next aim is to prove a slight improvement of Theorem 3.2.1. We
need the following crucial lemma.

Lemma 3.2.3. Let (f,)S%; be an increasing sequence in L'|a,b] and
suppose that supneN{f[a b In dpm} is finite. If Z = {x € |a,b]
lim,, oo fn(x) = 00}, then xz € L'[a,b] and f[a,b] Xz dm = 0.

Proof. Without loss of generality, we may assume that f, > 0 for all
n € N.

We will first construct a decreasing sequence (g,)2%; in L![a, b] such
that lim, e gn(x) = xz(x) for all x € [a, b] and

1
0< / In dpm < — Sup{ fi d,um} for allm e N.  (3.2.3)
[a,b] " jeN \ Jla,b]

For each j,n € N, we define a function g, ,, on [a, b] by setting

gj,n = min {1, &}
n

By Theorems 3.1.7 and 2.3.3, (g;n)(jn)en? is a double sequence in L'[a,b]
and
1
0< / Gin At < — sup{ fi d,um} for all (j,n) € N2.
[a,b] N jeN [a,b]
(3.2.4)
Since (fn)pZ; is increasing, for each n € N the sequence (g; )52, is in-
creasing and

1 ifexe Z,

gn(@) = lim gjn(x) = (3.2.5)
min{1, {2} if & € [a, b]\Z.
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Hence (3.2.4), (3.2.5) and Theorem 3.2.1 imply that g, € L'[a,b]. Tt is
now clear that the sequence (g,,)5 ; has the desired properties.

Finally, since (g,)5 4 is a decreasing sequence of non-negative Lebesgue
integrable functions on [a,b] and lim, e gn(x) = xz(x) for all
x € [a, b], the conclusion follows from Theorem 3.2.1 and (3.2.4). O

In order to formulate an improvement of Theorem 3.2.1, we need the
following definition.

Definition 3.2.4. Let Q(x) be a statement concerning the point € [a, b].
If the set E C [a,b] satisfies f[a’b] XE dit, = 0, we say that E is
tm-negligible and Q(x) holds for pim,-almost all x € [a, b].

The following result is a refinement of Theorem 3.2.1.

Theorem 3.2.5 (Monotone Convergence Theorem). Let f:[a, b —
R and let (fn)5, be a sequence in L'[a,b]. If the sequence (fn (%)), is
monotone and f(x) = limp oo fn(x) for pm-almost all € [a,b], then
f € L'[a,b] if and only if the sequence (f[a’b] In d,um)j;l is bounded. In
this case,

lim fn dﬂm = f d,um~

neo [a,b] [a,b]

Proof. Let Z be given as in Lemma 3.2.3. Then Z is u,,-negligible and
the following conditions are satisfied for every x € [a, b]:

(i) (fn($)x[a,b]\z(w)):;1 is monotone;
(11) f(w)X[a,b]\Z(w) = hmnaoo fn(w)X[a,b]\Z(a7)~

Since Z is p,,-negligible, it follows from our assumptions and Lemma
2.5.2(i) that (an[a,b]\Z):il is a sequence in L'[a,b]. Hence, by
Theorem 3.2.1, fXjapprz € L'[a,b] if and only if the sequence
(f[a,b] faXja,b)\2 dum)zo:l is bounded. As Z is p,,-negligble and f is real-
valued, the theorem follows from Lemma 2.5.2(i).

]
Exercise 3.2.6. Prove that > .-, m =i1ln2+1Z.

The following result is a consequence of the Monotone Convergence
Theorem.
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Theorem 3.2.7 (Fatou’s Lemma). Let f : [a,b] — R, let (f,)22,
be a sequence in Ll[a,b], and suppose that f,(x) > 0 for pm-almost all
xz € [a,b] and n € N. If liminf, f[a,b] fn diy s finite and
lim, o0 fo(x) = f(x) for pm-almost all x € [a,b], then f € L'|a,b]
and

f dpy, <liminf fn dptpm,.
n—od

[a,b] [a,b]

Proof. Define a sequence (¢,,)22 ; of non-negative functions on [a, b] by
setting

On = Inf fi
for n =1,2,.... Then the sequence (¢, (x))5°, is increasing and

lim ¢, (x) = f(x)

n—oo
for pim,-almost all © € [a, b]. In view of the Monotone Convergence Theo-
rem, it suffices to prove that (¢,,)5%; is a sequence in L![a, b] satisfying

Sup{ On d,um} < 00.
neN { Jia,b]

o0
For each n € N we consider the decreasing sequence ( min f,(w))
=n
k=n
By Theorem 3.1.7, this particular sequence is in L'[a, b]. Since we also have
lim min fi(x) = n(x)
k—o0 i=n,...,k

=Ny

for pm-almost all € [a, b], the Monotone Convergence Theorem implies
that ¢, € L'[a,b]. Finally, the sequence ( f[a 5 On dum):O:l is bounded
because the sequence (¢, (x))52 ; of non-negative functions is increasing for
pm-almost all ¢ € [a, b] and
0< ¢ dity, < liminf fn dim <occforn=1,2,....

[a.b] nree Jlanbl U
Theorem 3.2.8 (Lebesgue’s Dominated Convergence Theorem).
Let f : la,b] — R and let (f,)2°; be a sequence in Lt[a,b] such that

limy, o0 fu(x) = f(x) for pm-almost all © € [a,b]. Suppose that there
exists g € L'[a, b] such that

|fn(x)| < g(x) for pm-almost all x € [a,b] and n € N. (3.2.6)
Then f € L'[a,b] and
lim fn dppm = f dpim. (3.2.7)

"0 Ja,b] [a,b]
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Proof. According to our assumptions and Theorem 2.3.3, (f, + ¢)52, is
a sequence of non-negative functions in L'[a, b] satisfying

n— oo

lim inf / (fn+9) ditm < 0.
[a,b]

Hence, by Fatou’s Lemma, f + g € L'[a, b] and

(oo}

/ (f +9) dpn < lim inf/ (fn+9) dpim. (3.2.8)
[a,b] n [a,b]
Since g € L'[a, b], we infer from (3.2.8) that f € L![a, b] and

fdum < 1irginf fn diim. (3.2.9)

[a,b] [a,b]

We will next prove that the equality (3.2.7) holds. Following the proof
of (3.2.8), we apply Fatou’s Lemma to the sequence (g — f,)22; of non-
negative functions to conclude that g — f € L![a, b] and

n— oo

/ (g - f) At < hmlnf/ (g - fn) dptm (3210)
[a,b] [a,b]

Since g € Ll[a, b], we infer from (3.2.10) that

/ g dpim —/ [ dpm < / g di, — lim sup In dpim;
[a,b] [a,b] [a,b] n—00 [a,b]

that is,

lim sup fn ditm < f dim- (3.2.11)
n—00 [a,b] [a,b]
The proof is now complete since (3.2.7) follows from (3.2.9), (3.2.11) and
the following inequality

lim inf fn dppy, < limsup fn diim,.
n—reo [a9b] n—oo [a9b]

O

Exercise 3.2.9. Show that we can have strict inequality in Fatou’s Lemma.

Exercise 3.2.10. Show that 7 =47 | %
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3.3 um-measurable sets

The aim of this section is to give some examples of bounded Lebesgue
integrable functions. We begin with the study of closed sets.

Definition 3.3.1. A set Y C [a, b] is said to be closed if every convergent
sequence in Y has its limit in Y.

Example 3.3.2. [0,1]™ is a closed set.
We need the following lemma in order to prove Theorem 3.3.4 below.

Lemma 3.3.3. If a set Y C [a, b] is closed, then
~ 1
Y = — .
N U »(v)
n=1yey

Proof. We may assume that Y is non-empty. Since the obvious inclusion

Y C My Uyey By, ) implies that the set 2y U, cy B(y, 3) is also
non-empty, it remains to prove that

Let x € (), Uyey By, 1), For each n € N there exists ¢, € Y such
that |||z, — ||| < 1. It follows that the sequence (z,)3; in Y converges
to x. Since Y is closed, « € Y. (]

The following theorem gives a useful characterization of non-empty
closed sets.

Theorem 3.3.4. A non-empty set Y C [a, b] is closed if and only if
Y ={z€la,b]: dist(x,Y) = 0}.

Proof. Since it is obvious that
Y C {x € [a,b] : dist(z,Y) = 0},

it suffices to prove that the reverse inclusion holds. To this end, we let
y € |a, b] with dist(y,Y) = 0. Then there exists a sequence (y,,)>2; in Y
such that lim, |||y, — y||| = 0. Since Y is closed, y € Y. O

Exercise 3.3.5. Prove the following properties of closed sets:

(i) The union of any finite collection of closed sets is closed.
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(ii) The intersection of any collection of closed sets is closed.

Exercise 3.3.6. Show that a countable union of closed sets need not be
closed.

Theorem 3.3.7. Suppose that the set W C [a, b] is non-empty. Then the
function x — dist(x, W) is continuous on [a, b).

Proof. Since
| dist(s, W) — dist (¢, W) | < |||s — ¢]]
for all s,t € [a, b], the result follows. O

Corollary 3.3.8. Suppose that the set W C [a, b] is non-empty. Then the
function x — dist(x, W) is bounded on |a, b).

Proof. This follows from Theorem 3.3.7 and Corollary 2.2.4. U
For any non-empty subsets X and Y of R™, we write
dist(X,Y) :=inf { |||t — s]|| : s € X,t € Y }.

Theorem 3.3.9. Suppose that X and Y are non-empty closed subsets of
[a,b]. Then there exists z € X such that

dist(z,Y) = dist(X,Y).
Proof. If X and Y are not disjoint, then the result follows from Theorem
3.3.4. Henceforth, we will assume that X and Y are disjoint.

Proceeding towards a contradiction, suppose that
dist(z,Y) > dist(X,Y) for all z € X. (3.3.1)

According to Theorem 3.3.7, for each t € [a, b] there exists §(¢) > 0 such
that

dist(x,Y) > dist(¢,Y) (dist(¢,Y) — dist(X,Y)) (3.3.2)

1
2
whenever & € B(t,0(t)) N[a, b]. Thanks to Theorem 3.3.4, we may assume
that 6(t) < dist(¢, X) for all t € [a, b]\X. In view of our construction of §

and Cousin’s Lemma, there exists a d-fine Perron partition P of [a, b] such

that
xc Y r

t,I)epP
teX
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hence (3.3.2) and (3.3.1) imply
dist(z,Y) > p > dist(X,Y) for all z € X,

where

1
p= 3 (g?)igp {dist(X, Y)+ dist(t,Y)}.
teX

Since z € X is arbitrary, we conclude that dist(X,Y") is not the greatest
lower bound of the function & +— dist(z,Y) on X. This contradiction
proves the theorem. O

We can now state and prove the following useful result.

Theorem 3.3.10. Let X andY be non-empty closed subsets of [a, b]. Then
X and Y are disjoint if and only if dist(X,Y) > 0.

Proof. (=) This follows from Theorems 3.3.9 and 3.3.4.

(<) Exercise. O

Definition 3.3.11. A set X C [a,b] is said to be pp,-measurable if
Xx € L'[a,b]. In this case, we write f[a b XX A, as pm (X).

The following theorem is a consequence of Theorem 3.3.4 and Lebesgue’s
Dominated Convergence Theorem.

Theorem 3.3.12. If a set Y C [a, b] is closed, then' Y is p,-measurable.

Proof. We may assume that Y is non-empty. By Lemma 3.3.3,

-
k=1

where

1
G, = — =
n U B(y,n) forn=1,2,
yey
We will next construct an appropriate sequence (f,,)52; of uniformly
bounded continuous functions on [a, b] such that
limy, oo fr(x) = xy(x) for all € [a,b]. Let n € N be given. Since
both sets Y and [a, b]\G,, are closed and disjoint, Theorem 3.3.4 implies
that dist(z,Y) + dist(x, [@, b]\Gy,) > 0 for all € [a,b]. Now we define
the function f, : [a, b] — R by setting
dist(z, [a, b]\G.,)
fn(®) = = — .
dist(x, V) + dist(x, [a, b]\G)
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According to Theorems 3.3.7 and 2.3.5, (f,,)°; is a sequence in L![a, b].
Since we also have sup, oy |fo(2)| < 1 and lim, o fru(x) = xv(x) for
all ¢ € [a, b], the result follows from Lebesgue’s Dominated Convergence
Theorem. O

Our next goal is to obtain a modification of Theorem 3.3.12. We need
the following definition.

Definition 3.3.13. A set O C R™ is open if for each x € O there exists
d(x) > 0 such that B(zx,d(x)) C O.

Example 3.3.14. The set (0,1)™ is open.

Exercise 3.3.15. Prove the following properties of open sets:

(i) The intersection of any finite collection of open sets is open.
(ii) The union of any collection of open sets is open.

Exercise 3.3.16. Show that a countable intersection of open sets need not
be open.

Theorem 3.3.17. A set Y C [a, b] is closed if and only if R™\Y is open.

Proof. We may suppose that Y is non-empty and Y # R™.

(=) Suppose that Y is closed. To show that R™\Y is open, we
let z € R™\Y. Since Theorem 3.3.4 implies that dist(z,Y) > 0, we
use the continuity of the function x — dist(x,Y) to choose §(z) > 0 so
that dist(x,Y) > 0 whenever & € B(z,0(z)). By Theorem 3.3.4 again,
B(z,0(z)) C R™\Y. Since z € R™\Y is arbitrary, R™\Y is open.

Conversely, suppose that R™\Y is open. To prove that Y is closed, we
let (x,)52; be a sequence in Y converging to some & € R™. Proceeding
towards a contradiction, suppose that € R™\Y. Since R™\Y is open,
there exists d(x) > 0 such that B(x,d(x)) C R™\Y; hence our choice of
()52, implies that x,, € R™\Y for all sufficiently large integers n, a
contradiction. This contradiction shows that € Y. g

The technique used in the proof of Theorem 3.3.18 is important.

Theorem 3.3.18. If a set O C [a, b] is open and non-empty, then O can be
written as a countable union of pairwise non-overlapping intervals in R™.

Proof. We will use Cousin’s Lemma to construct a desired sequence of
pairwise non-overlapping intervals in R". Using Theorems 3.3.17 and 3.3.4
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with Y = [a, b]\O, we define a gauge é; on [a, b] by setting
1 if € [a, b]\O,
o(@) = {dist(:c, [@,b]\O) ifz € O.
Hence, by Cousin’s Lemma, there exists d;-fine Perron partition P; of [a, b].
Since our choice of d; implies that the following closed sets
U I and [a, b]\O

(t,I)ePy
tcO

are disjoint, we infer from Theorem 3.3.10 that

dist(( U Il b]\O) > 0.

t,I)epP;
tcO
Set P :=P,01:=0,02:=0 \ U I, and define a gauge d3 on [a, b)
(t,I)ePy
tcOq
by setting
min {%,dist([a, b\O, U I) } if € [a, b]\O1,
I)eP,
52(:3) = (tte)Oel '

dist(z, [a, b]\O1) ifxe 0.
Again, Cousin’s Lemma enables us to fix a do-fine Perron partition P of
[a, b].

Proceeding inductively, we construct a decreasing sequence (O,)%2 ; of
open sets, a sequence (d,)52; of gauges on [a, b], and a sequence (Py)72; of
Perron partitions of [a, b] such that the following conditions hold for every
n € N\{1}:

(a) If k € {1,...,n — 1}, then Py is a di-fine Perron partition of [a, b];

wo.=o\U U =

k=1 (t,])EPy
tEOk

min{%,dist([a,b}\O,nLj U 1)} if « € [a, b]\O,,

k=1 (t,])eP,
(Sn(m) = (tte)Oe;C g

dist(z, [a, b]\Oy) ifx e O0,.
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According to our construction of (P,)5% , we have

a,bpOC () U I

n=1 (t,I)eP,
te(a,b)\O

Next we follow the proof of Lemma 3.3.3 to conclude that

a,b)O=() | I

n=1 (t,I)EP,
tela,b)\O

Finally, since

U U Iu U I=a,b]

k=1 (t,1)EP; (t,1)eP,
teOy, te(a,b)\O

for all n € N, we get

teOy, teO, [}

The following theorem is a consequence of Theorem 3.3.18 and the
Monotone Convergence Theorem.

Theorem 3.3.19. If O C [a,b] is open and non-empty, then O S fin,-
measurable.

There are p,,,-measurable sets that are neither open nor closed sets.

Example 3.3.20. The pi-measurable set Q N [0,1] is neither open nor
closed.

The following result is a consequence of the Monotone Convergence
Theorem.

Theorem 3.3.21. If (X,,)72, is an increasing sequence of [, -measurable
subsets of [a, b], then | Jr— Xk is pm-measurable and

Mm(ijl Xk) = nh_{rgo o (X ).

Proof. Since (xx, )%, is an increasing sequence in L![a, b] converging
pointwise to x=  x, on [a, b], an application of the Monotone Conver-
gence Theorem completes the proof. O
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The next theorem shows that u,, is countably additive.

Theorem 3.3.22. If (Y,,)52, is a sequence of pairwise disjoint piy,-
measurable subsets of [a, b], then \J;—, Yi is pm-measurable and

um(gn) - gumm»

Proof. Since (Jj_, Yi)52, is an increasing sequence of fi,,,-measurable
subsets of [a, b], the theorem follows from Theorem 3.3.21. O

The next theorem shows that ., is countably subadditive.

Theorem 3.3.23. If (X,,)52, is a sequence of pm,-measurable subsets of
la, b, then |y Xk is pum-measurable and

um(k[_jl Xk) < g/‘m(Xk)'

Proof. Set Yy := 0 and Y, := X,,\ Uz;ll Xy for every n € N. Then
(V)22 is a sequence of pairwise disjoint u,,-measurable subsets of [a, b]
such that Jre; Vi = Upey Xk and i, (Ys) < i (X5,) for n =1,2,.... By
Theorem 3.3.22,

/im<k©1 ch) = /im<k©1 Yk) = ’iﬂm(yk) < ’iﬂm(Xk) .

Theorem 3.3.24. If (X,,)%2 is a decreasing sequence of fiy,-measurable
subsets of [a, b], then (Ny—; Xk 1S fim-measurable and

um( N Xk) = m pn (Xn).
k=1

Proof. Since Theorem 3.3.21 implies that [a,b]\ Npey Xk IS fm-
measurable and

fo ([a, b\ ) Xk) = Tim_ i ([, BI\X.0)
k=1
we conclude that

o ,6 X2) = (s ) o[ 81 ()

k=1
= nlijrgo(,um([a, b)) — pum(la, b\ X))
= g, (X .
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Theorem 3.3.25. Let (X,,)52, be a sequence of i, -measurable subsets of
[a,b]. If pm(X; N X;) = 0 for every (i,7) € N? satisfying i # j, then
Ure, Xk is pm-measurable and

o (U%) = im0 (333)
k=1 k=1

Proof. According to Theorem 3.3.23, UZO:I X, is ppn-measurable. Since
our hypotheses imply that

um(k@lxk) _ émxk)

for n = 1,2,..., and (Up_; Xx)52, is an increasing sequence of fi,,-
measurable sets, an application of Theorem 3.3.21 completes the proof. [

3.4 A characterization of u,,-measurable sets

In this section we characterize p.,,,-measurable sets in terms open (or closed)
sets. We begin with the following result.

Lemma 3.4.1. Ifa setY C [a, b] is closed, then for each € > 0 there exists
a bounded open set G. such that Y C G. and

wm(G\Y) < e.
Proof. This is a consequence of Lemma 3.3.3 and Theorem 3.3.24. [

In view of Theorem 3.3.12, the following result is a refinement of Lemma
3.4.1.
The technique used in the proof of Theorem 3.4.2 is important.

Theorem 3.4.2. If a set X C [a, b] is pm-measurable, then for each € > 0
there exists a bounded open set G. such that X C G. and

,Um(Ge) < ,Um(X) +e.

Proof. Let e > 0 and pick a gauge § on [a, b] such that
€
Y xx@m()) < pm(X) + 4

(y,J)eQ

for each d-fine Perron subpartition @ of [a, b].
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For each n € N, let

Zy = {weX:é(w)> %},

and let Y,, = Z,, := {z : dist(x, Z,) = 0}. We claim that Y,, is closed. If
Y,, is empty, then Y,, is closed. On the other hand, suppose that Y,, is non-
empty. Since Theorem 3.3.4 implies that Y}, is also closed, it follows from
Lemma 3.4.1 that there exists a bounded open set G,, such that G, D Y,
and

€
8(2m)"

Put Yy = 0 and set G: := Jg—;(Gr\Yx—1). Then G. is an open set
containing X:

ﬂm(Gn\Yn) <

X:

CS
m
uCg

U (Yi\Yg—1)

k

Since Yy = 0, it follows from Theorem 3.3.23 that

1

= €
< (m (GE\Ye) + pin (Vi \Yi-1)) < g T, im g (Ya)-
k=1
It remains to prove that
. €
nlgrolo i (YV3) < pm (X) + 5 (3.4.1)

If Y, is empty for all n € N, then (3.4.1) holds. On the other hand,
suppose that Yy is non-empty for some positive integer N. According to
our construction of the sequence (Y,)52; of closed sets, we may assume
that N is so large that

. €

lm pon (Y5) < i (Yn) + <. (3.4.2)

n—00 8

Since G is a bounded open set containing Yy, there exists an interval
Ex in R™ such that Yy € Gy C Ey; in particular, Yy and Ex\Gx
are disjoint non-empty closed sets. Hence, by Theorem 3.3.10 and Cousin’s
Lemma, there exists a min { %, dist(Yy, Ex\Gn) }-fine Perron subpartition
P = {(ty,[u1,v1]), ..., (tp, [up,vp])} of [a, b] such that

{t:(t,[uv)ePycyve |J [uw,v] <Gy

(t,[u,v])eP
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By Theorem 3.3.23 again,
Hm (YN )

<D i ([us, vi))
i=1

p p
= > m(usv)+ D pm((us i), (34.3)
(ui,vf):ﬁlYN;é@ (ui,vf):ﬁlYN:@
We will next obtain an upper bound for the right-hand side of (3.4.3).
For each i € {1,...,p} satisfying (u;,v;) N Yn # (), we select and fix a
& € Zn N (ug,v;) so that our choice § yields

P
€

Z fm ([wi, vi]) < pan (X) + 1 (3.4.4)

(uq‘,,v:):ﬁlYN?é@

Also, our choice of G yields

P

€

S (i, vi)) < 5 (3.4.5)

i=1
(us,v:)NYN=0

Finally, we combine (3.4.2), (3.4.3), (3.4.4) and (3.4.5) to get (3.4.1):

33, m (Y2
< pm(Yn) + %
p p
S DR T (%) R DR TS B
(w0 )Y 0 (s 0V =0
< m(X) + 5. 0

The following theorem is the main result of this section.

Theorem 3.4.3. A set X C [a,b] is p,-measurable if and only if for each
€ > 0 there exist a bounded open set Ge and a closed set Yz C [a,b] such
that Y. C X C G. and

pm (Ge\Ye) < e. (3.4.6)

Proof. Suppose first that X is p,,-measurable. By Theorem 3.4.2, for
each € > 0 there exists a bounded open set O; such that X C O; and

i (O1) = i (X) < 5.
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Since the p,,-measurability of X implies that of [a, b]\ X, we apply Theorem
3.4.2 to choose a bounded open set Oy such that [a, b]\X C Oy and

p*m(OQ) - ﬂm([awb]\X) < %

Set G = 01 and Y; = [a, b]\O2. We have constructed a bounded open
set G and a closed set Y; C [a, b] such that Y; C X C G, and

P (Ge\Ye) = pm (G\X) + pm (X\Y2)
= fim (O1\X) + ptm (O2\ ([, b\ X))
< €.

Conversely, suppose that for each £ > 0 there exist a bounded open set
G. and a closed set Y; C [a, b] such that Y. C X C G, and (3.4.6) holds. In
particular, for each n € N there exists a bounded open set G, and a closed
set Y, C [a,b] such that ¥;, C X C G,, and p,(Gp\Ys) < % Since it is
now clear that the uniformly bounded sequence (xg, )52, converges fi,-
almost everywhere to yx on [a, b], an application of Lebesgue’s Dominated
Convergence Theorem completes the proof. ([l

3.5 pm-measurable functions

In this section we study an important class of functions arising from ;-
measurable sets. We begin with the following definition.

Definition 3.5.1. A real-valued function s defined on [a, b] is a step func-
tion if there exists a division {[u1,v1], ..., [up,vp]} of [a, b] such that s is
constant on each (u;,v;).

Lemma 3.5.2. Let X C [a,b] be a pi,,-measurable set. Then there exists
a sequence ($,)52, of step functions on [a,b] such that lim, o sp(x) =
xx (x) for pm-almost all x € [a, b).

Proof. Letn € N be given. Since X C [a, b] is p,,-measurable, we apply
Theorem 3.4.3 to pick a bounded open set G,, 2 X such that

1o (Gn) — fim(X) < 2i (3.5.1)

Next we apply Theorem 3.3.18 and the Monotone Convergence Theorem
to choose a step function s, on [a, b] so that
1
0< / (XG., — 8n) dpim <
[a,b]

TR (3.5.2)
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Therefore (3.5.1), (3.5.2) and the triangle inequality yield
1
|sn — xx| dpm < 57— - (3.5.3)
fa,b] T

Since (3.5.3) holds for all n € N, we conclude that

Z/ sk — Xx| dptm < 003
k=1 [a,b]

whence Lemma 3.2.3 implies that the series > o, (sk(z) — xx(x))
converges absolutely for pm,-almost all € [a,b]; in particular,
limy, 00 Sn(x) = xx () for p,-almost all x € [a, b]. O

Lemma 3.5.2 leads us to the following definition.

Definition 3.5.3. A function f : [a,b] — R U {—00, 00} is said to be
pm-measurable if there exists a sequence ()52 of step functions on [a, b)
such that

lim s,(x) = f(x)

n—oo

for pim-almost all x € [a, b].

Lemma 3.5.4. If a set X C [a,b] is p,-measurable, then xx 1S a -
measurable function.

Proof. This is a consequence of Lemma 3.5.2 and Definition 3.5.3. 0O

Example 3.5.5. If ¢ : [a,b] — R is a step function, then ¢ is fi,-
measurable.

Theorem 3.5.6. If f € Cla, b|, then [ is p,-measurable.
Proof. Exercise. O

Theorem 3.5.7. Let f and g be two real-valued pi,,-measurable functions
defined on [a,b], and let ¢ € R. Then the following functions cf, |f|, f£g
and fg are also pim,-measurable.

Proof. Since f is a real-valued p,,,-measurable function defined on [a, b],
there exist a p,,-negligible set Z C [a, b] and a sequence (s,,)5°; of step
functions on [a, b] such that

nh_)rrgo sp(x) = f(x) for all x € [a,b]\Z.
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Since each |s,| is a step function on [a, b], and

lim [s,(z)| = [f ()|

n—roo

for all € [a, b] satisfying lim,_,o sn(x) = f(x), we conclude that |f] is
m-measurable.
Finally, since the sum and product of step functions are step functions,

and the union of two pu,,-negligible sets is p,,-negligible, the remaining
assertions are obvious. (]

Corollary 3.5.8. Let f and g be two real-valued functions defined on [a, b).
If f = g pm-almost everywhere on [a, b, then f is pm-measurable if and
only if g is pm-measurable.

Proof. Since f—gis pm-measurable, the corollary follows from Theorem
3.5.7. 0

Theorem 3.5.9. If g : R — R is continuous on R and f : [a,b] — R is
L -measurable, then g o f is i, -measurable.

Proof. Since f is a real-valued p,,-measurable function defined on [a, b],
there exist a u,,-negligible set Z C [a, b] and a sequence (s,,)22; of step
functions on [a, b] such that

lim s,(z) = f(x) for all x € [a,b]\Z.

n—oo
Since (g 0 $,)5%; is a sequence of step functions, the continuity of g yields
the p,,-measurability of g o f:

nh_}ngo g(sn(x)) = g(f(x)) for all x € [a,b]\Z. -

Theorem 3.5.10. Let f be a real-valued p,,-measurable functions defined
on [a,b]. Then f is pm-measurable if and only if f* := max{f,0} and
f~ = —min{f,0} are pn,-measurable.

Proof. Exercise. U

The following theorem provides the link between pu,,-measurable sets
and p,,-measurable functions.

Theorem 3.5.11. Let f : [a,b] — R. The following conditions are equiv-
alent.

(i) f is pm-measurable.
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(ii) The set {x € [a,b]: f(x) < a} is pm-measurable for each o € R.
(i) The set {x € [a,b] : f(x) > a} is pm-measurable for each o € R.
(iv) The set {x € [a,b] : f(x) < a} is pm-measurable for each o € R.
(v) The set {x € [a,b]: f(x) > a} is pm-measurable for each o € R.

3.

Proof. Inview of Theorem 3.5.10, we may assume that f is non-negative.

(i) = (ii) Since f is a real-valued p,,-measurable function defined on
[a@, b], there exist a pm,-negligible set Z C [a, b] and a sequence (s,)22; of
step functions on [a, b] such that

nh_{rgo sn(x) = f(x) for all x € [a,b]\Z.

Let a € R be given. We claim that

{2 €la,b\Z: f(2) <a} = J U {sc € [a,b)\Z : sn(@) < a — %}

k=1r=1In=~k

(3.5.4)
We first prove that

{z €[a,b\Z: f(x) < a} C U U ﬂ {w € la,b\Z : sp(x) < a — %}

k=1r=1n=k
(3.5.5)

If 2y € [a,b]\Z with f(zo) < «, then there exists N € N such that
f(xo) < a— %. Since lim sy (wo) = f(x0), there exists K € N such that
n—oo

1
nzK:>sn(ac0)<a—N.

This proves (3.5.5).

Now we prove that

oo oo o0

U U ﬂ {w € la,b\Z : sp(x) < a — %} C{x €la,b\Z: f(x) < a}.

k=1r=1ln=k
(3.5.6)

Let 1 € Upe\Uro 1N {z € [a,b]\Z : sp(x) < o — L}. Then there exist
positive integers k1 and 7 such that s, (1) < a — % forallm > k1. Asn
tends to infinity, we get

1
f(xl)SOé——<Oé
T1
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and so (3.5.6) holds. Since both sets Z and
oo oo oo 1
U U ﬂ {w € [a,b\Z : sp(x) < a — —}
k=1r=ln=k "

are fi,-measurable, we infer from (3.5.4), Theorems 3.3.24 and 3.3.23 that
the set

{z €la,b]: f(x) < a}
is pm-measurable. This proves that (i) implies (ii).
Statements (ii) and (iii) are equivalent because
{z €la,b]: f(z) > o} = [a,b]\{z € [a,b] : f(x) < a}
and
{z €la,b]: f(z) <a} =[a,b]\{z € [a,b] : f(x) > a}.
Statements (ii) and (iv) are equivalent because

{z €la,b]: f(x) <a}= ﬂ {a:e [a,b] : f(x) <a—|——}

and
{z €la,b]: f(x) <a}= U {xe [a,b]: f(x) Sa——}.

Statements (iv) and (v) are equivalent because

{z € [a,b]: f(x) > a} =|a,b]\{z € [a,b]: f(x) < a}

and

{x €la,b]: f(z) < o} = [a,b]\{z € [a,b] : f(zx) > a}.

To complete the proof, we need to prove that (ii) implies (i). For each
n € N, we define the function f, : [a@,b] — R by setting

EoLif 2L < f(m) < £ for some k € {1,...,n2"},
f7:,(513):

n if f(x) >n.
Since our hypothesis implies that the following sets

027, 2T 2T ), T (I =27 n)), f ([, 00)
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are [i,,-measurable, it follows from Lemma 3.5.2 and Lebesgue’s Dominated
Convergence Theorem that there exists a step function s, on [a, b] such that

1
/ o= 5] dpim < . (3.5.7)
[a,b] 2

Since (3.5.7) holds for all n € N, and Y-, QL,C converges, we can apply
Lemma 3.2.3 to conclude that the series Y 7o, |fu(x) — sk(z)| converges
for pipm-almost all x € [a, b]; in particular,

ILm (sn(x) — fo(x)) =0 for pm-almost all x € [a, b).

It remains to prove that lim, o fn(x) = f(x) for all € [a,b]. For
each n € N we deduce from the definition of f,, that

1

for all € [a, b] satisfying |f(x)| < n. Since f is real-valued, the result

follows. O

Theorem 3.5.12. Let (fn)52; be a sequence of real-valued fin,-
measurable functions defined on [a,b], and let f : [a,b] — R. If

f(@) = limp oo fu(x) for pm-almost all * € [a,b], then f is pim-
measurable.
Proof. Exercise. O

A function is said to be simple if it takes on only a finite number of
values.

Theorem 3.5.13. If f : [a,b] — R is p,-measurable, then there exists
a sequence (fn)>2, of pum-measurable simple functions on [a,b] with the
following properties:

(1) {Ifnl}Sey is increasing;
(ii) sup|fn(z)| < [f(z)| for all x € [a, b];
neN

(iii) nh_)rrgo fu(z) = f(x) for all x € [a, b].

Proof. Following the proof of Theorem 3.5.11, there exists an increasing
sequence (f1 )5 ; of non-negative p,,-measurable simple functions such
that lim, e f1,n(x) = fT(x) for all z € [a,b]. Similarly, there exists an
increasing sequence (f2 )22 ; of non-negative p,,-measurable simple func-
tions such that lim, o fon(x) = f~ () for all © € [a, b]. It is now clear
that the result holds. |
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3.6 Vitali Covering Theorem

The main aim of this section is to prove that if f € HK][a,b], then f is
um-measurable. We begin with some terminologies.

For each [u,v] € Z,([a,b]) the regularity of [u,v], denoted by
reg([u, v]), is the ratio of its shortest and longest sides. If I € Z,,([a, b))
and reg(I) > « for some « € (0, 1], we say that I is a-regular.

Let X C [a,b] be a given set. A family C C Z,([a,b]) is a Vitali
covering of X if given € X and € > 0 there exists I € C such that ¢ € I
and diam(7) < e, where diam(I) := sup{|||s — t||| : s,t € I}. We can now
state and prove the following important result.

Theorem 3.6.1 (Vitali Covering Theorem). Let X C [a, b] be a set,
and let a € (0,1]. If a family Jo C I ([a, b]) of a-regular intervals covers
X in the sense of Vitali, then there exists a sequence ([sk, tx])7>, of pairwise
disjoint intervals in J, such that

fim (X\ G [sk,tk]> =0.

k=1

Proof. We will construct the sequence ([sg,tx])7>, by induction. Sup-
pose that {[s1,t1],...,[Sn—1,tn—1]} C Jo for some integer n > 2. If
X C U;:ll [si,ti], then the process stops. Henceforth, we assume that
the process does not terminate at some finite stage. In this case, we can
apply the Vitali condition to select [s,,t,] € J, such that

1 n—1

§dn < |l[tn — snll] and [sn,t,] N U [si,t:] =0,

i=1

where

n—1
dy = sup{ [llv —ull| :[u,v] € Ty and [u,v]N U [siyti] = (Z)}.
i=1
It is clear that {[sn,t,]}52; is a countable collection of non-overlapping
subintervals of [a, b] satisfying

St ([86,t4]) < pim([a, b)) < . (3.6.1)
k=1

Since (3.6.1) holds, it suffices to prove that

X\D[sj,tj] - D[m*lsk,m*ltk] for all n € N\{1}. (3.6.2)

k=n
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Since inf, ey reg([sn, trn]) > @, it remains to prove that

X 1S L) B( =5k +tr), 2 |||te — for all 1.
\JL:Jl[Sjat]] _kL:Jn (2(Sk+ k)s 5 [[[tx 8k|||) or all n e N\{1}

(3.6.3)

We will first prove that lim, _,., d, = 0. According to our construc-
tion of the sequence ([sn,t,])22, it is enough to prove that the series
Y oreq |1tk — skl||™ converges. But this last assertion is a direct conse-
quence of (3.6.1), since inf,enreg([sn, tn]) > o implies

1
e = 8alll™ < (s £a]) for all m € N\{1}
Finally, we prove (3.6.3). Let x € X\J;Z,[s;,t;] and let n € N\{1}.

By the Vitali condition there exists [s,t] € J, such that

n—1
x € [s,t] and [s,t] N U [s;,t;] = 0.

j=1
Since lim,,—, o d, = 0, we let p be the smallest positive integer such that
dp < pm([s,t]). According to our construction,[s,t] N i;}[sk,tk] =0,
[s,t]N[sp,ty] # 0, and |||t — s||| < d, < 2]||tp, — sp|||; hence (3.6.3) follows
from triangle inequality:

sp+t,
[+l

t t
Il < ===+
(for some y € [s,t] N [sp, tp])

2 2
1 1 1
Skt = sl + 5 11 = sl + 31llEs = sy 1)

5
§(|||tp - 3p|||)~

s+t
2

Y

IN

IN

O

We need the following definition in order to prove Theorem 3.6.6 below.

Definition 3.6.2. Let F : Z,,([a,b]) — R and assume that 0 < a < 1.
We define

F_(x) =sup inf
6>0

cx €1 €Ty,(a,b]),reg(l) > o and pn,(I) < 5}.

Fo(x) = gr;% Sup{ cx el ely(a,b]),reg(l) > aand um(l) < 6}.
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Remark 3.6.3. Let F and a be given as in Definition 3.6.2. The following
statements are true.

(i) F, and F, are extended real-valued functions defined on [a, b]:
—0 < F (z) < Fo(z) < o0

(ii) For each x € [a, b], the following limits F(x) := lim,_,o+ Fu(x) and
F(z) :=lim,_,o+ F(x) exist in RU {—o00, c0}.

Definition 3.6.4. An interval function F' : Z,,([a,b]) — R is said to be
derivable at x € [a,b] if there exists there is a real number, denoted by
F'(x), such that

F'(z) = F(x) = F(x).

The following theorem is a consequence of the Vitali Covering Theorem.

Theorem 3.6.5. Let F : Z,,,([a,b]) — R. If0 < a <1, then F, and F,,
are extended real-valued i, -measurable functions. In particular, if F'(x)
exists for pim-almost all x € |a, b], then F' is p,-measurable.

Proof. Exercise. O

The following theorem is a consequence of Theorems 3.6.1 and 3.6.5.

Theorem 3.6.6. Let f € HK[a,b]. If F is the indefinite Henstock-
Kurzweil integral of f, then F'(x) exists and F'(x) = f(x) for pm-almost
all € [a, b]. In particular, f is pm-measurable.

Proof. Let X be the set of all € [a, b] for which F is not derivable at
x or F'(x) # f(x). In view of Theorem 3.6.5, it is enough to prove that
i (X) =0.

For each & € X there exists n(x) > 0 with the following property: for
each 6 > 0 there is an interval I, € Z,,,([a, b]) such that € I, C B(z,?),
reg(lz) > n(x) and

|f(@)pm (L) — F(Iz)| = n(@)pm (Iz)-
For each n € N, let

1

Xn:{aceX:n(ac)ZE}.
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In view of the countable subadditivity of pu,,, it suffices to prove that
pm(Xn) =0forn=12,....

Fix n € N and let € > 0 be given. Since I is the indefinite Henstock-
Kurzweil integral of f, there exists a gauge § on [a, b] corresponding to
= > 0 in the Saks-Henstock Lemma. Then

{I :x € X,,, €I, C B(z,d(x)) and reg(l;) > n(x)}
covers X, in the Vitali sense. Hence, by the Vitali Covering Theorem, there
is a sequence (Ix)$2 ; of pairwise non-overlapping intervals in R™ such that
{32, c {lz: @ € Xy, ® € I, C B(w,d(x)) and reg(ly) > n(x)}
(3.6.4)

and

[im (Xn\ [j Ik> = 0. (3.6.5)
k=1

On the other hand, for each k € N we use (3.6.4) to select t; € I, N X,, so
that ¢, € I, C B(tg,d(tx)). Thus

S pl) <n lim 3 F#un(l) — FU)| <= (36.6)
k=1 k=1
Combining (3.6.5), (3.6.6) and the arbitrariness of ¢ > 0 leads to the desired
result pm,(X,) = 0. O

The proof of Theorem 3.6.6 yields the following result.

Theorem 3.6.7. If f € HK[a,b] and (HK) [, f = 0 for every I €
Zm([a,b]), then f =0 pm-almost everywhere on [a, b].

3.7 Further properties of Lebesgue integrable functions

The aim of this section is to prove that if f € L![a,b] and g is a bounded
m-measurable function on [a, b], then fg € L'[a,b]. Moreover, we prove
that this result is, in some sense, the best possible for Lebesgue integrable
functions. We begin with the following useful generalization of Theorem
3.1.4.

Theorem 3.7.1. Let f : [a,b] — R be j,,-measurable. Then f € L'|a, b]
if and only if there exists g € L'[a, b] such that | f(z)| < g(x) for fim,-almost
all € [a, b].
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Proof. (=) We choose g to be |f].

(«<=) This is a consequence of Theorem 3.5.13 and Lebesgue’s Domi-
nated Convergence Theorem. O

Theorem 3.7.2. If f € L'[a,b] and X C [a,b] is a pm-measurable set,
then fxx belongs to L'[a,b].

Proof. According to Theorem 3.6.6, f is p,,-measurable. Since Lemma
3.5.2 implies that y x is also pn,-measurable, it follows from Theorem 3.5.7
that fxx is pm-measurable too. An appeal to Theorem 3.7.1 completes
the proof. O

Theorem 3.7.3. If f € L'[a,b] and g is a bounded, ji,,-measurable func-
tion on [a,b], then fg € L'[a, b].

Proof. This is a consequence of Theorems 3.5.13, 3.7.2 and Lebesgue’s
Dominated Convergence Theorem. O

The following theorem shows that Theorem 3.7.3 is, in some sense,
sharp.

Theorem 3.7.4. Let g : [a,b] — R. If fg € L'[a,b] for each
f € L'a,b], then g is p.,-measurable and there exists a ji,,-negligible set
Z C [a,b] such that gX[a,p)\z s bounded on [a, b].

Proof. 1t is clear that g € L'[a, b] and so it is ji,,-measurable (cf. The-
orem 3.6.6).

Suppose that we cannot find a p,,-negligible set Z such that gx(q,p)\ 7 is
bounded on [a, b]. Then there exist a strictly increasing sequence (o, )32,
of positive numbers such that «, > 2" and pn,(X,) > 0 for all n € N,
where

X = {= € [a,b] : o < |g(@)] < ani1)}

forn=1,2,....
Define the function fy : [a,b] — R by setting
> 1
)= ——xx, ().
Jfo(x) ; akum(Xk)XXk( )

A simple application of the Monotone Convergence Theorem shows that
fo € Lt[a,b]. Combining this fact with our hypothesis on g, we find that
fog € L'[a, b]; hence the Monotone Convergence Theorem yields

oo

1
|fog| dpm =Y ————=upum(Xp) < 0o,
/[a,b] ; e (X))
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a contradiction. This contradiction proves the theorem. O

In the proof of Theorem 3.7.4, the function ¢ : [a,b] — R is said to
be essentially bounded on [a, b]; that is, there exists a p,,-negligible set Z
such that

sup lg(a)] < oo
z€[a,b]\Z

The collection of all real-valued p,,-measurable functions that are essen-
tially bounded on [a, b] will be denoted by L*°[a, b]. For each g € L*[a, b,
we write

llgllz¢ta,b) = inf{M : |g(x)| < M for pp,-almost all x € [a, b]}.

Also, for each f € L'la,b] we write £l L e, = f[a’b] |f| dpm. We can
now state a stronger version of Theorem 3.7.4.

Theorem 3.7.5. Let g : [a,b] — R. Then g € L*®[a,b] if and only if
fg € L'[a,b] for each f € L'[a,b]. In this case,

1£9ll Lt aye) < N f L a,pll9l = (a,0)
for each f € L'|a, b].
Proof. Exercise. O

Exercise 3.7.6. Prove that if f € L'[a, b], then for each &€ > 0 there exists
a step function ¢ on [a, b] such that

1f = llLrjap <&

3.8 The LP spaces

The aim of this section is to prove a useful modification of Theorem 3.7.3.
We begin with the following definition.

Definition 3.8.1. For any real number p > 1, we let LP[a, b] be the set of
all real-valued pi,,,-measurable functions for which |f|” € L'[a, b).
The LP-norm of f is given by

1 lleian = ( [ o dum)
[a,b]

’
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The following theorem is a useful modification of Theorem 3.7.3.

Theorem 3.8.2 (Holder’s Inequality). Let1 < p < co and let g = ﬁ.
If f € LPla,b] and g € LY]a,b], then fg € L'[a,b] and

1£9ll 1 ja,e) < I L7(a,b) (9] L9(a,b)-

Proof. 1If || f|| [a,6) = 0 oF ||g]|z9]a,e) = O, then it follows from Theorem
3.6.7 that fg =0 p,-a.e. on [a, b] and so the theorem holds. Henceforth,
we suppose that || f||z(a,b] /9]l L9[a,b) > O-

For each x € [a, b] we apply the inequality

P q
aﬁga—+% (0,8 > 0)
with o = M and 8 = M to obtain
||f||L”[a,b] ||gHL’1[a,b]

f@@  _ @F | @)
T ieol9lzotae — A1 ey A9y

(3.8.1)

Since f € LP[a, b], g € L9]a, b] and (3.8.1) holds, it follows from Theorems
3.5.9 and 3.7.1 that fg € L'[a,b]. Finally, (3.8.1) gives
/91l L1 (a,b) 11

<-+4+-=1
”f”Lp[a,b]”g”Lq[a,b] P q

or [[fgllria < 1 flLria,e gl Lofa,b)- O
We remark that if p = ¢ = 2, then Theorem 3.8.2 is known as Cauchy-

Schwarz inequality.

Theorem 3.8.3 (Minkowski’s Inequality). Let 1 < p < oo. If
fyg € L?[a, b], then f + g € LP[a, b] and

ILf +gllzriap) < 1 fllzria,s) + 119l 27(a,b)- (3.8.2)

Proof. By Theorems 3.5.7 and 3.5.9, |f + g|” is pm,-measurable. Since
we also have

[f() +g(@)]” < 2" max{|f(z)[",[g(x)["} < 2°(|f(x)]" + [g(z)[")
for all x € [a, b], it follows from Theorem 3.7.1 that f + g € L?][a, b].

It remains to prove the inequality (3.8.2). If p =1 or || f 4 g/ z7[a,s) = 0,
then the inequality (3.8.2) holds. On the other hand, we suppose that p > 1
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and || f + gl|z7[a,p) # 0. In this case, we infer from Hélder’s inequality that
FILf+ 9" 19l 1 + 91" € L[, b]. Consequently,

/ ‘f+g|p dptm,
[a,b]

b
< /[ I+l / gl1F + 9P dp

(by triangle inequality)

q
}|f+g‘(p*1)q d,um)
b

(by Holder’s inequality)

< (U hsrioas + ol ) |

’

D
= (IfllLra,p) + N9l Lria,o) I + 91l Lo,
and the required inequality follows on dividing by the non-zero number
P
If "‘g”zp[a,b]' OJ
We end this section with the following result concerning the complete-
ness of LP spaces.

Theorem 3.8.4 (Riesz-Fischer). Let 1 < p < oo and let ()52, be a
sequence in LP[a, b] such that

| fr — fnllLriap) — 0 as n, N — oo.
Then there exists f € LP[a, b] such that
lim | fn = fllzr(a,p) = 0.
n—oo

The function f is unique in the sense that if h € LP[la,b] and
limy, 00 || fn — Pl LP[a,p) = 0, then h = f pim-a.e on [a,b].

Proof. We let f,, = 0 and choose a subsequence (fn, )72, of (fn)o2;
such that

1
||f7l1«+1 - fnk”LT’[a,b] < W (3.8.3)

for k =1,2,.... For each n € N we put g, = Z?:o }fnjﬂ —fnj} so that
Minkowski inequality and (3.8.3) yield g,, € L?[a, b] and

gnllLria,e) < 1+ 1 fnillLr(a,b)-
Since m € N 1is arbitrary, we infer from Holder’s inequality that
SUPpen [|9nll £ 1q,p) is finite; therefore Lemma 3.2.3 implies that the series

Z( Jrji1(®) = fu,(x)) converges absolutely for p,,- almost all = € [a, b].
3=0
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Let
Z;‘)io(fnj+1 (ZB) - f’ﬂj (w))
f(x) = if the series 72 | frijir () = fn, ()| converges,
0 otherwise.
Since fy, = 0, it is not difficult to see that
flx) = klim Frp () (3.8.4)
—00

for pm-almost all x € [a, b]; in particular, f is p,,-measurable.

We will next prove that f € LP[a,b] and lim, e || fn — fllLP[a,e] = 0.
For each £ > 0 we select a positive integer N so that
€
2
for all integers n,r > N. Hence, by Theorem 3.8.3 and Fatou’s Lemma,
f € LP[a, b]. Another application of Fatou’s Lemma yields

an - fr”Lp[a,b] <

an - f”LP[a,b] < liminf an - fnk”LP[a,b] <e
k— o0
for all integers n > N. Since € > 0 is arbitrary, we conclude that
lim [[fn = fllzr(a,e) =0
n—oo
It remains to prove the last assertion of the theorem. Suppose that

there exists h € LP[a,b] such that ||h — fulz7[ap) — 0 as n — oco. By
Minkowski’s inequality again,

If = hllzriap < IIf = falleriap + 1o — Bllzra,s — 0 as n — oc;
that is, ||f — h||zr{a,) = 0. An appeal to Theorem 3.6.7 completes the
proof. |

Exercise 3.8.5. Let (a,,)22; and (b,,)52 ; be two sequences of real numbers
such that the series Y p-  (a? + b%) converges. Prove that there exists
f € L?([—~,n]) such that

n 2

Z(ak cos kt + by sinkt) — f(t)| dpi(t) =0
k=1

T
lim
n—oo |

and
o0

112y = 7 (ak +B7).
[~

k=1



88 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

3.9 Lebesgue’s criterion for Riemann integrability

The aim of this section is to give a characterization of Riemann integrable
functions. We first show that such kind of integrable functions must be
bounded.

Theorem 3.9.1. If f € Rla, b], then f is bounded on [a, b].

Proof. For e =1 we apply the Saks-Henstock Lemma for the Riemann
integral to select a constant gauge ¢ on [a, b] so that

> |fOwn(n = [ 1

(t,I)eP
for each d-fine Perron subpartition P of [a,b]. Let N be a fixed
positive integer satisfying max;=1 . m b% < 4, and let x € [a, b]. Since
x € [[10 [a; + (k; — 1)255%, a; + k; 5% =: Jj, for some k € {1,...,N}™,
our choice of N and § yield

<1

ik bi—ai
|f(fc)H S

i=1

which implies that

<1,
Nm
@< — s b]>{1 + o (o) | f‘ }

Since x € [a, b] is arbitrary, f is bounded on [a, b]. O

Corollary 3.9.2. If f € Rla,b], then f € L'[a,b] and both integrals coin-
cide.

Proof. This is a consequence of Theorems 3.6.6, 3.9.1 and 3.7.1. 0

Definition 3.9.3. Let f : [a,b] — R be a bounded function. The oscil-
lation of f on [a, b] is defined by

w(f,la,b]) = sup{f(z) : @ € [a, b]} — inf{f(z) : = € [a, b]}.

Theorem 3.9.4. Let f : [a,b] — R be a bounded function. Then
f € Rla,b] if and only if for each ¢ > 0 there exists a diwvision Dy of
[a, b] such that

S wlf. (1) < e

I€Dg
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Proof. (=) For each ¢ > 0 there exists a constant gauge ¢ on [a, b]
such that

€
|S(fap0) _S(f7Q0)| < 5
for each d-fine Perron partitions Py and Qo of [a,b]. Let N be a fixed
positive integer N such that maxg—1,...m b’“;,‘”‘ < ¢ and consider the net
Dy
= ﬁ[az—k(kz—l)u al+kb ] {klkm}C{lN}
2:1 N N b b —_ b) b)
For each I € Dy we choose s7,t; € I so that
€
I — _
(1) < St = £(1) + g
Since Py = {(t;,I): I € Do} and Q1 = {(s1,I) : I € Dy} are d-fine Perron

partitions of [a, b], our choice of § gives the desired result:

E €
W(f, 1) p(I) < S(f, Pr) = 8(£,Q1) + 5 <e
IeDg
(<=) Let € > 0 be given. By hypothesis, there exists a division Dy of

[a, b] such that
D W) ) <
JeD,

(3.9.1)

IENO)

Let 6 = 5 min p,,(J). Clearly, it suffices to prove that

JeDy
|S(f,P)—=S(f.Q)| <e (3.9.2)

whenever P and @) are d-fine Perron partitions of [a, b]. For each J € Dy
we choose z; € J to obtain

1S(f, P) = S(f,Q)

<2Pm&}3x S(f, Py) — Z f(z0) i (J
JeD,

=2 max, S fWuaIn D)= >0 " flz)umINJ)

(t,I)epPy JED, JeD1 (t,I)ePy
<2 pnax, Z Z FE )|+ &) — fz0)]| ) pm(I N T),
J€D1 (t,I)ePy
(where &; ; € INJ if I NJ is non-empty,and §; ; = a if INJ =)

<4 poax Z (J)

]€D1
<e. 0
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We can now state and prove the main result of this section.

Theorem 3.9.5 (Lebesgue). Let f : [a,b] — R be a bounded function.
Then f € Rla,b] if and only if f is continuous fiy,-almost everywhere on
[a, b].

Proof. (=) Let € > 0 be given. For each k € N we let

Xy = {:c € [a,b] : w(f, z) > 2%}

where

m

w(f,z) = lim w(f,H(:ci — 7z +r)).

r—0+ "
=1

We claim that X}, is contained in the union of a finite number of intervals
whose p,,-measure is less than =. By Theorem 3.9.4, there is a division

2k
Dy, of [a, b] such that
€
Z w(f, I) pm(I) < yizs)
IeDy,
and so
5
Do k(1) 28D w(f D) (D) < gy
IED, IeDy,

XNI#D

Finally, since D := {x € [a, b] : w(f,x) > 0} = Up—, X, it follows that
the set D of points of discontinuity of f is a set of u,,-measure zero.

(«<=) Conversely, suppose that there exists a positive number M such
that |f(x)| < M for all x € [a, b], and the set D of points of discontinuity
of f is pum-negligible. Then for each £ > 0 there exists a gauge d§; on [a, b)
such that

e

> xp@®)pm(I) < a1
(t,I)eP

for each d;-fine Perron partition P of [a,b]. For each t € [a,b]\D there
exists da(t) > 0 such that

() = f(2)]

-
4pin([a, b))
whenever € B(t,6(t)) N [a, b].
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Define a gauge ¢ on [a, b] by setting

_ Jout)ifte D,
o(t) = {5;@) if ¢ € [a, b]\D,

and consider a d-fine Perron partition Py of [a, b]. Then

> Wl 1) p(I)
(to,Io)EPo
= Y W, Dua+ D W) D)
(to,]o)EPo (to,Io)EPo
to€la,b]\D to€D
(3
< Z .um(I) +2M Z Mm(l)
A4t ((a, b]) (to,I0)EP, (to,I0)EP,
040 0 0,40 0]
to€la,b]\D to€D

i@ b)) + 2M - ——

€
< e — PR
44 ([a,y b)) AM +1

<E.

Since € > 0 is arbitrary, an application of Theorem 3.9.4 yields the desired
result. O

Exercise 3.9.6. Let (f,)52; be a sequence of functions in R[a,b]. If
fn — f uniformly on [a, b], prove that f € R[a,b] and

lim fn = f.
20 Jla,b] [a,b]

3.10 Some characterizations of Lebesgue integrable func-
tions

If f € L'[a,b], then it follows from Theorem 2.3.10 that the function

F:|u,v]— f dum : T ([@, b)) — R

[w,v]

is additive. This interval function F' is known as the indefinite Lebesgue
integral of f. In this section we give a simple characterization of additive
interval functions that are indefinite Lebesgue integrals. As a result, we
deduce a Riemann-type definition of the Lebesgue integral.
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Definition 3.10.1. An additive interval function F : Z,,([a,b]) — R is
said to be absolutely continuous if for each € > 0 there exists n > 0 such
that

S IFI)| <«
k=1

whenever {I,. .., I,} is a collection of non-overlapping subintervals of [a, b]
with 375 s (Ik) <.

Theorem 3.10.2. Let f € Lt[a,b]. If F is the indefinite Lebesgue integral
of f, then F is absolutely continuous.

Proof. For each € > 0 we apply Theorem 3.5.13 and Lebesgue’s Domi-
nated Convergence Theorem to select a p,,-measurable simple function
on [a, b] such that

3
[ =1l du < 5.
[a,b]

If I,..., I, are non-overlapping subintervals of [a, b] satisfying

> i) < (14 sw @) )
k=1

z€la,b]
then
P P P
SR Z/w fdum‘ Z/wdum‘
k=1 k= k=
P
< [ =i+ { s @) S ()
la,b] z€a,b] =1
<e.
Since F' is additive, we conclude that F' is absolutely continuous. O

Our next aim is to prove the converse of Theorem 3.10.2 holds; see
Theorem 3.10.12. We need to prove the following assertions.

(A) If F : Z,,([a, b]) — R is absolutely continuous, then F’(x) exists for
pm-almost all « € [a, b].

(B) If F : Z,,([a,b]) — R is absolutely continuous, then there exists
f € HK]Ja,b] such that F is the indefinite Henstock-Kurzweil integral

of f.
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We need a series of lemmas.

Lemma 3.10.3. Let F : Z,,([a, b]) — R be a non-negative additive in-
terval function, let o € (0,1), and let E C [a,b] be a pm,-measurable set.
If there exists v € Rt such that Fo(x) > v > 0 for all © € E, then
F(Ju,v]) > vum(E) whenever [u,v] € L, ([a, b)) with E C [u, v].

Proof. Let [u,v] € Z,,([a, b]) be any interval containing E. The family
C of all a-regular intervals C' C [u,v] for which F(C) > yumn(C) is a
Vitali cover of E N (u,v). By the Vitali Covering Theorem, there exists a
disjoint family C; C C such that (E N (u,v))\ Ugee, C is a pim-negligible
set. Therefore

Viim(E) = yum(EN | C) <9 > um(C) < Y F(C). (3.10.1)
CceCy cely cely

Since F(I) is assumed to be non-negative for all I € Z,,([a, b]), we conclude
that the right-hand side of (3.10.1) is less than or equal to F'([u,v]).

Lemma 3.10.4. Let F' : Z,,([a,b]) — R be a non-negative additive in-
terval function. If 0 < B < a < 1, then 0 < Fy(x) = F (x) = Fs(x) =
Fs(x) < 0o for pm-almost all x € [a, b].

IA

Proof. According to our hypothesis on F', we have 0 < F'y < F, < F,
Fg. We will next prove that the set

N :={z € a,b]: Fs(x) < Fp(x)}

is um,-negligible. Since

N = L<J {w € la,b]: Fy(x) <r<s <Fg(:c)},
r,s€Q

it suffices to prove that the set
E.s:={z€la,b]: Fs(x) <r<s<Fgsx)}

is f1,,-negligible whenever (r, s) € Q2 with r < s.

Let (r,s) € Q? with r < s. By Theorems 3.6.5 and 3.4.3, for
each € > 0 there exists a bounded open set O,y 2 FE,  such that
tm(Ors) < pm(Ers) + €. The family C of all S-regular intervals C' C
[@,b] N O, ¢ for which F(C) < rum,(C) forms a Vitali cover of E, . By
the Vitali Covering Theorem, there is a countable family C; C C such
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that E, s\ UC€C1 C is a p,-negligible set. Since our definition of E, ; im-
plies that Fg(x) > s for all ¢ € E,, it follows from Lemma 3.10.3 that
F(K) > spum(Ers NK) for all K € C;. Thus

Sum(Er,s) =S Z Mm(Er,s N C)
cely

<> F(C)

celC

<r Z wm (C)

cely

= TMm( U C)
CceCy

< rpm (Orys)

< T (Ers) + 185

that is pm (Ers) < L. Since € > 0 is arbitrary, piy,(Ers) = 0.

It remains to prove that Fg(z) € R for pu,,-almost all z € [a, b]. Clearly,

it suffices to prove that the set
7 :={x €la,b]: Fg(x) =00}

is pm-negligible. Proceeding towards a contradiction, suppose that Z is
not p,-negligible. By Theorems 3.6.5 and 3.4.3, Z is a pu,,-measurable
set. Since the family Gy of all S-regular intervals J C [a,b] for which
F(J) > i(yia(’g) 1 (J) is a Vitali cover of Z, it follows from the Vitali Cover-
ing Theorem there exists a countable family Go C G; such that Z\ |J Jeg, I
is a p,-negligible set. A contradiction follows:

Fla,t) = T S w2 0)
m JEG2

< Y F(J)

JeGs
< F([a,b]).

This contradiction proves the lemma. O

Definition 3.10.5. Let F' : Z,,([a, b]) — R be an additive interval func-
tion, and let I € Z,,,([a, b]). The total variation of F over I is the extended
number

Ve(I) :sup{ Z |F(J)|: Dis a division of I}.

JeD
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Lemma 3.10.6. Let F : Z,,([a, b]) — R be an additive interval function.
If Vi ([a, b]) is finite, then Vp(I) is finite for all I € Z,,([a,b]), and the
interval function Vi : I,,([a, b)) — R is additive.

Proof. Exercise. d

Lemma 3.10.7. If F : Z,,([a,b]) — R is absolutely continuous, then
Ve ([a, b)) is finite.

Proof. We choose an 1 > 0 corresponding to € = 1 in Definition 3.10.1,
and fix a net Ny of [a, b] so that maxjep, diaml < n. We write F(K) =0
whenever K is a degenerate subinterval of [a, b]. If D is a division of [a, b],
then

SIFDI <Y S IFEAN = Y 3 IFUA ) < card(No).
JeD JeD IeNy IeNo JeD
Consequently, Vr([a, b]) < card(Np) < oo. O

Lemma 3.10.8. If F : Z,,([a,b]) — R is absolutely continuous, so are
Ve+ F and Vg — F.

Proof. This is an easy consequence of Lemmas 3.10.6 and 3.10.7. g

We are now ready to prove assertion (A) stated after Theorem 3.10.2.

Theorem 3.10.9. If F : Z,,([a,b]) — R is absolutely continuous, then
F'(x) exists for um-almost all € [a,b].

Proof. Inview of Lemmas 3.10.8, 3.10.7 and 3.10.6, we may suppose that
F(I) > 0 for every I € Z,,,([a, b]). An appeal to Lemma 3.10.4 completes
the argument. O

To proceed further, we need the following simple lemma.

Lemma 3.10.10. If I € Z,([a,b]), then I has a net N' such that
min jepr reg(J) > %

Proof. Let [e,d] € Z,,(la,b]. For each k € {1,...,m} we choose a, € N
so that By = d’“a;:’“ € [minj—1,. . m(di — ¢;),2mini—1,.. m(d; — ¢;)). The

.....

collection
N = { [T lex + G = 1Bk e+ uBi]  gr € {1, an} (k= ]-w"vm)}
k=1

of intervals is a net of [¢, d] with the desired property. O
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The previous lemma leads us to the next crucial estimate.

Lemma 3.10.11. Let f : J[a,b] — R and assume that
F : Z,([a,b]) — R is an additive interval function. If t € [a,b],
I € Z,(la,b]) and X C I, then there exists a net N; of I such that
minyen, reg(J) > 1 and

(D) — F ()
Slf(t)lum<f\ U [u,v1)+ S @i (s ) — F(fur )|

[u,v]ENT [u,v]ENT
(u,v)NX A0 (u,v)NX#0D

+ > F(u,v)]. (3.10.2)
[u,v]ENT
(u,v)NX=0

Proof. This is an easy consequence of Lemma 3.10.10 and triangle
inequality. U

We are now already to prove assertion (B) stated after Theorem 3.10.2.
Combining this assertion with Theorem 3.1.3 leads to the converse of The-
orem 3.10.2.

Theorem 3.10.12. If F : Z,,(|a, b]) — R is absolutely continuous, then
there exists f € L'la,b] such that F is the indefinite Lebesgue integral of

f-

Proof. By Theorem 3.10.9, F'(x) exists for p,-almost all € [a,b].
Define the function f : [a, b] — R by setting

[ F'(x) if F'(z) exists,
flz) = {0 otherwise.

We want to prove that f € L'[a, b] and F is the indefinite Lebesgue integral
of f. In view of Theorem 3.1.3, it suffices to prove that f € HK]la, b] and
F is the indefinite Henstock-Kurzweil integral of f.
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According to Theorems 3.10.9 and 3.4.2, there exists a decreasing se-
quence (U,)52, of open sets such that Z := (),—, Ux is a p,-negligible
set containing [a, b]\(a, b), and F'(x) exists for all « € [a, b]\Z. For each
k € N we set Y, := [a, b]\Uj, so that (Y;)?2, is an increasing sequence of
closed subsets of [a, b].

We claim that there exists an increasing sequence (X,)52; of closed
sets such that (J,-; X = Uje; Y& and f is bounded on each Xj,. For each
e > 0 there exists a gauge d; on [a, b]\Z such that

(@)t (T) — F(J)] < 2

16(1 + pim([a, B]))
for each point-interval pair (y,J) satisfying y € J N ([a,b]\Z),
J C B(y,é1(y)) and reg(J) > 1. Since [a,b]\(a,b) C Z, we may as-
sume that B(z,d;(x)) C (a,b) whenever x € [a,b]\Z. For each k € N we
set Xy == {x €Yy :di(x)> %} Since Y} is closed and §; is a gauge on
la, b]\Z, the sequence (Y,,)22 is increasing and ;- ; Xi = Uz, Ye.

fim (J) (3.10.3)

Now we prove the boundedness of f on each Xj. From (3.10.3) we get
z1x2 € [a,b]\Z with |||z1 — z2||| < min{di(x1), 61 (x2)}
(3.10.4)
= |f(z1) — f(@2)] < §(1 + pm([a, b))~
Let k£ € N be fixed and let ¢y € Xj. According to the definition of Xy,
there exists & € Yj such that 61(x) > 1 and |||z — || < min{éi(x), }.
Thus

[f (o) < |f ()] +

9
8(1 + pm(la, b]))
B F(IT [ + 55)) ‘ n | F(IT% [ + 55])
(T [z + 55D | i (T2 [ + 25])
< k™Vr([a, b)) + Z

< |f(x) +

ool ™

This proves that f is bounded on Xj.

According to the hypothesis on F, there exists a sufficiently small n > 0
such that

P
STIF)] < Z (3.10.5)
i=1

whenever I,...,I, are non-overlapping subintervals of [a,b] satisfying

P mm(L;) < n. Since the sequence (X,,)2; of closed sets is increasing
and Z = [a, b]\ Up—; Xk, there exists N € N such that p,([a, b\Xn) < 7.
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For each integer k > N we use the boundedness of f on X} to choose a
bounded open set O O X} so that
€
m, O\ X1) < .
A ey v Py

Define a gauge § on [a, b] by setting
min{ 5%, dist(z, [a, b)\On)} if x € Xn,

(3.10.6)

min{dist(z, X;, U ([a, b]\Ok+1)), 57 }

if ¢ € X1\ X} for some integer k > N,

dist(x, Xn) ifeeZ,
and consider any d-fine Perron subpartition P of [a, b]. Since f vanishes
on Z, it follows from our choice of § that
€
S @D ~ F(D)| < & (3.10.7)

(t,I)eP
teZ

Write Zy = Xn and Zj, = X3\ X1 for k= N+ 1,N +2,.... Since
[a,b] = ZUUJ;— | Z), we combine Lemma 3.10.11, the boundedness of f on
each X}, and (3.10.7) to obtain

Y 1 @®um(I) - F(I)

(t,1)eP
< { ) ||fok||Lx[a,bwm(f\ U [u,vQ
k=N (t,I)eP [u,v]ENT

teZy (u,v)NZL A0

+ 3 Y s, v]) — F(fu,v])]

(t,1)eP [u,v]ENT
teZr  (u,v)NZL#D

+ 2 > F(lu,w) }+Z- (3.10.8)

(t,I)eP [u,v]ENT
tEZk (u,0)NZk=0

We will next prove that (3.10.8), our choice of 4, (3.10.6) and (3.10.5)
yield
Y I Opm(l) = F(D)]

(t,1)eP

<= + Z > S 1@ pm([u, ) — F([u,v])|. (3.10.9)
k=N (t,])eP [u,v]eENT
teZ  (u,0)NZy#0
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Indeed,
> 1f@®)pm(D) = F(D)]

(t,I)eP

< Z I fxx: oo a,b) o (Or\Xk)
k=N

Y @ o)) — F(fus )

k=N (t,I)eP [u,v]ENT
tEZk (u,v)NZL#D

DD DD SRR [F

k=N (t,])eP  [u,v]eENT
tezZy (u 'U)I'TXN*Q)

<% + Z > Yo 1 ®um(us o)) - F(lu,v])].

k=N (t,[)EP [u,v]ENT
teZr  (u,v)NZ#£D

It remains to prove that the right-hand side of (3.10.8) is less than e.
For each [u, v] € N7 satisfying (u,v) N Zj, # 0 for some integer k > N, we
choose X[y, € Y3 N [u, ] so that (3.10.3) and (3.10.4) give

[ (@) — Flu,v])] < 1—6(1+um([a B1)) ™" ([, v])

and

€ _
|f (@) — F(B)] < 31+ pm((a, b])) !
respectively. Therefore the right-hand side of (3.10.8) is less than e. g

Remark 3.10.13. Let § and P be given as in the proof of Theorem 3.10.12.
We observe that the proof will still work if ¢ € B(¢,4(t)) N [a, b] for every
(t, [u, v]) € P.

In order to proceed further, we need some terminologies.
Definition 3.10.14.

(i) A McShane partition of an interval [a,b] is a finite collec-

tion {(t1,[u1,v1]),..., (tp, [up,vp])} of point-interval pairs, where
{luk,vi] : kK = 1,...,p} is a division of [a,b] and ¢, € [a,b] for
k=1,...,p

(ii) Let P = {(t1,[u1,v1]),..., (p, [up, vp])} be a McShane partition of
[a, b] and let § be a gauge (i.e. positive function) defined on {¢1,...,¢,}.
P is said to be d-fine if [ug, vi] C B(tg,0(ty)) for k=1,...,p
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Definition 3.10.15. A function f : [a@,b] — R is said to be McShane
integrable on [a, b] if there exists A € R with the following property: given
€ > 0 there exists a gauge 6 on [a, b] such that

|S(f,P)—A| <e (3.10.10)
for each J-fine McShane partition P of [a, b].

The collection of all functions that are McShane integrable on [a, b] will
be denoted by Mc|a, b.

It is easy to see that if f € Mcla,b], then f € HK]|a,b] and their
integrals coincide. In this case, we write the McShane integral of f as
(Mc) f[a’b] F() dpm (t) or (Mc) f[a’b] f ditm,. Replacing Perron partitions
by McShane partitions, Theorems 2.3.1-2.3.6, 2.3.9 and 2.3.10 are true for
the McShane integral. In addition, we have the following result.

Theorem 3.10.16. If f € Mc[a, b], then |f| € Mc[a, b].

Proof. Let € > 0 be given. By the Cauchy criterion for the McShane
integral, there exists a gauge § on [a, b] such that
IS(f, Po) = S(f, Qo) <e

whenever Py and @) are §-fine McShane partitions of [a, b].

Let P = {(t;,[;) :i=1,...,p} and Q = {(&,,Jk) : k =1,...,q} be
two J-fine McShane partitions of [a, b]. Using the following division

D:={LnJ, €Z,(a,b]):i=1,....pand k=1,...,q}

of [a, b], we construct two d-fine McShane partitions P; and @1 of [a, b] as

follows:
P ={(t;, ;N Jx) : f(t;) > f(&,) and I; N J, € D}

U{&, LNJy): ft;) < f(&,) and I; N J, € D}

and
Q1 ={&., LinJy): f(ti) > f(&) and I; N J, € D}
U {(ti,fi N Jk) : f(ti) < f(ék) and I; N J € D}

Thus

IS(IfI,P) = S(f], Q)

=SS T (L0 T) = 30T E) (L 0 )

i=1 k=1 i=1 k=1
<SOSR — €] pn(L 1 i)
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By the Cauchy criterion for the McShane integral, |f| € Mc|a, b]. O

Theorem 3.10.17. If f € Mc[a,b], then f € L'[a,b] and

o) [ f= [ f dun.
[a,b] [a,b]
Proof. This follows from Theorem 3.10.16 and Definition 3.1.1. U

Combining Theorem 3.10.2, the proof of Theorem 3.10.12 and Remark
3.10.13, we get the converse of Theorem 3.10.17.

Theorem 3.10.18. If f € L'[a, b, then f € Mc[a,b] and

[ dpm = (Mc) I
[@,b] [a,b]

3.11 Some results concerning one-dimensional Lebesgue in-
tegral

When m = 1 we can use point functions to state and prove Theorem 3.10.12.
The following definition will be used.

Definition 3.11.1. Let F : [a,b] — R. If
P
S 1F(ex) — Fle)| < o0
k=1

for every division {[co,c1], ..., [cp=1,¢p]} Of [a,b], F is said to be bounded
variation on [a,b], and we write F € BV][a,b]. In this case, the total
variation of F over [a,b] is given by

p
Var(F,[a,b]) := supz |F(ck) — F(ck—1)],
k=1
where the supremum is taken over all possible divisions

{[co,c1]s- -, [ep=1,¢p]} Of [a, ]

Lemma 3.11.2. If F € BVia,b] and ¢ € (a,b), then both
Var(F,[a,c]),Var(F,[c,b]) are finite and

Var(F,[a,b]) = Var(F, la,c]) + Var(F,[c,b]).

Proof. Exercise. U
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Lemma 3.11.3. Let F' : [a,b] — R. If F is non-decreasing on [a,b], then
F e BVia,b.

Proof. Exercise. O

Theorem 3.11.4. Let F : [a,b] — R. Then F € BV[a,b] if and only if F
can be written as the difference of two non-decreasing real-valued functions
on [a,b].

Proof. (<=) This follows from Lemma 3.11.3 and triangle inequality.
(=) Conversely, suppose that F' € BV][a,b]. For k = 1,2 we set

B LWar(g,[a,x]) + (=11 F(x)) if x € (a,b],
Fio(w) = { 2—1)k71F(a) if z = a.

According to Lemma 3.11.2, F; and F» are non-decreasing on [a, b]. Since
F(z) = Fi(x) — Fo(z) for all € [a, b], the result follows. [

Corollary 3.11.5. If F' € BV]a,b], then the set of points at which F is
discontinuous is countable.

Proof. Exercise. O

When m = 1, the Vitali Covering Theorem is also true. In particular,
Lemma 3.10.4 is applicable to prove the following result.

Theorem 3.11.6. If F' € BV[a,b], then F is differentiable p1-almost ev-
erywhere on [a,b]. Moreover, there exists f € L'[a,b] such that f = F’
p1-almost everywhere on [a,b] and

b
/ O] () < Var(F, [a, b)), (3.11.1)

Proof. In view of Theorem 3.11.4, we may suppose that F is non-
decreasing on [a,b], and F(x) = F(b) for every x > b. Since [u,v] —
F(v) — F(u) is an additive interval function defined on Z;([a, ]), and F is
non-decreasing on [a, b], it follows from Lemma 3.10.4 that that there ex-
ists a p1-negligible set Z C [a, b] such that F’(z) exists for all = € [a, b]\Z.
Letting

[ F'(x)ifz € [a,b]\Z,
f(m)_{o if 2 € Z,
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and observing that f = F’ > 0 pj-almost everywhere on [a,b], Fatou’s
Lemma gives

< F(b) — F(a).

Remark 3.11.7. The inequality (3.11.1) can be strict; see Exercise 4.5.7.

Definition 3.11.8. A function F : [a,b] — R is said to be absolutely
continuous on [a,b] if the following condition is satisfied: for each ¢ > 0
there exists n > 0 such that

P
S IF(er) — Flee )| < 2
k=1
whenever {[co,c1],...,[cp—1,¢p]} is a finite collection of pairwise non-
overlapping subintervals of [a,b] with > ¥_; (ck — cx—1) < 7.

Let AC[a,b] be the space of absolutely continuous functions on [a, b].
The following result is a special case of Theorem 3.10.2.

Theorem 3.11.9. If f € L'[a,b], then the function x — [T f duy belongs
to ACla,b].

Theorem 3.11.10. If F € ACla,b], then F € BV|a,b].

Proof. Using Lemma 3.10.7 with m = 1, we get the result. U

The following theorem is essentially the one-dimensional version of The-
orem 3.10.12.

Theorem 3.11.11. If F € AC|a,b], then F is differentiable p1-almost
everywhere on [a,b]. Moreover, there exists f € L'[a,b] such that f = F’
p1-almost everywhere on [a,b] and

/ " 1) dpa(t) = F(x) — Fla)

for all x € [a,b].
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Proof. First, we infer from Theorems 3.11.10 and 3.11.6 that there exists
a pi-negligible set Z C [a, b] such that F'(z) exists for all z € [a,b]\Z.

Define
[ F'(z)ifx € [a,b]\Z,
J(@) = {0 ifz € Z.
Since F' € BVa, b], it suffices to prove that f € HKJa,b] and F(z)—F(a) =
(HK) [ f(t) dt for all z € (a,b].

Let € > 0 be given and choose an 7 > 0 corresponding to 5 in Definition
3.11.8. As Z is uj-negligible, there exists an open set O O Z such that
u1(0) < n. Also, for each [a, b]\Z there exists d1(z) > 0 such that

e(v—u)
[f(@)(v —u) = (F(v) = Fu))| < 20—a)

whenever z € [u,v] C [a,b] N (z — d1(z), x + 01(z)).
Define a gauge ¢ on [a, b] by setting

[ 6i(x) if x € [a,b]\Z,
ow) = {dist(a;, [a,b\O) if z € Z,

and consider any §-fine Perron subpartition P of [a,b]. Then

Yo O —w) — (F) = F(u)

(t,[u,v])EP
= Y fOw—uw) = (Fu)=F@)|+ > |F)—=F(u)
(t,[u,v])EP (t,[u,v])EP
tela,b]\Z tezZ
< E.
Since € > 0 is arbitrary, the theorem is proved. O

3.12 Notes and Remarks

There are many excellent books on Lebesgue integration; consult, for in-
stance, Hewitt and Stromberg [59], Royden [143], Rudin [144], Stromberg
[149]. For a history of Lebesgue integration, see Hawkins [54].

A different proof of Theorem 3.6.5 can be found in [137, p.175]. Section
3.9 is based on [6, Appendix C].

Lebesgue proved Theorem 3.10.12; see [145]. The present proof of Theo-
rem 3.10.12 is similar to that of [94, Theorem 3.5]. For other results concern-
ing derivation of absolutely continuous interval functions, see Stokolos [148]
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and references therein. For other properties of The McShane integral, con-
sult Gordon [44] or Pfeffer [137]. For the divergence theorem, the interested
reader is referred to Pfeffer [136,137,140,141]. Further generalizations of
the McShane integral can be found in [14,17,140].

Change-of-variables theorems for the Lebesgue integral can be found
in many books and papers; see, for example, Hewitt and Stromberg [59],
Pfeffer [137], Royden [143], Rudin [144], Stromberg [149], and De Guzman
[48]. On the other hand, the following example shows that we do not have a
comprehensive change-of-variable theorem for multiple Henstock-Kurzweil
integrals.

Example 3.12.1. For each n € N we let f,, be a continuous function on
[1 — 521, 1 — 5=]?) such that

211,
(1) fn(xlny) —OfOI' au (.7)17.7/'2) [ on—1) _%]2\(1_%31_%)21
2 2 2 2
il) fa(x1,22) >0 for all (z1,x2 1.1 — )% with 21 > zo;
(i) — = 3
(i) fn(z1,22) = — fn(22,21) for all ( ) €ll— 51,1 — 5%
(iv) fll { 1 fu(st) dt} ds =1

Define f : [0, 1] — R by setting

[ fa(wr, w) if (21,22) € [1 = 51,1 — 55]%,
fz1,22) = {0 otherwise.

Then f € HK([0,1]*)\L'([0,1]?). On the other hand, if T denotes a rota-
tion by 7, fo T~! fails to be Henstock-Kurzweil integrable on any interval
containing 7-1([0, 1]?).

Although we do not have a good change of variables theorem for the
multiple Henstock-Kurzweil integral, we have the following result.

Theorem 3.12.2. Let g : [0,1] — R and let

flx,y) = {g(\/m) if (x,y) € {(s,t) € [0,1]% : s* + 12 < 1},

0 otherwise.

If limg_, o+ f; rg(r) duy(r) exists, then f € HK([0,1]?) and

(HK) /H f= g{ Jim /5 gl dm(r)}.

Proof. See [68]. O
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Chapter 4

Further properties of
Henstock-Kurzweil integrable
functions

4.1 A necessary condition for Henstock-Kurzweil integra-
bility

It has been proved in Chapter 3 that if f € L'[a,b], then fxx € L'[a,b]
for every p,,-measurable set X C [a,b]. On the other hand, simple exam-
ples reveal that the above-mentioned property need not hold for Henstock-
Kurzweil integrable functions; see, for example, Example 2.5.7. Thus, it is
natural to ask whether the following weaker assertion holds:

if f € HK]a,b], then f is Lebesgue integrable on some subinterval of
[a, b].

In 1991, Buczolich [22] gave an affirmative answer to the above question;
see Theorem 4.1.3. We begin with the following definition.

Definition 4.1.1. Let X C [a,b]. A finite collection C of point-interval
pairs is said to be X -tagged if t € X for every (¢,1) € C.

We need the following result concerning closed sets.

Theorem 4.1.2. Let X C [a,b] be a non-empty closed set. If (X,)2; is
an increasing sequence of closed sets with X = \J;—, X, then there exist
N € N and [u,v] € Z,,([a, b]) such that X N [u,v] is non-empty and
X Nlu,v] =Xy NJlu,v.
Proof. This follows from the Baire’s category theorem ([59, (6.54)] or
[143, 31. Proposition]). O
The following theorem is the main result of this section.

Theorem 4.1.3. If f € HK]Ja,b], then there exists [u,v] € I, ([a,b])
such that f € L'[u,v)].

107



108 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Proof. For e =1 we apply the Saks-Henstock Lemma to select a gauge
§ on [a, b] so that

D

(t,1)eP

F(OnD) = (HE) [ f‘ <1

for each d-fine Perron subpartition P of [a, b].

For each n € N, let
1
Y, = {w € [a,b] : |f(x)| <n and §(x) > ﬁ}

and X,, = Y,. Then (X,)32, is an increasing sequence of closed sets with
Unen Xn = [a, b]. Since [a, b] is also closed, it follows from Theorem 4.1.2
that there exist N € N and [u,v] € Z,,([a, b]) such that [u,v] C Xy.
Without loss of generality, we may assume that [[|v — ul|| < .

We claim that f € L'[u,v]. To prove this, we let {{u1,v1],. .., [ug, vy}
be an arbitrary division of [u, v]. For each i = 1,...,q we use the inclusion
[u;,v;] € Xy to pick t; € Yy N (u;, v;). Since |||v — ul|| < 4, we conclude
that {(¢1, [w1,v1]),..., (tg, [ug, vg))} is a Yy-tagged +-fine, and hence
d-fine, Perron subpartition of [u,v]. Thus

q

> o) - (5 [ i<,
i=1 [wi,vi]
and so
q
3 <HK>/[ 1| < 1+Z|f ) pon ([, 04]) < 1+ N[22, 0]).
i=1 Ui
Since {[u1,v1],...,[uq,v4]} is an arbitrary division of [u,v], the result
follows from Theorem 3.1.3. g

4.2 A result of Kurzweil and Jarnik

Let f € HK]|a,b] be given. According to Theorem 4.1.3, f must be
Lebesgue integrable on some subinterval of [a, b]. On the other hand, it is
is in L'[a, b], where X1, Xo, ...
are given as in the proof of Theorem 4.1.3. In this section we use the

unclear whether the sequence (fxx, )32,

Henstock variational measure to prove that this is indeed the case; see The-
orem 4.2.5 for details.
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Definition 4.2.1. Let F : Z,,([a, b]) — R. For any set X C [a,b], the
d-variation of F on X is given by

V(F,X,8) :=sup { > IF(D) }
(t,1)eP

where the supremum is taken over all X-tagged é-fine Perron subpartition
P of [a, b]. We let

Vur F(X) :=inf {V(RX7 ) : 0 is a gauge on X}.

The Henstock variational measure of F' is the extended real-valued func-
tion

VukF : Y — VH)CF(Y)
defined for all Y C [a, b)].
We begin with the following generalization of Lemma 3.1.2.

Lemma 4.2.2. Let f € HK[a,b] and let F be the indefinite Henstock-
Kurzweil integral of f. If fxx € L'la,b] for some ji,-measurable set
X C la, b], then VycF(X) is finite and

/[ ]|fXX| dpm = Vaurc FI(X). (4.2.1)
a,b

Proof. Let € > 0 be given. Since f € HK]Ja,b], it follows from the
Saks-Henstock Lemma that there exists a gauge 1 on [a, b] such that

D

(t1711)€P1

f(tl),um(ll)_(HK)/I f’ <§ (4.2.2)

for each d;-fine Perron subpartition Py of [a,b]. Since fxx € L'[a,b],
there exists a gauge d2 on [a, b] such that

€
S sl - [ 15l dum‘ <S w2y
(t2,12)€P2 Iz
for each X-tagged do-fine Perron subpartition Pz of [a, b].
We first prove that
V(F, X, min{d1,d2}) < / [fxx| dpm + €. (4.2.4)
[a,b]
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To prove (4.2.4), we let @ be an arbitrary X-tagged min{d, d2 }-fine Perron
subpartition of [a, b]. Using the triangle inequality, (4.2.2) and (4.2.3), we

get
€
Z |F(I3)] < Z |f(t3)\ﬂm(fs)+§
(ts,13)€Q (ts,13)€Q
2e
< Y [ Fxx] dpm +

(ts,15)eQ” I3

2e
é/ |fxx] dpim + =
[a,b]

Since @ is an arbitrary X-tagged min{dy, d2}-fine Perron subpartition of
[a, b], (4.2.4) follows; in particular, VycF'(X) is finite.

We next prove that there exists a gauge 63 on X such that
V(F, X, 83) < Vi F(X) + % (4.2.5)
and

/ |fXX| dﬂm S V(F, X, min{61,62,53}) + €. (426)
[@,b]

Using the finiteness of Vi F(X) (cf. (4.2.4)), there exists a gauge d3 on
X such that (4.2.5) holds. If P is an X-tagged min{d, d2, d3}-fine Perron
subpartition of [a, b], then (4.2.6) is true:

/[ el di < 3 (@l +

(¢, I)eP

Wl ™

2e
< > P+ 5
(t,I)eP

< V(F,X,min{01, d2,03}) + 2§

It is now clear that (4.2.1) follows from (4.2.4), (4.2.5), (4.2.6) and the
arbitrariness of ¢. O

The following theorem is an important generalization of Theorem 3.1.3.

Theorem 4.2.3. Let f € HK]Ja,b], let F be the indefinite Henstock-
Kurzweil integral of f, and assume that the set X C [a, b] is i, -measurable.
Then fxx € L'[a,b] if and only if Vayc F(X) is finite. In this case,

/[ b ‘fXX‘ iy = VHICF(X)'
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Proof. If fyx € L'a,b], then it follows from Lemma 4.2.2 that
VH)CF(X) is finite and

/ lfxx| dpm = Vi F(X).
[a,b]
Conversely, suppose that Vi F(X) is finite. For each n € N, we let
Xn={xeX:|f(x) <n}.
Since f € HK]a,b], it follows from Theorems 3.6.6, 3.5.11, 3.7.1 and
Lemma 4.2.2 that fyxx, € L'[a,b] and
[ 15l disn = Vi P Xa).
a,b

Finally, since f is pm,-measurable, sup,cy VauxF (X,) < VyxcF(X) and
Vi F(X) is finite, an application of the Monotone Convergence Theorem
completes the proof. O

In order to proceed further, we need the following notation.

Notation 4.2.4. Let P be any Perron subpartition of [a,b]. For each
(¢, [u,v]) € P, we write

Aty [u,v]) = (A1, .oy Am)s

where
-1 ifu; =t; € (as,b;),
Xi=140 ift; € (usv;) oru; =t; =a; or v; =t; = by,
1 ifv =t € (ai,b)
fori=1,...,m.

We are now ready to state and prove the following important result of
Kurzweil and Jarnik [77].

Theorem 4.2.5. If f € HK|[a, b], then there exists a sequence (X,,)02, of
closed sets such that \J;—, X = [a,b] and the sequence (fxx, )2, is in
L'la,b].

Proof. For e =1 we apply the Saks-Henstock Lemma to select a gauge
4 on [a, b] so that

> |@im - ) [ 1] <1

(z,J)€EQ
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for each d-fine Perron subpartition Q of [a, b].
For each n € N, we let

1
Y, = {a; € [a,b] : |f(x)] <n and é(x) > ﬁ}’
and X,, :==Y,,. In view of Theorem 4.2.3, it suffices to prove that

Vi F(Xn) < 3™(2 + npm([a, b])).
Let P be an arbitrary X,-tagged %—ﬁne Perron subpartition of [a, b].

Since
S F(u,o)l = > > 1F([u,0)),

(t,[u,v])eP Ae{-1,0,1}™ (t,[u,v])EP
A, [u,v])=X

it suffices to prove that

< . 2.
ol 2 (o)) <24 nun((a,b). (4.27)
(t,[u,v]))EP
A(t,[u,v])=A
We first prove that
ST P (s o)l < 1+ ngin(las b)), (4.2.8)
(t,[u,v]))EP
A(t,[u,v])=0

To prove (4.2.8) we may assume that

Py :={(¢,[u,v]) € P: A(t,[u,v]) = 0}
is non-empty. For each (¢, [u, v]) € Py we select and fix a x[,, ] € YN [u, v]
so that {(@[u,v], [u,v]) : (¢, [u,v]) € Ry} is a Y,-tagged %—ﬁne, and hence
d-fine, Perron subpartition of [a, b]. Consequently, (4.2.8) holds:

Y E(u,v))

(t,[u,v])EP
A(t,[u,v])=0

< ¥ { | @)1t (it 01) — F [ty 0])| + | @001 (s 0])| }
AGDer

<1+ npn([a,b]).

To complete the proof of (4.2.7), we let A € {—1,0,1}"™\{0} and apply
Theorem 2.4.9 to select a sufficiently small 7 > 0 so that

> F(uso)l < Y [F(u+nX v +9X)|+ 1,
(t[u,v])eP (t[u,v])eP
At u0]) =X At [u,v])=A
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teu+nXv+nA Cla,bNB(t,—) and A(t, [u+nX,v+nA]) =0

S|

for every (t,[u,v]) € P satisfying A
follow the proof of (4.2.8) to obtain

S F(u+nh v+ pA)| < 1+ np([a, b]).
(t,[u,v])EP
A(t,[u,v])=A

—~

t,[u,v]) = A. In this case, we can

Combining the above inequalities yields (4.2.7) to be proved. |

Our next aim is to prove some refinements of Theorem 4.2.5. For each
f € HK]|a, b], Theorem 2.4.8 tells us that the indefinite Henstock-Kurzweil
integral of f is continuous in the sense that

lim  (HK -
o (I)—0 ( ) /I f
IEIm/([avb])

in particular, 0 < || f|| g x/a,b] < 00, where

1 llias) = sup{ \(HK) /1

1€ Tn(a, b])}.

The following result is a reformulation of Theorem 2.4.7.

Theorem 4.2.6. Let f € HKJa,b]. Then for each ¢ > 0 there ezists a
gauge § on [a, b] such that

Z If(t) = fllaxa <€
(t,1)eP
for each §-fine Perron subpartition P of [a, b].
Lemma 4.2.7. Let f € HK[a,b] and assume that fxx € HK]|a,b] for

some non-empty set X C [a,b]. Then for each € > 0 there exists a gauge &
on X such that

Z Ifxx — fllaxa) <e

(¢,I)eP
for each X -tagged §-fine Perron subpartition P of |a, b].

Proof. Let e > 0 be given. Since f € HK]|a, b] we use Theorem 4.2.6 to
pick a gauge 1 on [a, b] so that

> 1)~ fllawan < 5

(t1,11)eP,
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for each d;-fine Perron subpartition P; of [a,b]. Similarly, there exists a
gauge 02 on X such that

5
Z 1 f(t2) = fxxllurm) < 3
(t2712)€P2
for each X-tagged do-fine Perron subpartition P» of [a, b].
Define a gauge § on X by setting é(x) = min{d;(z),d2(x)}. If P is an
X-tagged é-fine Perron subpartition of [a, b], then

Z Il fxx—f ”HK(I)

(t,1)eP

< Z If@#) = fllara) + Z 1£(8) — fxxlluxm
(¢, I)eP (t,I)eP

<e.

O

In order to state and prove a modification of Lemma 4.2.7, we need
the following terminology: a real-valued function f is said to be upper
semicontinuous on its domain X C R™ if it is upper semicontinuous at
each & € X; that is, for each o > f(x) there exists n > 0 such that
a > f(y) for each y € B(x,n) N X.

Using Lemma 4.2.7 and following the proof of Theorem 4.2.5, we get

the following result.

Theorem 4.2.8. Let f € HK[a,b] and assume that fxx € HK]Ja,b] for
some non-empty closed set X C [a,b]. Then for each € > 0 there exists an
upper semicontinuous gauge § on X such that

Z Ifxx = fllaxm <€

(t,1)eP
for each X-tagged §-fine Perron subpartition P of [a, b].

Proof. According to Lemma 4.2.7, for each € > 0 there exists a gauge A
on X such that

€
Z Ifxx = fllare) < Imtl
(z,J)eQ
for each X-tagged A-fine Perron subpartition @ of [a, b].
Forn=1,2,..., let

Yn:{meX:A(m)z%}
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and let X,, = Y,. Since X is a closed set, it is clear that (X,)S°

o1 is an
increasing sequence of closed sets and X = |J7—; Xp.

Define a gauge 6 on X by setting
1 ifx e Xl,
o(x) =
min{l_%k,dist(:c,Xk)} if € € Xpy1\ Xy for some k € N.
Then § is upper semicontinuous on X. To this end, we consider any X-
tagged d-fine Perron subpartition P of [a, b]. Since

Z Ifxx = fllaK e = Z Z Ifxx — flaK u,0)

(t,[u,v]))EP Ae{-1,0,1}™ (t,[u,v])EP
A(t,[u,v])=A

it suffices to prove that

€
)\e{rfnla,(}){,l}’" Z 1fxx = [ laKu) < 3m- (4.2.9)
(t,[u,v])EP
At [u,v]))=X
We first prove that
€
Z ||fXX - f HHK[u,v] < W, (4210)

(t,[u,v])EPS
where

Py :={(t,[u,v]) € P: A(t, [u,v]) = 0}.
Clearly, we may assume that Py is non-empty. For each (&, [u,v]) € Py,
we select and fix T, € Y, N [u,v] so that {(X[y,], [u,v]) : (t, [u,v]) €
Py} is a Y,-tagged %—ﬁne, and hence A-fine, Perron subpartition of [a, b].
Consequently, (4.2.10) holds.

To complete the proof of (4.2.9), we let A € {—1,0,1}™\{0} and use
Theorem 2.4.9 to select a sufficiently small n > 0 so that

Z ”fXX_fHHK[u,v]
(t,[u,v])EP
A(t,[u,v])=A

13
< Z Ilfxx = f Il HKusnAv+nA] + T
(t,[u,v])eP
A(t,[u,v]))=X

and

1
teu+niv+nAC [a,b]ﬂB(t,ﬁ)
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for every (¢, [u,v]) € P satisfying A(t, [u, v]) = A. Therefore we can argue
as in the proof of (4.2.10) to conclude that

€
> fxx = fllakusaavima < FmiT-
(t,[u,v])EP
At [u,v])=X
Combining the above inequalities yields (4.2.9) to be proved. ]

The following theorem is another refinement of Theorem 4.2.5.

Theorem 4.2.9. If f € HK]Ja,b], then there exists a sequence (Y5,)22,
of closed sets such that |Jre, Yi = [a,b], the sequence (fxy, )0, is in
L'la,b], and

lim || fxy, — fllzKa,b) =0
n—o0

Proof. Since f € HK]Ja,b], it follows from Theorem 4.2.5 that there
exists an increasing sequence (X,,)22, of closed sets such that (J,-; Xj =
[a, b] and the sequence (fxx, )3, is in L'[a, b].

Let n € N be given. For each &k € N we use Lemma 4.2.7 to choose a
gauge Jy », on X so that

Z ||fXXk f”HK(h) <

n(Ok)
(x1,J1)€Q1 (2 )

for each Xy-tagged d ,-fine Perron subpartition Q1 of [a, b].

We claim that there exist k(n) € N and a closed set Y,, such that
X, CY, C Xin)s fxy, € L'a,b] and

S

1fxv., = fllaK(ap < (4.2.11)

Define a gauge A,, on [a, b] by setting

In.n(x) ifex e X,,
Ay (x) =
dist(x, Xi—1) if ® € X\ Xi—1 for some integer k > n,

let P, be a fixed A,-fine Perron partition of [a, b], and let
oo
v, =X,u | U unxp.

k=n+1 (t,I)eP,
teXp\Xk—1
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Since (X,,)22; is a sequence of closed sets and card(P,) is finite, Y}, is closed
and X,, C Y, C Xy, for some k(n) € N. It follows that fxy, € L'[a,b]
and

I fxv, — f ”HK[a,b]

Z I fxv, = fllara + Z Z Ilfxv, — fllaxm

<
(t,1)eP, k=n+1 (¢t,])eP,
texX, teXk\Xk_l
= Z 1fxx, = fllaxa) + Z Z 1 fxx, = fllarm
(t,1)eP, k=n+1 (t,])EP,
teX, te X\ Xk—1
= 1
<
< L
1
< —.
n

Finally, since X,, C Y, C Xy, for every n € N, we can obtain a
subsequence of (Y;,)22 ,, still denoted by (Y},)52 4, so that Y;, C Y;,41 for all
n € N. This completes the proof of the theorem. O

Remark 4.2.10. The converse of Theorem 4.2.9 is not true; see Example
4.5.5.

4.3 Some necessary and sufficient conditions for Henstock-
Kurzweil integrability

It has been proved in Section 4.2 that if f € HK]|a,b], then there exists
a sequence (X,,)%2; of closed sets such that |J;—, Xx = [a,b] and the
sequence (fxx, )52, is in L![a, b]. However, the converse is not true; see
Remark 4.2.10. In this section we obtain some necessary and sufficient
conditions for a function f to be Henstock-Kurzweil integrable on [a, b].

Theorem 4.3.1. Let f : [a,b] — R and suppose that the interval func-
tion F : I, ([a,b]) — R is additive. Then F is the indefinite Henstock-
Kurzweil integral of f if and only if the following conditions are satisfied:

(i) there exists an increasing sequence (X,)52, of closed sets such that
Uiz, Xk = [a, b] and the sequence (fxx, )02, is in L'[a, b];
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(ii) for each n € N and € > 0 there exists an upper semicontinuous gauge
on on X, such that

>

(t,[u,v])eP
for each X, -tagged 6, -fine Perron subpartition P of [a,b).

fxx,, dpm — F([u,v))| < e

[u,v]

Proof. Suppose that f € HK[a,b] and F is the indefinite H K-integral
of f. Then (i) and (ii) follow from Theorems 4.2.5 and 4.2.8 respectively.

Conversely, suppose that (i) and (ii) are satisfied. According to (ii),
given n € N and ¢ > 0 there exists a gauge A,, on X,, such that
V(F, — F, X, Ap) < SnF (4.3.1)

where F), denotes the indefinite Lebesgue integral of fxx, . In view of (i)
and the Saks-Henstock Lemma, we may further assume that
> 1 )i (h) = Fu(h)] < 55 (4.3.2)
(t1,11)ePy
for each X,,-tagged A, -fine Perron subpartition P; of [a, b].
Define a gauge § on [a, b] by setting

min{A;(x)} if x € Xy,
6(x) =

min{A, (z),dist(z, X,_1)} if ® € X,,\ X,,_1 for some n € N\{1},
and consider an arbitrary d-fine Perron partition P of [a, b]. According to
our choice of §, (4.3.2) and (4.3.1), we have

< S 1 pm(l) = F(I)| (where X := ()

n=1 (¢, I)eP

<SS 1 ®umD) |+Z > |F.(I) - F(D)

n=1 (¢, I)eP n=1 (¢, I)eP
tEXn\Xn 1 tEXn\Xn 1



Further properties of Henstock-Kurzweil integrable functions 119

Thus f € HKJa,b]. A similar reasoning shows tha F is the indefinite
Henstock-Kurzweil integral of f. O

Remark 4.3.2. Theorem 4.3.1 can be refined; Theorem 5.5.9 tells us that
an additive interval function F' : Z,,, ([a, b]) — R is an indefinite Henstock-
Kurzweil integral if and only if Vi F' < py; that is, the following condition
is satisfied:

Vau F(X) = 0 whenever X C [a, b] and p,, (X) = 0.

4.4 Harnack extension for one-dimensional Henstock-
Kurzweil integrals

The aim of this section is to sharpen the one-dimensional version of Theo-
rem 4.2.9. We begin with the following consequence of Theorem 4.3.1.

Observation 4.4.1. If f € HK]Ja,b] and F is the indefinite Henstock-
Kurzweil integral of f, then the following properties hold:

(i) there exists an increasing sequence (X,)22; of closed sets such that
U=, Xk = [a,b] and the sequence (fxx, )5, is in L'[a, b];

n=1

(ii) for each n € N there exists a constant 1, > 0 such that
V(F, Xp,nn) < 0.
In order to proceed further, we need the following result.

Theorem 4.4.2 ([59, (6.59) Theorem]). If O C [a,b] is open and
non-empty, then there exists a sequence ((un,vn))zozl of pairwise non-
overlapping intervals such that O = Up—, (ug, v)-

The following lemma is an immediate consequence of Observation 4.4.1
and Theorem 4.4.2.

Lemma 4.4.3. If f € HK[a,b], then there exists a sequence ((a;wbk));o:l
of pairwise disjoint open subintervals of [a,b] such that I X[a b\ Uz, (arbr) €
L'a,b], and the series 3501 || iclay.by) converges.

The following theorem shows that the converse of Lemma 4.4.3 holds.
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Theorem 4.4.4 (Harnack extension). Let X C [a,b] be a closed set and
let {[ak, bi] : k € N} be the collection of pairwise disjoint intervals such that

(a,b\X = Urey (ak,br). If fxx € HK[a,b], f € HK|a, bi] (k=1,2,...)
and the series Y-y || fll K [ay.bn) cOnverges, then f € HK[a,b] and

b b 0 b
) [ 1 =w) [ poce e [
a a k=1 ag

Proof. Without loss of generality, we may assume that {a,b} C X and
fx)=0for all z € X.

Let € > 0. For each k € N we choose a gauge 0 on [ag, bx] so that

>

(tr,[ur,vr])EPr

FtR) (v —ug) — (HK) /”k f’ < # (4.4.1)

for each dj-fine Perron subpartition Py of [a, bg]. We may further assume
that (£ — 0x(€),& + dx(€)) C (ak, br) whenever & € (ag, bg). Since the series
> e I f 1l sk ag,be) converges, there exists N € N such that

oo

> kb <

k=N+1

(4.4.2)

| ™

Define a gauge ¢ on [a, b] by setting

min{d; (), dist(z, Ur_, [ar, be]) i 2 € X\ U2, [ar, bi),

min{dy,(z), 5%} if x € {ay,br} for some k € {1,...,N},

§(x) = < min{dy(z), B5%, dist(z, Up_, [ar, b))}

if x € {a, bk}\Uszl[ak, bi] for some integer k > N,

Ok () if z € (ag,bg) for some k € N,

and let P be any d-fine Perron partition of [a,b]. For each k € {1,..., N}
our choice of ¢ implies that {(¢, [u,v]) € P : t € [ax, b]} is a 0p-fine Perron
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partition of [ag, bg]. Then (4.4.1) and (4.4.2) yield

oo

> = =>K) [ f b

(t,[u,v])eP k:l

S swe-w-Y [

<
(t,[u,v]))eP k=1 k
teUp_y [ak,br]

LD SERICICERI RS Sl 7SN
(t,[u,v]))EP k=N-+1 ag

teUz‘;N+1(akvbk)

+ Z Y. W@ —u)|+

k=N+1 | (t,[u,v])EP
te(ag,br)

(4.4.3)

Mm
oo|m

It remains to prove that the right-hand side of (4.4.3) is less than e.
If {(t,[u,v]) € P :t € (ar,bg)} is non-empty for some k € N, then
{(t,[u,v]) € P :t € (ar,br)} is a d-fine Perron subpartition of [a, bg]
with
U [wv] € Ti(lax be]).

(t,[u,v])eP
t€(a,br)

According to the triangle inequality, (4.4.1) and (4.4.2),

e}

Yol Y. -

k=N+1| (t,[u,v])€P
te(ak,br)

<Y ¥ |pow-w-wm [+ ¥ oo [11]]
kE=N+1 (t,[u,v])EP w k=N+1 u
te(ag,br)
< Z k+3+ Z | £ 11 £ K¢ g 1)
k=N+1 k=N+1
g
<1

and so the right-hand side of (4.4.3) is less than e. O
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Theorem 4.4.5. Let X be a closed subset of [a,b] and let {[ak,bx] : k €
N} be the collection of pairwise disjoint intervals such that (a,b)\X =
Uity (ak,br). If f € HK[a,b] and the series > 1 || fl| mx(ay.pr) cOnVETges,
then fxx € HK]Ja,b]. Moreover, for each € > 0 there exists a constant
gauge n on X such that

>

) [ - ) [ f]<s
(t,[u,v])EP u u

for each X -tagged n-fine Perron subpartition P of [a,b].

Proof. The first assertion fxx € HK]la,b| is a consequence of Harnack
extension. To prove the second assertion we let € > 0 and select N € N so
that

o0

€
Z Il i fan ) < 1

k=N+1

Next we use Theorem 1.4.5 to select an n > 0 so that
-

whenever [u,v] C [a,b] and v —u < 7.

Let P be any X-tagged n-fine Perron subpartition of [a,b]. Since each
interval [ag, bx] has two endpoints, it follows from Harnack extension and
triangle inequality that

> ) [o- fo>\

(t [u v])EP

<Z Z (HK) / S Xfarbe]| + 2 Z Il f Il an br)
k=1 (t,[u,v])EP k=N-+1

< 2Ne n 2e
4N 4
=e.

Theorem 4.4.6. If f € HK|a,b], then

(i) there exists an increasing sequence (X,)5% 1 of closed sets whose union
is [a, b];
(i) the sequence (fxx, )%, is in L'[a,b];
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(iii) for each n € N we have

Zp; /ujifXXn dm—(HK)/ujif‘g_

whenever [ui,v1], ..., [up,vp] are non-overlapping subintervals of [a, b]
with [u;,v;] N X, 0 fori=1,....p

Proof. First we infer from Observation 4.4.1 and Theorem 4.4.5 that
there exists an increasing sequuence (Y3)32, of closed sets such that
Ui, Y = [a,b] and the sequence (fxy, )52, is in L'[a, b].

Let n € N be given. For each k € N, we invoke Theorem 4.4.5 to select
a constant gauge 7, on Yy such that

> fxvi dpa — (HK f’

(to,Io)EPy

whenever Py is a Yi-tagged g ,-fine Perron subpartition of [a,b]. Next we
define a gauge d,, on [a,b] by setting

5 (.T) _ JMnn ifrey,,
"N min{ g, dist(z, Vi) }if @ € Vi1 \Yy  for some integer k > n,

Io 5n2 2%)

and use Cousin’s Lemma to fix a d,,-fine Perron partition P, of [a,b]. Set

Xn::YnUU U (Jo N Yiy1).

k=n (zn,Jn)EP,

Jnmyk«#l;é@
JnNY=0
Since P, is a finite collection of point-interval pairs and each Y}, is closed,
we conclude that X, is closed. Furthermore, if [ui,v1],.. ., [up, vp] is a finite

sequence of non-overlapping subintervals of [a, b] satisfying [ug, vi| N X, # 0
for k=1,...,p, we have

p Uk
3 / fxx, dun — (HK) f‘

k=1
SO | Sy
IN[ug,vk] IN[ug,vk]

k=1 (t,I)eP,
INI#0

P
1
< Z ok (since each interval [uy, vg] has two endpoints)
k=1
< 1
n2

It is now easy to see that there exists a subsequence of (X,,)$2 1, denoted

again by (X,,)52;, such that J;—, X = [a, b]. O
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Let f and (X,)52, be given as in Theorem 4.4.6. In order to prove a
theorem concerning (fxx, )%, we need the following definition.

Definition 4.4.7. A sequence (f,)%2; in HK]Ja,b] is said to be Henstock-
Kurzweil equi-integrable on [a,b] if for each € > 0 there exists a gauge J,
independent of n, on [a, b] such that

<eg

b
S(fu, P) — (HE) / 5

sup
neN

for each d-fine Perron partition P of [a, b].

Theorem 4.4.8. Let f : [a,b] — R and let (f,)22, be a sequence of
Henstock-Kurzweil equi- integrable functions on [a,b]. If f, — f pointwise
on [a,b], then f € HK][a,b] and

Jim Il fn — flla K ap) = 0. (4.4.4)

Proof. Let € > 0 be given. Since (f,)>2, is a sequence of Henstock-
Kurzweil equi- integrable functions on [a,b], we can follow the proof of

Theorem 2.4.7 to choose a gauge 4, independent of n, on [a, b] such that
€
sup Z £ (t) = full HE ) < 3 (4.4.5)

neN (t,[u,v])EP

for each d-fine Perron subpartition P of [a, b].

According to Cousin’s Lemma we may fix a -fine Perron partition Py
of [a, b]. Since f, — f pointwise on [a, b], we may choose and fix N € N so
that

€
Do a®) = Lo Ol e < 3 (4.4.6)

(t,[u,v])€Po

for all integers n,p > N. Consequently, (4.4.5) and (4.4.6) give

”fn - fp”HK[a,b]

(t,[u,v])EPy (t,[u,v])EPy

+ Z Ilfo(t) = fll w0
(t,[u,v])EPy
<€
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for all integers n,p > N. By the completeness of R, there exists a function
F : [a,b] — R such that

lim sup
N=0 zcla,b]

(HK) / ") dt— F@)| =o. (4.4.7)
Therefore (4.4.5) yields

S @ —u) ~ (F) — Fw)] < =

-<e€
(t,[u,v])EP 3

for every d-fine Perron subpartition P of [a,b]; in particular, f € HK][a,b]
and F(z) = (HK) [ f(t) dt for every z € [a,b]. It is now easy to see that
(4.4.7) implies (4.4.4). The proof is complete. O

Corollary 4.4.9. Let (f,)2; be a sequence in HK|[a,b] and suppose that
fn = f uniformly on [a,b]. Then f € HK]|a,b] and

lim [|fn — flla#Kas = 0.
n—oo
Proof. Exercise. O

Theorem 4.4.10. If f € HK|[a,b], then there exists an increasing sequence
(Xn)52 of closed sets such that | Ji—, Xk = [a,b], the sequence (fxx, )5,
is in L[a,b], and (fxx, )%, is Henstock-Kurzweil equi-integrable on [a,b].

Proof. Let X7, Xs,... be given as in Theorem 4.4.6 and let € > 0 be
given. For each k € N we choose a gauge 0, on [a,b] such that

2: Fte)xx, (t)p(e) — | fxx, dp| <

(tr,Ik)EQK T

£
ok+2

for each Jj-fine Perron subpartition Qy of [a,b]. We may further assume
that for each x € [a, b], the sequence (d5(x))32, is non-increasing.

Let N > 2 be a fixed integer such that
v L
=

let ([enk,dng])p, be the sequence of subintervals of [a,b] such that

1
(a,b\Xn = Uz~ (enks dn i), and let n = 1 k—I{linN(dN’k —cn). Next

»-blm
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we define a gauge 0 on [a, b] by setting
min{dn(z),n} if v e Xy,

min{dy(z), dist(z, Xx_1),n}
d(z) = if € Xp\Xp_1 for some k € {2,...,N},

min{dg (z), dist(z, Xx—1),n}

if x € Xj\Xp—1 for some integer k > N.
Let P be a d-fine Perron partition of [a, b] and let
No = max{k € N: (¢, [u,v]) € P with t € X}}.

According to our choice of n and §, any d-fine cover of Xy cannot be a
cover of [enk,dn i) for k=1,...,N. It follows that Ny > N.

The following claims will enable us to prove that (fxx, )52 is Henstock-
Kurzweil equi-integrable on [a, b].

Claim 1: Z(t,[u,v])EP |f(t)(’0 - u) - (HK) f; f| < %
Indeed, we have

>

(t,[u,v])eP

S

(t,[u,v]))EP
teXn

DY

(t,[u,v])eP
teXnN

Yy

k=N+1 (t,[u,v])EP

te X\ Xr—1
+ Z

k=N+1

2N+2 N2+ Z k+2+ Z kz

k=N+1 k=N-+1

f(t)(v—U)—(HK)/uvf‘

) —u)— / " fxx din

/ Fxa s — (HE) Uf‘

foe-w- [ " o, di

/ o, dun — (HE) vf‘

<_7
2
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and claim 1 is established.
Claim 2: If n € {1,..., N}, then

> o we-w- [ " s, du| <

(t,[u,v]))EP

2n+2 .

Let n € {1,..., N} be given. According to our definition of §, we have
(&—0(8),6+0(&)) C (a,b)\X,, whenever £ ¢ X,,. Thus

> o w-u- [ " s, dis

(t,[u,v]))eP

(t,[u,v])eP
te Xy
€

2n+2 ’

Fox, 00—~ | " s, dis

which proves claim 2.
Claim 3: For each n € N satisfying n > N, we have

S e (B0 —u) - / [

(t,[u,v])eP

Indeed,

>

(t,[u,v])eP

P>

(t[uw])ep
tEXn

D

(t,[u,v])EP
1@ X

< D

(t,[u,v])eP
teXy

o

(t,[u,v]))EP
teXy

oo
€ 1 .
< 3 + Z 2 (by claim 1)

<e€

fOxx, O -0 - [ " e, din

fOxx, (@00 - | " s, din

fOxx, (0 -0 - | " s, dis

f(t)(v—U)—(HK)/:f’

/ Fxx, dp — (HK) vf‘
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by our choice of N. It follows that claim 3 holds.

Combining claims 1, 2 and 3, we conclude that (fxx, )52, is Henstock-
Kurzweil equi-integrable on [a, b]. The proof is complete. O

Definition 4.4.7 and Theorem 4.4.8 translate verbatim to the higher-
dimensional Henstock-Kurzweil integral. On the other hand, since the proof
of Theorem 4.4.10 depends on Theorems 4.4.5 and 4.4.6 concerning one-
dimensional Henstock-Kurzweil integrals, it is unclear whether Theorem
4.4.10 holds true for higher-dimensional Henstock-Kurzweil integrals.

4.5 Other results concerning one-dimensional Henstock-
Kurzweil integral

The aim of this section is to present some results concerning the space
HK]|a,b]. Before we present a generalization of Theorem 1.2.5, we need the
following notation.

Notation 4.5.1. For any function F : [a,b] — R we define an interval
function Ap : Z;([a, b]) — R by setting

Ap([u,v]) = F(v) — F(u).

The following theorem is a generalization of Theorem 1.2.5.

Theorem 4.5.2. Let F : [a,b] — R. The following conditions are equiv-
alent.

(i) There exists f € HK|a,b] such that F(z) — F(a) = (HK) [ f for all
z € [a,b].

(il) VuxAr < p1 and there exists a pi-negligible set Z C [a,b] such that
F'(x) = f(x) for all z € [a,b]\Z.

Proof. (i) = (ii) This follows from Theorems 4.2.3 and 3.6.6.
(ii) = (i) Let

[ F'(x) if x€a,b\Z,
f(x)_{o if zeZ,

and let € > 0. According to the definition of Z, there exists a gauge d; on
[a,b]\Z such that

FOm ) = Ar(D)] < g osm (D)
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for each I € Z;([a, b)) satisfying ¢t € I\Z and I C (¢t —61(¢),t+01(t)) NJa, b].
Since Vyyx Ar < 1, there exists a gauge 2 on Z such that

V(AF, Z, 52) < %
Define a gauge ¢ : [a,b] — R by setting

[ 6i(x) if x€a,b]\Z,
o) = {52(3:) it veZ,

and let P be any d-fine Perron partition of [a,b]. Then

Y. O —u) — (F(b) - F(a)

(t,[uv])eP

< Y W@ —uw) = (F)=F)|+ > [Fv)—F(u)
(t,[u,v]))EP (t,[u,v])EP
t€la,b]\Z tezZ

<e.

Since € > 0 is arbitrary, we conclude that f € HK][a,b]. A similar argument
shows that F(z) — F(a) = (HK) [ f for all z € [a, ). O

Theorem 4.5.3. Let F : [a,b] — R be a function such that VyxArp <
w1, and let (8,)22, be a sequence of positive numbers. If there exists an
increasing sequence (Yy,)22, of closed sets such that | Jre, Vi = [a,b] and
V(Ap,Yn,0y) is finite forn =1,2,..., then there exists f € HK|[a,b] such
that F(z) — F(a) = (HK) [ f for all z € (a,b].

Proof. In view of Theorem 4.5.2, it suffices to prove that F”(z) exists for
pi-almost all = € [a, b].

Let n € N be given. By Theorem 4.4.2, there exists a sequence
((ck.dr)),_, of pairwise disjoint open intervals such that (a,b)\Y, =
Upe (ck, di). Next we define

infyepe, q,) F'(t) — F(a) if © € (¢, dy,) for some k € N,
F(z) — F(a) ifxe,.

SUDyelcy a) F'(t) — F(a) if z € (ck, dj) for some k € N,
H(z) =
F(z) — F(a) ifx €Y.
Then it is easy to see that G, H € BV{a,b], G(z) = H(z) = F(x) — F(a)
for all x € Yy, and G(¢t) < F(t) — F(a) < H(t) for all ¢ € [a,b]. Since
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G, H € BV]a,b], an application of Theorem 3.11.6 shows that G and H are
differentiable pi-almost everywhere on [a, b] and

for pi-almost all x € Y,,. Since n € N is arbitrary, the theorem is proved.
O

In order to proceed further, we need the following construction.

Example 4.5.4. Let ¢ € [0,1), let 6, = 15(2)" ! forn =1,2,..., and let
X1 = 1[0,1]. We will first construct a decreasing sequence (X,,)52 ; of closed

sets so that the following properties hold for all positive integers n > 2:

(i), theset X,, is the union of 2"~! disjoint closed intervals I, 1,. .., I,, gn-1;
(i), p1(Ink) = g5 (1 — 22;11 8x) for every k=1,...,2"" L,

We will first construct the set X, with the required properties. We
delete the open interval (uj 1,v1,1) := (%, 1£01) from [0, 1] and let Xy =
[0, 1]\(1_2%51, %) Then properties (i), and (ii), hold.

Now suppose that properties (i), and (ii), hold for some N €
N\{1}. For each k € {1,...,2N"1} we delete an open interval
(un,k,vNk) from Inj to obtain two disjoint closed intervals Ini12k—1
and Inyi12r such that Iva\(quk,UNJC) = Int12k-1 U Inj1,2k and

m(Ingioe—1) = mlvgio) = sl — Yol o) Then

N+1
Xyl = i:l Ini1k is a closed set satisfying properties (i), and

(i) yy 1

By induction, properties (i), and (ii),, hold for all n € N. The set
C = Moy Xk is a closed set with p(C) = c. This set C' is known as
the Cantor set. A simple application of Cousin’s Lemma shows that C' is
non-empty.

A sequence (h,,)22, in HK]a,b| is said to converge to h € HK]Ja,b]
if limy, o0 ||hn — hllHKa,s) = 0. Although the convergence of (hy)pZ, in
HK]Ja,b] implies that ||, — hpllgk(as — 0 as n,p — oo, the converse is
false. In this case, we say that the space HKJa,b] is not complete.
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Example 4.5.5. The space HK|0, 1] is not complete.

Proof. Let C be constructed as in Example 4.5.4 so that pu1(C) = 0 and
n—1
(0, D\C = U, Ui_; (tnk,vnr). Define the function f : [0,1] — R by

setting
1 i (27T(x—un,k))
sin
n(Vp k= Un,k) Un,k = Un,k
@)= if € [up k,vn k] for some n € Nand k € {1,...,2"7 1}
0 ifxeC.
For each N € N, let
N 2n?
Fx =33 Prstosy. where J(n. k) i= i o).
n=1 k=1
Since || fllarimnr)) = ﬁ and fJ(n_k) f = 0 whenever n € N and
ke {1,...,2771} we conclude that || f, — Ioll K01 = 0 @as n,p — oo.

It remains to prove that the sequence (f,)22; does not converge in
the space HK|[0, 1]. Proceeding towards a contradiction, suppose that this
sequence converges to some g € HK]|0,1]. Clearly, g = f pi-almost every-
where on [0, 1]. Since C' is closed with p1(C) = 0, it follows from Theorem
4.2.8 that there exists an upper semicontinuous gauge § on C' such that

V(Ap,C,H) <1,
where F(z) := (HK) [ g for each z € [a, ).

For each n € N, let C,, = {z € C : §(z) > 1}. According to The-
orem 4.1.2 and the construction of C, there exist an integer N > 4 and

le,d] € {Inj,...,Inov—1} such that pi([c,d]) < sv—+ < 5% and

Cn Ne,d] = CNed]. Also, for each ¢ € N U {0} the interval [c,d]
contains 27 intervals from the set {J(N + ¢, k) : k = 1,...,2NT971} "and

N+qg—1 .
i:1 {uN+q.k, UN+qk} C C. Since N > 4, we get

k—1 N _
2 2 1 51,

N
1
V(A o) > = >
(&r, G, )*2;N+k—1*2(21\f—1)*
a contradiction. O

Corollary 4.5.6. Let C be given as in Example 4.5.4. Then C is uncount-
able.
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Proof. 1If u1(C) > 0, then C is uncountable. Henceforth, we suppose
that uq(C) = 0. Proceeding towards a contradiction, suppose that C' is
countable. Let F' be given as in Example 4.5.5. Since C is assumed to
be countable, the continuity of F' implies VyiArp(C) = 0. On the other
hand, since VyxAr(C) = 0 and F'(¢) exists for all ¢ € (0,1)\C, we infer
from Theorem 4.5.2 that F' is the indefinite H K-integral of some function
f € HK|0, 1], contrary to Example 4.5.5. This contradiction shows that C
must be uncountable. O

Exercise 4.5.7. Let C, (X,,)22; and (0,)52; be given as in Example
4.5.5. Show that there exists a sequence (F},)>2; in ACI0,1] such that
maxgeo,1] |[Fn(®) — Fn(x)] — 0 as n, N — oo. However, the limiting func-
tion F' is not AC[0,1]. This function is known as the Cantor singular

function.

Let Ala,b] be the space of differentiable functions on [a,b], and let
A'[a, b] be the space of derivatives on [a, b].

Example 4.5.8. Let C' C [0,1] be the Cantor set and let ((ck,dk))zoz
be the sequence of pairwise disjoint open intervals such that (0,1)\C =
U (ck, di). For each o > 1 the function F, : [0,1] — R is given by

1
(x — cx)*(di — )

(x — cx)?(dg — x)? sin

Fo(x) = if x € (cg,dy) for some k € N,
0 ifeeC.
Then F, € A[0,1]. Furthermore, the following statements are true.
(i) F{ € L*=[0,1]\CI0,1].
(i) F% € L'0,1]\L>[0,1].
2
(iii) F5 € HK[0,1]\L[0,1].
(iv) If u1(C) > 0, then Fj € A’[0, 1]\ R[0, 1].

—_— — — —

Proof. Exercise. O

4.6 Notes and Remarks

The proof of Theorem 4.1.3 is due to Lee [97]. Several related results have
been established in [23, 24, 98].
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Lemma 4.2.2 and Theorem 4.2.3 are due to Lee [91,102]. For a more
general version of Theorem 4.2.5, see [77, Theroem 2.10]. The present proof
of Theorem 4.2.9 is taken from the paper [111].

Sections 4.3 and 4.4 are based on the papers [91] and [90] respectively.
For the equivalence of Theorem 4.4.8 with the Controlled Convergence The-
orem ([85, Theorem 7.6]), see [77].

Example 4.5.8 is essentially due to Bullen [27]. Further examples of
Henstock-Kurzweil integrable functions can be found in [17,20,69].
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Chapter 5

The Henstock variational measure

The main aim of this chapter is to obtain a simple characterization of
additive interval functions that are indefinite Henstock-Kurzweil integrals;
see Theorem 5.5.9 for details. In order to prove this result, it is necessary
to have a better understanding of the Henstock variational measure. We
begin with a special case of the Henstock variational measure.

5.1 Lebesgue outer measure

For any set X C [a, b], we let

i (X) =infsup Y 0 pi(D),
P .nep

where § is a gauge on X, and P is an X-tagged d-fine Perron subpartition
of [a, b]. The following lemma is a special case of Lemma 4.2.2.

Lemma 5.1.1. If X C [a,b] is pim-measurable, then pk (X) = pm(X).
The proof of the following result is left to the reader.
Theorem 5.1.2. If Y C Z C [a,b], then p* (V) < u* (Z).

The following theorem is the main result of this section.

Theorem 5.1.3. If X C [a, b], then

() = i {35 g (a000) 5 X € U o) -
k=1 k=1

135
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Proof. First we observe that if ((uk,vk)):il is any sequence of open

intervals such that X C (J; (u,vy), then Theorem 5.1.2, Lemma 5.1.1,
and the countable subadditivity of u.,, yield

00 < i (U won) ) = (U o)) < Zum (1))

k=1 k=1
Thus

i (X)) <1nf{2um Up, V) U Uk, v, }

k=1

It remains to prove that the reverse inequality holds. To do this, we let
e > 0 and follow the proof of Theorem 3.4.2 to construct a bounded open
set G, such that G. O X and

« 3

Next we apply Theorem 3.3.18 to select a sequence ((sk,tk)) o1 of open
intervals such that

ZMT?L((Sk7tk)) < Mm(Gg) + %

k=1
Consequently,
(oo}
lnf{ZMm ug, vg)) U U, Vi, } <t (X) + €,
k=1 k=1
and the desired inequality follows from the arbitrariness of €. (]

Remark 5.1.4. For each set X C [a, b], the Lebesgue outer measure of X
is defined by

inf iﬂm((uk,vk));xg G(uk,vk) .
{ |

k=1 k=1

Theorem 5.1.3 tells us that ), (X) is precisely the Lebesgue outer measure
of X.
Theorem 5.1.5. If X7 and X2 are subsets of [a, b], then

i (X1 U Xa) < i (K1) + gy (X).

Proof. Exercise. O
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Theorem 5.1.6. If X C [a,b], then there exists a pn,-measurable set X
such that X C Xy C [a,b] and pmn(XoNY) = p2 (X NY) for every fim-
measurable set Y C [a, b].

Proof. For each n € N we apply Theorem 5.1.3 to select a bounded open
set G, D X such that

. 1
Set Xg = ﬂ;ozl Gn. Then Xo is a pp,-measurable set with
X g XO g [a’ b] and /u’m(XO) = N’;kn(X):
- . . 1 *
fr(X) < p(Xo) < liminf i, (Gr) < lim  (p (X) + =) = py, (X).
n—oo n—oo n
It remains to prove the last assertion of the theorem. Let Y C [a, b]
be any fiy,-measurable set. Since X C Xy C [a, b] with p,(Xo) = p, (X),

it follows from Theorem 5.1.2, Lemma 5.1.1 and Theorem 5.1.5 that
(X0 NY) = i3, (X N Y):

(X NY) < (Xo NY)
= pm(Xo) = pm(Xo\Y)
< o (X) = i, (XAY)
< p (X NY). 0

Theorem 5.1.7. Let X C [a,b]. The following statements are equivalent.

(i) X is pim-measurable.
(i) pr (A) = pi (ANX) + pk (A\X) for every set A C [a, b).

Proof. (i) = (ii) For any set A C [a,b], we use Theorem 5.1.6
to choose a p,,-measurable set Ay such that A C Ay C [a,b] and
pm(AoNY) = pl (ANY) for every pip,-measurable set Y C [a, b]. Thus
Hmn (A) = pm (Ao) = pim (Ao N X) + pin (Ao\X) = pi, (AN X) + iy, (A\X).
Conversely, suppose that (ii) holds. By Theorem 5.1.6, there exists a
tm-measurable set X such that X C Xy C [a, b] and pn,(Xo) = uk, (X).
Hence, using the equality pu,(Xo) = pf,(X) and (ii) with A = Xy, we get
Hrn (Xo\X) = pm(Xo) — p17,(X) =0
and so Xo\X is pi,-measurable. Since Xy is also p,,-measurable, we con-
clude that X = Xo\(Xo\X) is ptm-measurable too. O

Remark 5.1.8. According to Theorem 3.3.23, p,, is countably additive.
On the other hand, p¥, is not countable additive. See, for example, [143,
p.66].
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5.2 Basic properties of the Henstock variational measure

In this section we will prove some basic measure-theoretic properties of the
Henstock variational measure. We begin with the following result.

Theorem 5.2.1. Let F : Z,,([a, b]) — R. Then the following statements
are true.

(i) Vil (0) =
(i) If X CY C[a, b, then Vie F(X) < Vs F(Y).
(i) If (X)), is a sequence of subsets of [a,b], then
VH’CF(Ukzl Xp) < ZZL Vi F(Xg).
(iv) If X,Y C |a,b] are non-empty sets with dist(X,Y) > 0, then

Vuk F(XUY) =V F(X) + Vuc F(Y).

0.
a

Proof. Statements (i) and (ii) are clearly true.

To prove (iii), we may further assume that each X} is non-empty, the
series Y poy Varc F(Xy) converges, and X; N X; = () whenever i and j are
distinct positive integers. For each k € N there exists a gauge d; on Xy
such that

€
V(F, Xk,(sk) < VHKF(Xk) + 2_k
Define a gauge § on |J,—, X, by setting
0(x) = op(x) (€ Xy),
and select an arbitrary (Jp—; Xi)-tagged d-fine Perron subpartition of
[a, b]. Then

NE

V(F, X}, 6k)

k=1

£
Il
-

Mz

(Vi F(X3) + 25 )

=
Il
—

M8

Vau F(Xy) +

B
I
—

Since € > 0 is arbitrary, we get (iii).

To prove (iv), we let XY C J[a,b] be non-empty sets with
dist(X,Y) > 0, and let ¢ > 0. Then there exists a gauge 6; on X such
that

€
V(F,X,61)< Y |F(h)+ 3

(t1,]1)EPy
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for some X-tagged d;-fine Perron subpartition P of [a, b]. Similarly, there
exists a gauge d2 on Y such that

€
V(F,Y,5) < > [F(B)|+ 3
(tz,IQ)GPQ

for some Y-tagged da-fine Perron subpartition P, of [a, b]. We also choose
a gauge 03 on X UY so that

V(F,XUY,d3) < Vae F(X UY) + %
Since dist(X,Y) > 0, we can define a gauge 6 on X by setting
min{d; (x), d3(x),dist(X, V) } if x € X,

§(x) =
min{dz(x), d3(x),dist(X,Y)} if x € Y.
Then
€ €
Vi F(X) + Ve F(Y) < > |F(I)| + ' ST R+ 5
(t1,11)eP) (t2,I2)EP>
2e

<V(F,XUY,d) + 3
< VukF(XUY) +e.
Since € > 0 is arbitrary, we conclude that
Vi F(X) + Vac F(Y) < Ve F(X UY).
Combining the last inequality with (iii), we get (iv). O

According to Remark 5.1.8, p* is not countably additive. Thus, Vi F
cannot be countably additive. Our aim is to describe a sufficiently large
class B of subsets of [a, b] such that

VHICF< U Yk) = Vi F(Yi)
k=1 k=1

for every pairwise disjoint sequence (Y;,)%2; of sets belonging to B. We
begin with the following lemma.

Lemma 5.2.2. Let F : Z,,([a,b]) — R. If X C [a, b] is closed, then
VaucF(A) =V F(AN X) + Vyc F(A\X)

for every set A C [a, b].
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Proof. Let A C [a,b]. In view of Theorem 5.2.1(iii), we may suppose
that VycF'(A) is finite. For each n € N, let

A, = {weA:dist(w,X) > l}
n

Since X is closed and the sequence (1 )92 is decreasing, we conclude that
A, CApy1 CA\X foralln € N.

We next establish the inequality

ILm VaurF(Ay) = Vi F(A\X). (5.2.1)
To prove (5.2.1), we need to prove that
Vi F(Ani1) =YV F(Aps1\Ay) for all n € N, (5.2.2)
k=0

where Ag := 0. To do this, we let n € N and observe that if j and k are
integers satisfying 0 < j < k <n and Aj11\A; # 0 # Ag41\ Ay, then

dist(Ag+1\Ag, Aj11\A;) > dist(Ag1\Ax, Aj41)
2 diSt(Aj+1,X) — diSt(Ak+1\Ak, X)
1 1
TiHlk
>0

and so (5.2.2) follows from Theorem 5.2.1(iv). Therefore, the obvious
equality A\X = (Jy—(Ar+1\A4x), Theorem 5.2.1(iii), (5.2.2), and Theo-
rem 5.2.1(ii) give (5.2.1):

V';.UcF A\X Z ’HICF Ak+1\Ak) = hm VH}CF(AnJrl) S VHKF(A\X)
k=0

Finally, since dist(A,, AN X) > dist(4,,X) > L for all n € N, the
conclusion follows from Theorem 5.2.1(iii), (5.2.1), Theorems 5.2.1(iv) and
5.2.1(i):

Vi F(A) < Ve F(AN X) + Vage F(A\X)
= VicF(ANX) + lim VaucF(Ay)
= lim VacF(4, U(AN X))
<V F(A).
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Recall that Theorem 5.1.7 tells us that a set X C [a, b] is p,,-measurable
if and only if p, (A) = p, (AN X) + ph, (A\X) for every set A C [a,b].
Thus, it is natural to have the following definition.

Definition 5.2.3. Let F' : Z,,([a,b]) — R. A set Z C [a, b] is said to be
Vux F-measurable if VyxF(A) = VycF(AN Z) + Vi F(A\Z) for every
set A C [a,b].

We will next establish two basic properties of Vyx F-measurable sets.

Lemma 5.2.4. Let F : Z,,([a,b]) — R. If X and Y are VyxF-
measurable subsets of [a,b], so is X UY.

Proof. Let A C [a,b] be any set. Then
VurcF(A)
<VukF(AN (X UY)) + Vi F(A\(X UY))  (by Theorem 5.2.1(iii))
< VukF(ANX) + Ve F((A\X) NY) + Ve F((AAX)\Y)
(by Theorem 5.2.1(iii) again)

=VukF(ANX) 4+ Vi F(A\X) (since Y is Vi F-measurable)
= VuxF(A),
where the last equality holds because X is Vi F-measurable. Thus, XUY
is Vy i F-measurable. O

Lemma 5.2.5. Let F : Z,,([a, b)) — R, and let A C [a, b] be any set. If
X1,..., X are pariwise disjoint Vi F-measurable subsets of [a, b], then
U, Xk is Vuxc F-measurable and

Vi F (A N U Xk) = Z Vi F(AN Xy).
k=1 k=1

Proof. Applying Lemma 5.2.4 repeatedly, we see that | J;_, Xj, is Vac F-
measurable. To prove the last assertion, we write Xy := () and observe that
our hypotheses yield

k
VHKF<AQ U Xj)

=1

= VH,CF<<A mgjxj) n Xk> + VmF<<A n LkJ Xj)\Xk)

=0

k—1
=VuxF(AN Xg) + VHKF(A N U Xj)
j=0
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for K =1,...,n. Consequently,

f:VmF(Aka) = i{VHKF(Am U Xj) - VHICF(Aﬂ’chXj)}

k=1 k=1

O

Definition 5.2.6. A o-algebra of subsets of [a, b] is a collection M of sets
satisfying the following conditions:

(i) 0 e M,
(ii) X € M implies [a, b]\X € M,
(iii) if X,, € M for every n € N, then (J;-; X} € M.

Lemma 5.2.7. Let F : Z,,(|a,b]) — R. Then the collection of VyxF-
measurable sets forms a o-algebra.

Proof. First it is easy to see that the empty set is Vi F-measurable.

Next it is obvious that a set X C [a, b] is Vi F-measurable if and only
if [a, b]\ X is Vi F-measurable.

Finally, we let (X,)52; be any sequence of Vi F-measurable
subsets of [a,b].  Then (Jg—, X; is VyxF-measurable.  Indeed,
for any A C Ja,b], Theorem b5.2.1(iii) and Lemma 5.2.5 imply
Vi F(A) = Vyx F(AN Ul?;l Xi) + Ve F(A\ Ul?;l X):

Vi F(A)
< VH;CF<A|’1 U Xk) + VHKF(A\ U Xk>
k=1 k=1

< Z Vi F(AN Xg) + VH)CF(A\ U Xk>
k=1 k=1

< lim {zn: Vic F(AN Xy,) + VHKF<A\ O X’f)}

n—oo
k=1 k=1
= lim {VH,CF<A nUJ Xk> - VH,CF<A\ U Xk)}
nree k=1 k=1
= VuF(A). O
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Definition 5.2.8. The class B of Borel subsets of [a, b] is the smallest
o-algebra that contains all closed sets in [a, b].

Lemma 5.2.9. Let F' : Z,,,([a, b]) — R. Then every Borel subset of [a, b]
is Vyc F'-measurable.

Proof. Thisis a consequence of Lemmas 5.2.2, 5.2.7 and Definition 5.2.8.
O

Theorem 5.2.10. Let F : Z,,([a, b]) — R. If (Xi)32, is a sequence of
pairwise disjoint Borel subsets of [a, b], then

Vo F ( D Xk) = iVHKF(Xk).

k=1 k=1

Proof. First we observe that (Jr-; X is a Borel set and so it is Vyc F-
measurable by Lemma 5.2.9. Since Theorem 5.2.1(iii) implies

VHKF( fj Xk> < iVHKF(Xk), (5.2.3)

k=1 k=1

it remains to prove that

iVHICF(Xk) < VHKF( [j Xk> (5.2.4)

k=1 k=1

Using Lemma 5.2.5 with A = [a, b], we get

VH,CF< U Xk> = VuxF(Xs) (5.2.5)

k=1 k=1
for every positive integers n. It is now clear that (5.2.4) follows from (5.2.5)
and the monotonicity of Vyx F:

> Vi F(Xi) = lim VH,CF< U Xk> < VH,CF< U Xk>.

k=1 k=1 k=1 O

Theorem 5.2.11. Let F : Z,,([a,b]) — R. If (X,,)22, is an increasing
sequence of Borel subsets of [a, b], then

oo

VHICF<I€LJ1 Xk> = nh_)H;O V’;.UcF(Xn)
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Proof. By Theorem 5.2.10,

VH,CF< U Xk) = VH,CF( U (Xk\Xk1)>, where X = 0,

k=1 k=1

Vaurc F( X\ Xk—-1)

SgERNgE

(Vi F(Xk) — Vi F(Xg—1))

>
Il

1
= lim VHKF(XH).

Theorem 5.2.12. Let F : Z,,([a,b]) — R. If (Xi)32, is a decreasing
sequence of Borel subsets of [a,b] and VyicF(X1) is finite, then

oo

VH;CF<kﬂl Xk> = lim Vi F(X,). (5.2.6)

Proof. First, we observe that Theorem 5.2.1(ii) and our hypotheses imply

VHKF< N Xk> < lim Vi F(X5) < Ve F(X1) < oo, (5.2.7)
k=1

It remains to prove that

lim Vi F(X,) < VHKF( N Xk) (5.2.8)
k=1

Using the finiteness of Vi F/(X1) and (5.2.7) again, we see that (5.2.8)
holds if and only if

Vi F(Xy) — nh_}rrgo Vi F(X,) > Ve F(Xy) — VH;CF( ﬂ Xk>. (5.2.9)
k=1

In view of Theorem 5.2.10, (5.2.9) holds if and only if

lim Vi F(X1\X,) > VH;CF( U (Xl\Xk)). (5.2.10)
k=1

The proof is now complete because (5.2.10) follows from Theorem 5.2.11.
Il
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The following example shows that the conclusion (5.2.6) need not hold
if (X,)52, is a decreasing sequence of Borel subsets of [a, b] satisfying
VucF(X,,) = oo for every n € N.

Example 5.2.13. Let f be given as in Example 2.5.6 and let F' denote
the indefinite Henstock-Kurzweil integral of f. For each n € N, we have
f e HK([0, 2]2)\L'(]0, £]?) and so V3« F ([0, 2]?) = oo by Theorem 4.2.3.
Consequently,
N Lo _ 1.,
V?-LICF( o, Z > = Vac F({(0,0)}) =07 lim V?-UCF<[07 m >

k=1

5.3 Another characterization of Lebesgue integrable func-
tions

In this section we will state and prove a refinement of Theorems 3.10.2 and
3.10.12 via the Henstock variational measure. We begin with two useful
lemmas concerning the Henstock variational measure.

Lemma 5.3.1. Let F : Z,,([a, b]) — R be an additive interval function.
If X C [a,b] and VyicF(X) is finite, then for each € > 0 there exists a
gauge 6 on X such that

p p
S IFI)| < VH,CF(X N UIi) +e
i=1

i=1

for each X -tagged 6-fine Perron subpartition {(t1,11),..., (tp, Ip)} of [a, b].
Proof. For each € > 0 we choose a gauge § on X such that
V(F, X,0) < Ve F(X) + %

Consider any X-tagged J-fine Perron subpartition {(¢1,11), ..., (tp, Ip)}
of [a, b]. If X\ |J!_, I; is empty, then there is nothing to prove. On the other
hand, suppose that X\ (J!_, I; is non-empty. Then the map x — A(x) :=
min{d(x), dist(x, J_; I;)} is a gauge on X\ [ JI_, I;; by Cousin’s Lemma we
fixa (X\ U, I;)-tagged A-fine Perron subpartition {(y, J1), ..., (Ygr o)}
of [a, b] such that

VHICF<X\UL‘> < Z |F(J)| + %

i=1
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Since it is clear that {(t1,11),..., (tp, Ip)} U {(y1,J1),-- -, (Y, Jg)} is an
X-tagged d-fine Perron subpartition of [a, b], the previous inequalities and
the countable subadditivity of Vi F yield

< Vi F(X) =3 F(7)] +
i=1

< Ve F(X) = Vayc F <X\LPJI,»> te

i=1

p
< VH;CF<X N UI,‘) +e.

i=1 O
Lemma 5.3.2. Let F : Z,,,([a, b]) — R be an interval function such that
VuxF < . If VycF(la, b)) is finite, then for each € > 0 there exists
0 > 0 such that VyicF(Y) < & whenever Y C [a, b] with pk,(Y) < 4.

Proof. Suppose not. Then there exists g > 0 with the following prop-
erty: for each n € N there exists V,, C [a,b] such that p},(V,) < 5
but VyxcF(Y,) > ep. According to the proof of Theorem 5.1.6, each Y,
may be assumed to be a Borel set. Set Y = (2, U, Y- Then Y is a
Um-negligible Borel set:

n—oo

0< ,U'm(Y) = lim ,UJm<kU Yk) < nlggo;llm(yk) =0.

Since Vyyx F' < i, we conclude that VyxF(Y) = 0. On the other hand,
Theorems 5.2.12 and 5.2.1(ii) yield

Vo F(Y) = lim VH,CF< U Yk) > lim sup Vg F(Yy) > eo,
n—oo ke, n—oo

which contradicts the equality Vyx F'(Y') = 0. This contradiction completes
the proof. O

The following result is a consequence of Lemmas 5.3.1 and 5.3.2.

Theorem 5.3.3. Let F : Z,,([a, b]) — R be an additive interval function.
If Vi F(la, b)) is finite, then VyxF < pm if and only if F is absolutely
continuous.
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Proof. (=) Suppose that VyxF < fim,. Since Vi F([a, b)) is finite,
for each € > 0 we apply Lemma 5.3.2 to pick n > 0 so that

Z C la,b] with p%,(Z) <y = ViacF(Z) < %
Let Ji, ..., Jy be a finite sequence of non-overlapping subintervals of [a, b]
such that Y7, um(Jx) < n. We want to prove that > 1 _, |F(Jx)| < e. To
do this, we apply Lemma 5.3.1 to choose a gauge § on [a, b] so that

Z|F )| < VH;CF(UI>

i=1

| ™

for each d-fine Perron subpartition {(¢1,11),..., (¢p,Ip)} of [a,b]. Finally,
for each k € {1,...,q} we apply Cousin’s Lemma to fix a d-fine Perron
partition Py of Ji. As F'is additive, a direct computation yields the desired
inequality:

Z\FJk|<Z > |(Ik)|§VHKF(U U Ik>+§<s.

k=1 (ts,Ix)€E Py k=1 (ty,Ix)E Py

(«<=) Conversely, suppose that F' is absolutely continuous. Let Z C [a, b]
be any p,,-negligible set. For each n € N there exists n,, > 0 such that if
{[ug, vi]}ym, is a finite collection of non-overlapping subintervals of [a, b]
with >0 i ([tk, v&]) < 7, then >0 [F([ug,vi])| < +. Next, we
choose a gauge 6§, on Z such that

S tm(In) <

(tn,In)EP,

whenever P, is a Z-tagged d,-fine Peron subpartition of [a, b]. Thus

O§|»—

for all n € N. As n € N is arbitrary, VyicF'(Z) = 0. The proof is complete.
Il
We can now state and prove the main result of this section.

Theorem 5.3.4. Let F' : Z,,([a, b]) — R be an additive interval function.
If Vi F([a, b)) is finite, then the following conditions are equivalent.

(i) F is the indefinite Lebesgue integral of some f € L'|a, b].
(il) VuxF < tm.-

Proof. This follows from Theorems 3.10.2, 3.10.12 and 5.3.3. U
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5.4 A result of Kurzweil and Jarnik revisited

In Section 4.2 we prove that if f € HK]Ja,b] and F is the indefinite
Henstock-Kurzweil integral of f, then there exists a sequence (X,,)22; of
closed sets such that (Jy-, Xi = [a,b] and VyxcF(X,,) is finite for every
n € N. The aim of this section is to prove that if F : Z,,([a,b]) — R is
an additive interval function such that VyxF < pp,, then there exists a
sequence (X,,)5% of closed sets such that | Jp—, X = [a, b] and Vyxc F(X,,)
is finite for every n € N. Our first goal is to establish an analogous version
of Theorem 2.4.9.

Definition 5.4.1. Let I € Z,,([a,b]) and let F : Z,,(I) — R. The
oscillation of I on I is the extended number

w(F, 1) = sup{ \F(J)|:J € Zm(I)}.

Lemma 5.4.2. Let F : Z,,([a,b]) — R be an additive interval function
such that Vi F < pm. If Z C [a, b is pm-negligible, then for each € > 0
there exists a gauge § on Z such that

Y w(FI)<e

(t,I)eP

for each Z-tagged 6-fine Perron subpartition P of |a, b].

Proof. This is an immediate consequence of Lemma 2.4.6. O

In order to formulate the next lemma, we need the following useful
notation.

Notation 5.4.3. For any set [[", X; C [a,b], k € {1,...,m}, and
T C [ag, by], we write pym  x, 1 (T) := [[\Z, Vi, where Y, = T and V; = X;
for all i € {1,...,m}\{k}.

Lemma 5.4.4. Let F : Z,,([a,b]) — R be an additive interval function
such that VyxF < pum. If x € [ag,by] for some k € {1,...,m}, then for
each € > 0 there exists a gauge 0 on ®iq 4] 1 ({x}) such that

Y w(FI)<e
(t,I)eP

for each @ 1 ({z})-tagged d-fine Perron subpartition P of |a, b|.
[a,b],
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Proof.  Since fip, (®q,p,1({z})) = 0, the lemma follows from Lemma
5.4.2. ]

We are ready to state and prove an analogous version of Theorem 2.4.9
for the Henstock variational measure.

Theorem 5.4.5. Let F' : 7,,,(|a, b]) — R be an additive interval function.
If Vi F < fim, then for each € > 0 there exists ng > 0 such that

|F(J) - F(K)| <e
for each J, K € T,,([a,b]) with pm,(JAK) < no.

Proof. Following the proof of Theorem 2.4.8, it suffices to prove that
if & € {1,...,m} and € > 0, then there exists 1, > 0 such that
W(F, ®(q,0),x([u,v])) < & whenever [u,v] € Ty([ax,bx]) with v —u < 7.

For each = € [ag, br] we apply Lemma 5.4.4 and Cousin’s Lemma (The-
orem 2.2.2) to choose d;(z) > 0 such that

W(F, ®iq,p).6([u',0']) <

N ™

whenever [u/,v'] € T3 ([ag, b)) with z € [u/,v'] C (x—0k(2), 2+k(x)). Next
we use Cousin’s Lemma (Theorem 1.1.5) to fix a dj-fine Perron partition
P, of [ag, bg]. Finally, we set n, = min{v — u : (¢, [u,v]) € P} to complete
the argument. O

Our next goal is to establish a modification of Lemma 5.3.1; see Theorem
5.4.9. We begin with the following lemma whose proof is similar to that of
Lemma 5.3.2.

Lemma 5.4.6. Let F' : Z,,([a, b]) — R be an interval function such that
VaucF < pim. If VycF(X) is finite for some X C [a,b], then for each
€ > 0 there exists 5o > 0 such that Vi F(W) < ¢ for each set W C X with
firn (W) < d0.

Proof. Exercise. O
The proof of the following lemma is similar to that of Theorem 5.1.6.

Lemma 5.4.7. Let F : Z,,([a, b]) — R be an interval function such that
VucF < . If X C la,b] and Vi F(X) is finite, then there exists a
Borel set Z C [a,b] such that X C Z and Vyx F(ZNA) =V F(X N A)
for every A C [a, b).
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Proof. Exercise. O

A set Z C [a, b] is said to be an Fj,-set if it can be written as a countable
union of closed sets.

Theorem 5.4.8. Let F : Z,,(Ja, b]) — R be an additive interval function
such that VyxF < . If X C [a,b] and € > 0, then there exist an F,-set
Y and an upper semicontinuous gauge A on'Y such that X CY C [a,b]
and

V(FY,A) < VycF(X) +e.

Proof. 1f X C [a,b]\(a,b) or ViyxF(X) = oo, then the theorem is obvi-
ously true. Henceforth, we assume that X is a Borel set with X N (a, b) # 0
and Vyx F(X) is finite.

Let € > 0 be given. By Lemma 5.3.1 there exists a gauge dp on X such
that

Z\F |<VH;<F(X0UI> (gm)

for each X-tagged d-fine Perron subpartition {(ti,I1),...,(tp,Ip)} of
[a,b]. Moreover, we may assume that B(x,do(x)) C (a,b) whenever
€ (a,b)N X.

For each A € {—1,0,1}™, let Py := {(¢,[u,v]) € P : A(¢t, [u,v]) = A}.
Since X is a Borel set and VyxF < i, the following inequality

> VH,CF<Xﬁ U [u,v])<VH,<F(X) (5.4.1)
Ae{-1,0,1}™ (t,[u,v])EPy

follows from Theorems 5.2.1 and 5.2.10:

Ve F(X) EVH,CF<XH U U (u,v))

AE{—1,0,1}™ (t,[u,v])EPy

> VH,CF(XD( U (u,v))

Ae{—1,0,1}m t,[u,v])EPy
- Y vwer(xn U ).
Ae{-1,0,1}m (t,[u,v])EPy

For each k € N, set

} and Yj, = Xp.

| =

X = {sr: € [a,b] : do(x) >



The Henstock variational measure 151

We claim that Y := (J;-, Y; has the desired properties.

Define a gauge A on Y by setting
A(m):{l if ¢ € Y1,
min{%, dist(x, Yi—1)} if @ € Y3 \Yi—1 for some integer k > 2
Then A is upper semicontinuous on Y.

Let Yy = 0 and let P be any Y-tagged A-fine Perron subpartition of
[a,b]. If Py is non-empty for some XA € {—1,0,1}", we choose n; > 0
(independent of A € {—1,0,1}™) so that the following conditions are met
for every n € (0,m1):

(A) {[u + A, v +nA] : (¢t [u,v]) € P} is a finite collection of non-
overlapping intervals in Z,,([a, b]).

(B) If (t,[u,v]) € P and t € Yi\Yy—1 for some k € N, then
XN [u+nX\v+nA #0 and Yi_1 N [u+ X v +nA] = 0.
Since F : Z,,(la,b]) — R is an additive interval function and

Vi F < fim, we use (A) and Theorem 5.4.5 to choose an 1y € (0,71)
so that the following condition holds for every A € {—1,0,1}™:

(C) If ne (07772)a then

B ([t nh o+ X)) = Flus o)) < oo

whenever (t, [u,v]) € Px.
Since F' : Z,,([@, b]) — R is an interval function such that Vyx F' < i,

and Vyx F(X) is finite, we use (A) and Lemma 5.4.6 to choose n3 € (0,71)
so that the following condition holds for every A € {—1,0,1}™:

(D) If ne (Oa 773)7 then

Vux F (X n J ~+aro+ 77)\]>
(t,[u,v])E Py

g
< VH,CF(XO U [u,v]> +
(t,[u,v])€ Py

Set 1o := s min{ni,n2,m3}. Then (A), (C) and the triangle inequality
give
€
> IF(w,0])] < 1t > o IF(u+noX v+ o))
(t,[u,v]))eP Ae{—1,0,1}™ (t,[u,v])€Py
(5.4.2)
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It remains to prove that the right-hand side of (5.4.2) is less than
VaucF(X) + €. Suppose that Py is non-empty for some A € {—1,0,1}™.
Then for each (¢, [u,v]) € Py with t € Y;\Yi—1 and k € N, we use (B) to
select z € (X;\Yi—1) N[+ 1m0, v +noA] so that A(t) < 1 < dp(z). As Px
is A-fine, we conclude that |||(v + 7o) — (w4 o) ||| < A(t) < 1 < do(2).
Consequently, our choice of dg yields

Do IF([u X v+ moA])]
(t,[u,v])EPy

< VH;CF(X N U [U + o\, v + 770)\]) + £ (5.4.3)

4(3m)°
(t,[u,v])EPy ( )

Finally, we combine (5.4.2), (5.4.3), (D) and (5.4.1) to obtain the desired
result:

> F([u,v])| < Ve F(X) + &
(t,[u,v])eP O

The following theorem is a useful modification of Lemma 5.3.1.

Theorem 5.4.9. Let F : Z,,(Ja, b]) — R be an additive interval function
such that VyF < pm. If X C [a, b] is closed and Vi F(X) is finite, then
for each € > 0 there exists an upper semicontinuous gauge 6 on X such that

p P
S IFI)| < VH;CF(X N UIZ) +e
i=1

i=1
for each X -tagged §-fine Perron subpartition {(t1,11),. .., (tp, Ip)} of [a, b].

Proof. 1In view of Theorem 5.4.8, the proof is similar to that of Lemma
5.3.1. 0

A set X C a,b] is said to be perfect if for each & € X there exists
a sequence (x,)>2; in X\{x} such that lim,_,|||@, — ||| = 0. The
following result is useful for proving Theorem 5.4.11 below.

Theorem 5.4.10 ([59, Theorem 6.66]). If X C [a,b] is closed, then X
contains a perfect set Xy and a countable set Yy such that X = XqU Y.

The following theorem is the main result of this section.

Theorem 5.4.11. Let F : Z,,([a, b]) — R be an additive interval function
such that Vyx F < pim. Then there exists a sequence (X,,)22, of closed sets
such that [a, bl = Jr—; Xk and VycF(X,) is finite for all n € N.
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Proof. A point x € [a, b] is said to be regular if there exists an open
interval I, C [a, b] with the following properties:

(i) @ € I;
(ii) there exists a sequence (Zgzn)22, of closed sets such that
Iy = Uzozl L k;
(iil) Vi F(Zs k) is finite for all k € N.

Then the set X of all irregular points of [a, b] is closed.

We claim that X is empty. Proceeding towards a contradiction, suppose
that X is non-empty. Since un([a,b]\(a,b)) = 0 and VyxF < pim, we
may suppose that X C (a,b). In view of Theorem 5.4.10, we may further
assume that X is perfect. We first construct an X-tagged d;-fine Perron
subpartition P; of [a, b] so that the following conditions are satisfied:

(i); card(Py) >2;

(ii); [u1,v1] C (a,b) whenever (t1, [ui,v1]) € Pr;
(ili); t1 € (u1,v1) whenever (1, [u1,v1]) € Pi;
(iv)

Y

| =

Yo smlfue)) <

(t1,[u1,v1])EP1

(V)l Z(tl,[’llq,’lh])epl |F([u17v1])| > L.

Since our construction of X implies that VycF(X N 1) = oo for every
I € Z,,(a, b]) satisfying p.,(X NI) > 0, there exist a gauge §; on X,
A€ {-1,0,1}"™ and an X-tagged d;-fine Perron subpartition Q1 such that
the following conditions hold:

card(Q1) > 2;
u,v] C (a,b) whenever (t,[u,v]) € Qq;
A(t, [u,v]) = X whenever (t, [u,v]) € Q1;

A
B
C
D

~ A~~~
—_ D

)

N =

Y wm([uv]) <

(t7 ['u"v])te

(E) Xt wo)eq, [F(lw,v])] > 1.
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Next we use (B), (C), (E) and Theorem 5.4.5 to select a sufficient small
7 > 0 so that

Yo Pl = Y [F(utnA v+ nA)

(t,[uw,v])€Q: (t,[u,v])eQs

< Y F(w)l -1,

(tv[uvv])te

and the following conditions hold for every (¢, [u,v]) € Q1:

(F) t € (u+nA, v+7A); in particular, (u+n A, v+nA)NX is uncountable;
(G) [u+nA,v+nA] C(a,b) N B(t,01(t)).

Set P; := {(t,[u+ nA, v+ nA]) : (¢, [u,v]) € Q1}. It is now clear that
conditions (i); —(v), follow from conditions (A) — (G).

We proceed by induction. Suppose that n > 2 is a positive integer such
that P, is an X-tagged d;-fine Perron subpartition of [a, b] and

VHKF([un_1,vn_1] n X) =00

for every (tn—1, [Un—1,Vn-1]) € Pnr—1. By modifying the above construction
of P;, we obtain an X-tagged d;-fine Perron subpartition P, of [a, b] so that
the following conditions hold:

(l)n if (tn—l, ['u,n_l,vn_l]) e P,_1, then
card{(t,, [un,vy]) € Py : [pn,vy] C [Up_1,Vp-1]} > 2;

(i),, if (tn,[wn,v,]) € P, then [u,,v,] C (u,_;,v;,,_;) for some
(tn—1: [un 1, 1)) € Pays
(iii),, t, € (un,vn) whenever (t,, [t,,v,]) € Pp;

(tna['uwu'vn])epn
(V)n if (tnfl, [un,l,vn,l]) c Pnfl, then

> |F([tn, v,])| > 1.

(tn,[Un,vn])EP,
[Un, 9] Cltn—1,0n-1]
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Set Z =My U(t,I)ePk I. Since property (iv),, is true for every n € N,
the set Z is p,,-negligible and closed, and a simple application of Cousin’s
Lemma shows that Z is non-empty. By Theorem 5.4.9, there exists an
upper semicontinuous gauge & on Z such that

V(F,Z,0) < 1.
On the other hand, we apply Theorem 4.1.2 to select a positive integer IV
and [a, 8] € Z,,([a, b]) such that

{eczio@> g fnlap-z0la0

Since property (i), holds for every n € N, we can assume that
18— al|| < 5% and (z,[a,B]) € Py for some z € Z. Therefore prop-
erty (v)y,, gives the desired contradiction:

VI(F,Z,0) = > [F([unt1, vn4])[ > 1.

(tnt1,[unt1,vN+1])EPN 1
[un+1,98+1]C (e, 8]

The proof is complete. O

We end this section with the following improvement of Theorem 4.5.3.

Theorem 5.4.12. Let F : Z;([a,b]) — R be an additive interval function
such that Vi F < p1. Then there exists f € HK]la,b] such that F is the
indefinite H K -integral of f.

Proof. In view of Theorem 4.5.3, it suffices to construct an increasing
sequence (X)) ; of closed sets with the following properties:

(i) Upey Xk = [a,b];
(ii) for each n € N there exists a positive constant 7, such that
V<Fa Xn,nn) is finite.

First we apply Theorem 5.4.11 and the countable subadditivity of Vi F’
(Theorem 5.2.1(iii)) to choose an increasing sequence (Y,,)52 of closed sets
such that |J;—, Y» = [a,b] and Vi F(Y,) is finite for all n € N. Next for
each n € N we apply Theorem 5.4.9 to select an upper semicontinuous
gauge J,, on Y,, such that

V(F, Ya, 677,) < Vq.ucF(Yn) + 1.

Define an upper semicontinuous gauge 6 on [a, b] by setting

(5(]}):{51(1') ifoYl,
min{+, 01 (), dist(z, Yy—1)} if 2 € ¥} \Yj—1 for some k € N\{1}.
It is now clear that (6-!([, oo))zo

=1
desired properties. O

is a sequence of closed sets with the
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The proof of Theorem 5.4.12 depends on Theorem 4.4.2. In the next sec-
tion we will use a different method to obtain a higher-dimensional analogue
of Theorem 5.4.12.

5.5 A measure-theoretic characterization of the Henstock-
Kurzweil integral

The aim of this section is to establish an m-dimensional analogue of Theo-
rem 5.4.12, where m > 2. We begin with the following result.

Theorem 5.5.1 (Ward). Let F': Z,,([a, b]) — R be an additive interval
function, and let o € (0,1). Then F is a-derivable at p,-almost all the
points T at which either F,(x) < 0o or F_(x) > —oc0.

Proof. See [145, Theorem 11.15]. O

Before we state and prove the main result of this chapter (Theorem
5.5.9), we need seven lemmas.

Lemma 5.5.2. Let F' : Z,,([a,b]) — R be an additive interval function,
and let X C [a,b] be a pm-measurable set. If a € (0,1), pm(X) > 0 and
VucF(X) is finite, then F.(x) exists for pm-almost all x € X.

Proof. According to Theorems 3.6.5, 3.5.11 and 3.3.24, the set

Xy ={x e X :F,(x) =00}
is pmpm-measurable. In view of Ward’s theorem, it remains to prove that
pim(Xa) = 0.

Suppose that p,(X,) > 0. Then the family G; of all a-regular intervals

I C [a,b] for which F(I) > %um (I) is a Vitali cover of X,;
hence we can apply the Vitali covering theorem to choose a countable family

G2 C G1 such that Xo\U;cg, I 18 ptm-negligible and

> F(I) < Vi F(Xa) + 1.
I€G,
A contradiction follows:

VyrcF(X,) +2
Vi F(Xa) +2 M

pm (Xa)

<Yy F(I)

I1€G2
< Ve F(Xa) + 1. O

AN

Z (I N Xa)

IeG,
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The following three lemmas will enable us to generalize Lemma 3.10.4;
see Theorem 5.5.6.

Lemma 5.5.3. Let 0 < a < 1, let » > 0, and let u,v € R such that
0O<v—u< (Q—-—a). If& € [uv], then ar < &—v+r < r and
ar<u+r—&<r.

Proof. Exercise. 0

Lemma 5.5.4. Ift € [a,b] and r > 0, then the following implications hold.

(i) € € [u,v] C[t,b] N[t —r,t+ 7] impliesv —r <t < E.
(ii) € € [u,v] Cla, )N [t =7t +7r] implies E <t <u-+r.

Proof. Exercise. 0

The following lemma is due to Kurzweil and Jarnik [78].

Lemma 5.5.5. Let G : I,,([a,b]) — R be an additive interval func-
tion. Ift € (a,b), 0 < o < 1, and there exists v > 0 such that
T2, [t: = r.t; + r] C [a,b], then there exists a positive integer No such
that

Qr
< sup{ |G([u, v])| : [u,v] € Tn([a, b]), [u,v] C 1_[[15z — 1t —l—r]}

< NI,

where €, denotes
sup{ |G([u,v])|: t € [u,v] € T, ([a, b)), ar <wv; —u; <7 (i=1,.. ,m)}

Proof. Let [u,v] € Z,,([a, b]) be given. We consider two cases.
Case 1: [u,v] C [t,b] N [ti — v, t; + 7] with [|Jlv — ||| < (1 —a)r.
If & € [u,v], then it follows from Lemmas 5.5.3 and 5.5.4 that
telllvi—r&land ar <& —(v;—7) <rfori=1,...,m. Thus

m

G([[lvi —r.&))

i=1

|G ([u, )| < > <2mQ,.

£elu,v]
Eie{uq,viyVie{l,...,m}

Case 2: [u,v] € I, ([a, b]) with [u,v] C [¢,b] N[t — r b + 7).
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In this case, we have max;—1, m(v;i — w;)) < r and so
max;—i,...m “wt < r(l — ), where K, = [ﬁ] As G is additive, the

a

proof of case 1 gives

|G([u, v])] < (2Ka)™ Q.

Finally, the proofs of cases 1 and 2 hold for any one of the orthants in
[a, b] (with ¢ as the origin); therefore

|G([u,v])| < (4Ka)mQr- 0

The following result of Kurzweil and Jarnik [78] generalizes Lemma
3.10.4.

Theorem 5.5.6. Let 0 < 8 < a < 1 and let F : T,(Ja,b]) — R be an
additive interval function. If F,(x) exists for some x € (a,b), then Fy(x)
exists and

Proof. This is an immediate consequence of Lemma 5.5.5. O

The following result is a consequence of Lemma 5.5.5 and Theorem 5.5.6.

Lemma 5.5.7. Let F : Z,,([a,b]) — R be an additive interval function
and suppose that F is derivable at each point of a non-empty closed set
X C (a,b). Then given € > 0 there exists an upper semicontinuous gauge
A on X such that
sup  |F' )i (1) = F(I)] < eptalfut, v]) (5.5.1)
I1€Z,,([u,v))
for each point-interval pair (t,|u,v]) satisfying t € X, t € [u,v] C

B(t,A(t)) and reg([u, v]) > 3.

Proof. According to our assumptions, Theorem 5.5.6 and Lemma
5.5.5, for each ¢ > 0 there exists a gauge 6y on X such that
do(z) < dist(z, [a, b]\(a, b)) and

sup sup ‘F/(z),um([ca d]) - F([C, dD| <

0<r(2)<80(2) [exd]ETm (T, [21—7(2),2i+7(2)]) (r(2))™

™

(5.5.2)
for each z € X.
For each k € N we let Xj, = {w € X : dp(x) > +}. Since X C (a,b) is

closed, a simple calculation reveals that the sequence (X,)52,
with (3, X = X.

is increasing
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Define an upper semicontinuous gauge A on X by setting
min{3, dist(z, [a, b]\(a, b))} if x € X1,

A(z) = { min{4-, Idist(x, Xx_1), dist(z, [a, b]\(a, b))}

1
2k’ 2
if ¢ € X\ Xp—1 for some integer k > 2,

and consider any point-interval pair (¢, [u,v]) such that t € X, t € [u, v] C
B(t, A(t)) and reg([u, v]) > 1. Clearly, it suffices to prove that

(8o (1)~ F(D)| < 2 (0] (5.5.3)

for every I € Z,,([u, v]).

Let ¢ be the minimum positive integer such that ¢ € X, and let n €
0,3 min{%, d0(t)}) be sufficiently small so that the following conditions are
satisfied:

(A) TI% [us — n,vi + 1) C B(t, A(t));
(B) t € Xg NI, (wi —n,vi 4 1n);
(C) pn (TTi [ — my 05 + 1)) < 24 ([w, v]).

Now we use (B) we select a point y € X so that the following conditions
are satisfied:

(D) do(y) > 4
(B) y € X N[, (wi —n,vi +n).

Using (A), (B), (D), (E) and (5.5.2), we get
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Finally, we use the triangle inequality, (5.5.4), (D), (E), (5.5.2) and (C) to
obtain

[F' ()i (1) = F(I)]
< F' () (I) = F'(y) s (D] + |F" (y) ot (1) — F(I)]

< %H (I) + 6Mm<}_[1[ i—77,vi+77])
2¢e
< 5 s ([, v]). O

Lemma 5.5.8. Let F : Z,,([a,b]) — R be an additive interval function
such that VyyxF < p. If F is derivable at each point of a non-empty
closed set X C (a,b), F'|x is bounded and VyiF(X) is finite, then for
each € > 0 there emsts an upper semicontinuous gauge 0 on X such that

D P ®um(I) - F(I)| <&
(t,I)eP

for each X -tagged §-fine Perron subpartition P of [a, b).

Proof. Let e > 0 and write g9 := £(m + pm ([a, b]) +sup,c x [F'(x)]) 7"
According to Theorem 5.4.9, there exists an upper semicontinuous gauge
01 on X such that

Z\F <VH,CF<X|’1UI)+5O

i=1
for each X-tagged d-fine Perron subpartition {(¢1,11),..., (¢,, I,)} of [a, b].

By Lemma 5.5.7 there exists an upper semicontinuous gauge do on X
such that

|F'(2) i ([e, d]) — F([e, d])| < copm([e, d])
for each point-interval pair (z,[c,d]) satisfying @ € X,
x € [c,d] N B(x,62(x)), and reg([c, d]) > 1.
According to our assumptions, we can choose IV € N so that the follow-
ing properties hold:

(a) the set Xy := {& € X : min{d1(x),d2(x)} > =} is closed and non-
empty;

(b) min{um(X\XN), VH)CF(X\XN)} < €0;

(c) there exists an open set G D X such that p,,(G\Xn) < 0.
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Now define an upper semicontinuous gauge 6 on X as follows:
1

5($):{W ifx e Xn,
min{d; (x), dist (z, Xy U ([a, b]\G)) } if z € X\ Xy.

If P is an X-tagged d-fine Perron subpartition of [a, b], the triangle in-
equality yields

Y F'®)pn(l) — F(1)]

(t,I)eP

< D P ®un@) - F(D+ > P ®)pm(I) = F(I)]
(t,1)er (t,1)eP
teX\ Xy teXy

=51+ 59,

say.
Using (a), (b), (c¢) and our choice of §, we conclude that
S1 < supgex |[F' ()] + 2¢0:
S < Y P @®uaDl+ Y [P

(t,1)eP (¢,1)eP
teX\Xn teX\Xn

< g sup |F'(z)| + Vi F(X\XN) + €0
xeX

< eg sup |F'(x)] + 2e0.
zeX

We will next obtain an upper bound for Sy. Following the proof Theo-
rem 3.10.12, we fix a 1-regular net N'(I) of I. For each J € N (I) satisfying
JN Xy # 0, we fix a point &7 € J N Xy. Then

S
= Y |F®um) — F()

(¢, I)eP
teXn

{ Z Z ‘F/(mJ)Mm(J)—F(J”

(t,)eP JeN(I)
teXn JNXn#AD

P Yy |F/<wj>—F’<t>um<J>}

(t,)eP JeN(I)
teXn JNXN#D

+ Y D F®lua(h+ D> | D FU)

(t,1)eP JeN(I) (t,1)eP | JeN(I)
teXn JNXn=0 teXyn JNXnN=0

= S3+ 54 + S5,
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say.

Since d(xz) < & < Sofm) for all * € Xy, and
|[|lzs —t||| < diam(I) < #, our choice of &, yields

Ss
= > Y |F@)ual)) - F(J)

(t,1)eP JeN(I)
teXny JNXn#D

Y Y F @)~ F'®)l ()

(t,[)eP JeN(I)
teXN JNXN#D

< 3eopm([a, b]).
Also, it follows from (c) that
S Y F@®) < <osuw |Fa)].
(t,1)eP JEN(I) zeX

teXny JNXn=0

It remains to prove that S; < 2meg. For each point-interval pair
(t,I) € P satisfying t € Xy, we need to partition I in a special way.
Let (I)[ 0([“0,1}0}) =1 and let

C.(I) = { ﬂ D7 ([uk, vi]) : [u,v] € N(I) and

k=0
r—1
Xy N ﬂ Orr(fur,vr]) 0= XN N ﬂ Q7 Ukmk])}
k=0 k=0
(r=1,...,m)
so that the following properties hold:
(d)
= U “U U
[u,v]GN(I) r=1UeCr
[u, )N X N#D

(e) two elements [[~,[c;, d;] and [\~ [c}, d] of Ci(I) are distinct if and
only if (c1,d1) N (c},dy) = 0;

(f) for each r € {2,...,m} two elements [[,[,s]
and []", [, B]] of C.(I) are distinct if (., B,) N (., B.) = O and
o, i) = [0 B) (i = 1,7 — 1),
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Combining (d), the additivity of F, (e), (f) and the inequality
infzexy 0(x) > +, we get

Sy < Z i Z F(U) < 2mey.

(t,I)eP r=1 |UeCr(I)
teXn O

We are now ready to state and prove the main result of this section.

Theorem 5.5.9. Let F' : Z,,([a, b]) — R be an additive interval function.
The following conditions are equivalent.

(i) F is the indefinite Henstock-Kurzweil integral of some f € HK|a,b].
(ii) VuF < pim-

Proof. The implication (i) = (ii) follows from Theorem 4.2.3.

Conversely, suppose that (i) holds. By Theorem 5.4.11, Lemma 5.5.2
and Theorem 5.5.6, there exists an increasing sequence (Xj)32, of pair-
wise disjoint of closed subsets of [a, b] such that p,,([a, b]\ Ure; Xi) =0,
F is derivable at each point of the set J;—; X, and sup,cx, |F'(x)| +
Vi F(Xy) is finite for all k € N.

Define the function f on [a, b] by setting
/ . oo
fla) = {F () if & € Up_; Xis

0 otherwise.
We claim that f € HK|[a,b] and F is the indefinite Henstock-Kurzweil
integral of f.

Let € > 0 be given. Since Vi F < iy, and pm([a, b\ Upey Xk) = 0,
there exists a gauge &y on [a, b]\ Up—; Xk such that

V(F,[a,b)\ | Xk, 00) <
k=1
For each n € N we apply Lemma 5.5.8 to choose an upper semicontin-
uous gauge 6, on X, such that

> k(L) = F(I)| < 5oy

(tn,In)EP

| ™

for each X-tagged d,-fine Perron subpartition P, of [a, b].
Let Xo = () and define a gauge d on [a, b] as follows:

5(x) = o(z) if z € [a, b]\ Upe; Xk,
On(x) if ® € X,,\X,,—1 for some positive integer n.
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If P is a é-fine Perron subpartitition of [a, b], then

Y 1f@®pm(D) = F(D)]

(t.0eP
< > FDI+Y Y [f@uall) - F()]
(t,I)epP k=1 (t,I)eP
tE[a,b]\U;‘;l X teXk\Xk_l
<e.

Since F is additive, we conclude that f € HK[a,b] and F is the indefinite
Henstock-Kurzweil integral of f. The proof is complete. O

5.6 Product variational measures

In this section we let 7 and s be positive integers. For k = r, s, we fix an
interval Ey, in R¥, and R¥ will be equipped with the maximum norm |||-|||,..
We begin with the following result.

Theorem 5.6.1 (Tonelli). Let f : E. X Es — R be a p,+s-measurable
function. If one of the following iterated integrals

[ [ sl dusny duo. [ [ 18] dint©) dusta)
Er JEg Es JEr
is finite, then f € LY (E, x Ej).

Proof. By Theorem 3.5.13, there exists a sequence (fn)or, of fris-
measurable simple functions on E,. x Es with the following properties:

(1) (Ifnl)22; is increasing;
(i) Slelg\fn(f,n)\ < [f(& ) for all (§,n) € Er x Es;

(i) Tim f,(€,n) = f(&,n) for all (&,1) € B, x B,

Using Fubini’s Theorem and (ii), we get
wp [ [l durraléon) < .
neNJErxEg
Consequently, (i), (iii), the Monotone Convergence Theorem and Theorem

3.7.1 yield the desired conclusion. O

If f: B, — Rand g: E;, — R, we write (f ® ¢)(§,n) = f(&)g(n).
The following theorem is a consequence of Theorems 3.6.6 and 5.6.1.
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Theorem 5.6.2. If f € L'(E,) and g € L'(Ey), then f@g € L'(E, x Ey)

and
Joas, 20 (£ f{ [ o)

Our next goal is to prove that
fE€HK(E,) and g € LY(E,) = f®g € HK(E, x EJ).
Since Theorem 5.6.1 does not hold for non-absolutely convergent Henstock-

Kurzweil integrals, we need new ideas. We begin with the following crucial
result.

Lemma 5.6.3. If I,,I, € Z.(E.) and Ji,J2,J1 N Jo € T (Es) with
Mr—i—s((ll X Jl) N (IQ X Jz)) = O, then Mr(Il N IQ) =0.

Proof. We have
0 < pr (I N L) ps(J1 N o) < prrgs((In x J1) N (I x J2)) = 0. 0

Theorem 5.6.4.1f f € HK(E.) and g € LYE,), then
f®ge HK(FE, x E;) and

[ son i [ [ o)

Proof. Since f € HK(E,), we apply Theorem 4.3.1 with m = r to
choose an increasing sequence (Xj)?2, of closed subsets of E, such that
Ui—, Xk = E,, the sequence (fxx, )5, is in L*(E,), and

n=1

sup Vux (Fr, — F)(Xy) =0,
keN

where Fj, and F' are the indefinite Henstock-Kurzweil integrals of fxx, and
f respectively.

Let G be the indefinite Lebesgue integral of g. A direct calculation
shows that (Xj x E)%2, is a sequence of closed subsets of E, x E such that
Ui, (Xk X Es) = E, x Eg, and Theorem 5.6.2 implies that (fxx, ® ¢)52,
is a sequence in L!'(E, x E,). In view the (r + s)-dimensional version of
Theorem 4.3.1, it remains to prove that

sup Vi (Fr ® G — F @ G)( Xy, x E5) =0. (5.6.1)
keN

Let k € N be fixed. Since Vyx(F, — F)(X)) = 0, for each € > 0 there
exists a gauge Ag on Xy such that

V(Fy — F, Xi, Ag) < -

L+ lglloiey
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Now we define a gauge §; on X x E by setting

51(6,) = A(6),
and let {((&1,m), 1 x J1),..., ((§p,mp). Ip X Jp) } e an (X, x E,)-tagged
dx-fine Perron subpartition of E,. x Es;. Next we choose non-overlapping
subintervals Uy, ...,U; of E, so that J!_; J; = U§:1 Uj, where each U; is
a subset of some interval J;. Since

max 6 €l < max (1m0~ € nllp, < Bulesn) = An(E)

MEL X J;

(5.6.2)
for all i =1,...,p, for each j € {1,...,¢} we infer from Lemma 5.6.3 that
{(&, ;) : U; C J;} is an Xp-tagged Aj-fine Perron subpartition of E,.
Thus

Z |FW(1)G(J;) — F(I)G(J,)|
P ¢
< ; {;/JMUJ g dus (Fk(Il) — F(Iz))

&
L+ gl (e,

Since € > 0 and k € N are arbitrary, (5.6.1) holds. O

The following result generalizes a result of Henstock [57].

Theorem 5.6.5. Let [c,d] be a non-degenerate subinterval of R. If
fe€ HK(E,) and g € HK|[c,d), then f @ g € HK(E, X [c,d]) and

(H ) /Erx[c’d]f@g— {ur) [Erf}{wK) /g}

Proof. Since f € HK(E,), we apply the r-dimensional version of Theo-
rem 4.3.1 to choose an increasing sequence (Xj)52, of closed subsets of E,
such that (Jpo; X = E,, the sequence (fxx, )52, belongs to L'(E,), and
sup V?-UC(Fk — F)(X%) =0,
keN
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where Fj and F' are the indefinite Henstock-Kurzweil integrals of fxx, and

f respectively.

A direct calculation shows that (X, X [¢,d])$2 is an increasing se-
quence of closed subsets of E, X [¢,d], and Theorem 5.6.4 implies that
(fxx, ®g)se, is a sequence in HK (E, x Es). Following the proof of the

(r + s)-dimensional version of Theorem 4.3.1, it suffices to show that
sup Vi (Fr, @ G — F @ G)(Xj, X [e,d]) =0,
keN

where G denotes the indefinite Henstock-Kurzweil integral of g.

Let k € N be given. According to monotonicity of Vi (F, @ G— F®G)
and Observation 4.4.1, it remains to prove that

V’H}C(Fk ®RG— F®G)(Xk X Y) =0,

where Y C [¢,d] is any closed set such that {c,d} C Y and V(G,Y, k) < o0
for some k € RT. Let ((ck,dk))zozl be the sequence of pairwise disjoint
open intervals such that (a,b)\Y = Uz~ (ck, di)-

Define a gauge 6 on Xi X Y by setting
6k(&;m) = min{Ax(£), 5},

and consider an arbitrary (X X Y)-tagged dj-fine Perron subpartition
{((51,771),[1 X Jl)7...7 ((fpmp)Jp X Jp)} of E, x E,. Since

max|[& = &lll, < max 1€, m) = (€ mlllps < (& m) = Ax(&)

(el el xJ;
(5.6.3)
foralli =1,...,p, we infer from Harnack extension and Lemma 5.6.3 that
P
> Fe(1)G (i) = F(L)G( ;)|
=1

< IR = P [ o du

+§:Z

k=11i=1

{15) [ o 500 - F1)

7

o0
<Ll 23 ||g|HK[Ck,dk]}-
k=1

Since € > 0 is arbitrary, the proof is complete. O
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Corollary 5.6.6. If f;, € HKla;,b;)] (¢ = 1,...,m), then
Q™. fi € HK|a, b] and

m b
i) [ e o= [os) [ 5
[a,b] i=1 a;
On the other hand, the following conjecture appears to be still open.

Conjecture 5.6.7. Let r,s € N\{1}. If f € HK(E,) and g € HK(E;),
then f ® g€ HK(E, x Es).

5.7 Notes and Remarks

A different treatment of Lebesgue’s outer measure can be found in Folland
[42], Hewitt and Stromberg [59] or Royden [143].

Various examples of variational measures have been given by Bongiorno
[9], Jurkat and Knizia [62], Faure [36], Di Piazza [30] and Pfeffer [137-140].
A general theory of variational measure can be found in Ostaszewski [134]
or Thomson [152].

Lemma 5.3.1 is due to Lee [102]. The proof of Theorem 5.3.3 is similar
to that of [30, Proposition 1]. A different approach to Theorem 5.3.4 can
be found in [91].

Section 5.4 is based on the work of Lee [102]. For a one-dimensional
version of Theorem 5.4.11, consult [15], [138] or [139]. Theorem 5.4.12 is
a remarkable result of Bongiorno, Di Piazza and Skvortsov [15]. For more
recent results, see [12,13].

Lemmas 5.5.3-5.5.5 are due to Kurzweil and J. Jarnik [78]. Lemmas
5.5.7, 5.5.8, and Theorem 5.5.9 are based on the paper [102]. A related
result is also given by Lee and Ng [87].

Section 5.6 is based on the paper [92]. For other related results, see
[25,26,56,57,99,105].



Chapter 6

Multipliers for the Henstock-Kurzweil
integral

A multiplier for a family X of functions on [a, b] is a function on [a, b]
such that fg € X for each f € X. According to Theorem 3.7.5, L>°[a, b] is
precisely the class of multipliers for L'[a, b]. On the other hand, it follows
from Example 2.5.8 that certain continuous functions are not multipliers for
HK([0,1]?). The main goal of this chapter is to characterize the multipliers
for HKJa, b]. We begin with the one-dimensional case.

6.1 One-dimensional integration by parts

We begin with the following one-dimensional integration by parts for the
Lebesgue integral.

Lemma 6.1.1. If f € L'la,b] and ¢ € L'a,b], then the map
x> f(z) [T ¢ duy belongs to L[a,b] and

/abf(x){/jqﬁdul} e /{/ fdm} ) dyu ().

Proof. By Theorems 3.11.9 and 3.7.3, the map = — f(x f ¢ duy be-
longs to L'[a,b]. The conclusion follows from Theorems 5.6.2, 3.7.3 and
2.5.5:

[rof [[oan}anw) = [ | 50000000t datenn

= /[ b]2(¢ @ )t ) X[a,b)x (e8] (> ) dpa(t, x)

=/{/f dm}cb(t) dpu (1) .

169
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The following lemma shows that an analogous version of Lemma 6.1.1
holds for the Henstock-Kurzweil integral.

Lemma 6.1.2. If f € HK]la,b] and ¢ € L'la,b], then the map
x> f(z) [T ¢ duy belongs to HK [a,b] and

(1) /abf@c){/a'ﬁ i | dx:/ab{wm /:f}¢<x) dpn ().

Proof. Let F(z) = (HK) [” f for each = € [a,b], and let € > 0. Ac-
cording to the Saks-Henstock Lemma, there exists a gauge 1 on [a, b] such

that
€

2(1+ (18l 1 (a,))

for each d1-fine Perron subpartition Py of [a,b]. By Theorems 1.4.5 and
1.1.6, there exists a constant do > 0 such that

13
) = F O < T3 ol

for every interval [, 8] C [a,b] with 0 < 8 — a < da.

Define a gauge 6 on [a, b] by setting (5( ) = min{d; (), 62}, and let P be
any 6-fine Perron partition of [a,b]. If g(z) := [ ¢ duy for each € [a,b],
we have F'(b)g(b) = >_ ¢ (u.o))ep (F(v)g(v) - F(u)g(u)) and so

S Hew—u) - / {(HK) /:f}ﬂé(x) e

(t,[u,v]))eP @

Yo Ft) —w) = (F(or) = Fun)| <

(t1,[u1,v1])EPL

- [M)ep{f B — ) — (Fv)g(v) — Fu)g(w) + / Fo dm}

IN

>

(t,[u,v])EP {

F(g() (0 —u) — Fwg(t) + F<u>g<t>}

t v
* ( ¢ dl‘l) + | (F=Fu)é dm}
(t,[u,0])€P /v /u
! 2(|ll 11,578
<9l p, f@®)(v—u)— (HK) f‘+—
e (t,[u,zmep [ ey
<e.

Since € > 0 is arbitrary, the lemma follows. |
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Recall that AC|a, b] is the space of absolutely continuous functions de-
fined on [a,b]. Using the proof of Lemma 6.1.2 together with Theorem
4.4.8, we obtain the following generalization of Lemma 6.1.2.

Lemma 6.1.3. Let f € HK|[a,b] and let (g9,,)5%; be a sequence in AC|a,b]
such that

sup { @) + Var(gn, o1 | < .

Then the sequence (fgn)52 is Henstock-Kurzweil equi-integrable on [a,b].
If, in addition, the sequence (g,)52q is pomthse convergent on [a,bl, then
limy, 00 fgn is Henstock-Kurzweil integrable on [a,b] and

b
(HK)/ lim fg, = hm (HK / fon.
a n—oo
It is natural to ask for a useful description of the set

{g : 3 a sequence (g, );2; in AC]a, b] such that

gn — ¢ pointwise on [a, b] and sup { lgn(a)| + Var(gn, a, b})} < oo}.
neN

The next theorem shows that this set is precisely the space BV |[a, b].

Theorem 6.1.4. Let g : [a,b] — R. The following conditions are equiva-
lent.

(i) g € BV]a,b).

(ii) There exists a sequence (¢,)52, of step functions on [a,b] such that
SUPen [|PnllLijap) s finite and lim, o f; On dur = g(x) — g(a) for
all x € [a, b].

Proof. 1t is clear that (ii) implies (i).

Conversely, suppose that g € BV[a,b]. By Lemma 3.11.2, Var(g, [ ])
exists for every z € (a,b]. Using the convention that Var(g,{a}) = 0, it
follows from Lemma 3.11.2 that the function

x+— Var(g,[a,x])
is non-decreasing on [a,b]. Hence, by Corollary 3.11.5, this function is
continuous except at a countable set {d,}2, C [a,b].
We will next construct a sequence (¢,,)22; of step functions. For each
n € N we consider a fixed division
My, = {{wn -1, Wn i) k=1,...,5(n)}

of [a, b] satistying the following conditions:
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b—a
(A) | max (wn; = wnj-1) < — =

(B) {de}iz L C {wne}g(%,
(©) {wné}g 0 & {wn+1 g}]( +1).

Let
g9(v) — g(u)
Pn () = Vi — U;

0 otherwise.

if x € (u;,v;) for some [u,v] € M,

Then (¢,)22, is a sequence of step functions defined on [a, b].

We will prove that (¢,)22 ; satisfies condition (ii). Let g(a) = 0 and

let gn(x) := [ ¢n duy for each x € (a,b]. Then sup, ey ||¢nllL1(0,p) is finite
since g 6 BV[a b] and
sup Var(gn, [a,b]) = sup Z —g(u)| < Var(g, [a,b]). (6.1.1)
neN &Ny, U]GMn

It remains to prove that lim, . gn(x) = g(x) — g(a) for all z € [a,b].
If ¢ = a, then g,(z) = 0 = g(x) — g(a) for all n € N. On the other hand,
for each = € (a,b] and n € N it follows from our construction of M,, that
there exists a unique [ay, Bn] € My, such that = € (ay, 8,]. To this end,
we consider two cases.

Case 1: There exists NV € N such that z = Sy

For each integer n > N condition (C) and the uniqueness of [ay,, By]
imply that x = 3, and so
9n() = gn(Bn) = 9(Bn) — g(a) = g(z) — g(a).
Case 2: x # (B, for all n € N.
In this case, we have x € (an, By) for every n € N and so conditions
(A), (B) and (C) yield
hHm VCL’I’(g, [O‘naﬁn]) =0.
Combining this limit with ¢,(8,) = g¢g(Bn) — g(a) (n € N) and
Var(gn, [om, Bn]) < Var(g, [om, Bn]) (n € N), we get
limsup |g,(z) — (9(x) — g(a))|
n—oo
< limsup [gn (Bn) — gn(z)| + limsup |g(8n) — g(a) — g(z) + g(a)|
n— 00 n—oo

< limsup Var(gn, [an, Bn]) + lim Var(g, [an, 5n])

n—roo

<2 lim Var(g, [an, Ba))
n—oo
= 0. =
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We are now ready to prove that if ¢ € BV|[a,b], then g is a multiplier
for HK|a,b].

Theorem 6.1.5. If f € HK|[a,b] and g € BV[a,b], then fg € HK]|a,b].
Proof. This follows from Theorem 6.1.4 and Lemma 6.1.3. (]

Theorem 6.1.6. If f € HK]la,b] and g is a positive increasing function
on [a,b], then there exists £ € [a,b] such that

(HK)/abfg=g(b){(HK)/;f}-

Proof. We may assume that g(a) = 0. According to the proof of Theo-
rem 6.1.4, there exists a sequence (¢, )52, of non-negative steps functions
such that sup, ey [|#nllp1[a,p is finite and lim, o [ ¢ dpy = g(z) for all
x € [a,b]. Thus

9u(b) min (HK) / ;< / {HK / }¢n(m) dp ()

< gn(b) max (HK) / f (6.1.2)

z€|a,b]
for all n € N. Next we combine (6.1.2), Lemmas 6.1.2 and 6.1.3 to get

g(b) min HK/f<HK/fg

z€[a,b]

z€la,b]

<g(b) max (HK / f. (6.1.3)

Finally, since g(b) > 0, the desired conclusion follows from (6.1.3) and
the Intermediate Value Theorem. ]

A similar reasoning gives the following result.

Theorem 6.1.7. If f € HK|[a,b] and g is a positive decreasing function
on [a,b], then there exists { € [a,b] such that

(H ) /lbfg=g(a){(HK)/1€f}.

Theorem 6.1.8. If f € HK]Ja,b] and g € BV]|a,b], then fg € HK]|a,b)
and

‘(HK) / ' fg

< ||f||HK[a,b]{ 9(a)] + Var(g, o, b])}.
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Proof. Let (gn)52; be given as in the proof of Theorem 6.1.4. Since
Lemma 6.1.2 yields

b
(HK) / Faul < 1L ictas Var(gn, [a,5)

for all n € N, the result follows from Lemma 6.1.3 and (6.1.1). O

The following theorem shows that Theorem 6.1.8 is, in some sense,
sharp.

Theorem 6.1.9. Let g : [a,b] — R. If fg € HK|a,b] for each
f € HK]a,b], then there exists go € BV|a,b] such that go = g p1-almost
everywhere on [a, b].

Example 6.1.10. For each s € R, we define
Lsinlifz € (0,1],

fa) =4

0 otherwise.

Then the following assertions hold.

(i) fs € HK]0,1] if and only if s < 2.
(i) fs € L'0,1] if and only if s < 1.

Proof. (i) If s <0, then f; € L'[0,1] ¢ HK][0,1].
On the other hand, for each s > 0 we define
x® if x € (0,1],
gs(x) ==
0 otherwise.

If 0 S s < 2, then go_s € BV[0,1] and so g2—s € BV]a,1] for all

Since an integration by parts yields
1

€ (0,1).
2—s 1 ' 1—s 1
sm - dw = |z %cos—| — | (2—s)z" *cos— dx
[0 x (6% [e3 x

for all o € (0,1), an application of Cauchy extension shows that
fs € HK]0,1].

If s =2, a similar argument shows that f» ¢ HK]J0,1].

Now suppose that s > 2. Proceeding towards a contradiction, suppose
that fs € HKJ[0,1]. Since gs—2 € BV]0,1], it follows from Theorem 6.1.8
that fo = fsgs—2 € HK][0, 1], a contradiction. Thus, f, ¢ HK]J0,1].
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Combining the above cases yields (i).

(ii) If s < 1, then a simple computation reveals that fs € L[0,1].

We claim that f; ¢ L'[0,1]. Since (i) implies that f; € HK][0,1], it is
enough to show that Fy ¢ BV[0,1], where Fy(x) = (HK) fom f1 (x €(0,1))
and F1(0) = 0. Using integration by parts again, we get

Fi(z) = xcos : —/ cosl dt (6.1.4)
T 0 t
for all € (0,1]. Since the function F : [0,1] — R defined by
zcost if xe€(0,1],
{ 0 if 2=0
is not of bounded variation on [0,1], we infer from (6.1.4) that
Fy & BV(0,1]. Thus, f; € L'[0,1].

If s > 1, then fi = fsgs—1. Since fi ¢ L'[0,1] and gs_1 is continuous
(and hence bounded) on [0, 1], we conclude that fs ¢ L[0,1].

F(z):=

Combining the above cases yields (ii) to be proved. O

6.2 On functions of bounded variation in the sense of Vitali

The aim of this section is to prove a useful multidimensional analogue of
Theorem 6.1.4. We begin the following m-dimensional analogue of Defini-
tion 3.11.1.

Definition 6.2.1. Let g : [a, b] — R. The total variation of g over [a, b]
is given by
Var(g,|a,b]) := sup{ Z | Ag([u,v])| : D is a division of [a, b]},
[u,v]€D
where

Ag(fu,o)) = Y g®) JTJ-1)¥ 2 (fu, v] € T (la, b])).

teViu,v] k=1
(6.2.1)

Example 6.2.2. When m = 2, (6.2.1) becomes

Ag(fur,v1] X [ug, va]) = g(ug, v2) — g(u1,va) + g(ur, uz) — g(v1, uz).
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Definition 6.2.3. A function g : [a@,b] — R is said to be of bounded
variation (in the sense of Vitali) on [a, b] if Var(g, [a, b]) is finite.

The space of functions of bounded variation (in the sense of Vitali) on
[a, b] is denoted by BV]a,b]. The next theorem is an immediate conse-
quence of Definition 6.2.3.

Theorem 6.2.4. If ¢ € BV]a,b] and [u,v] € Z,([a,b]), then
g\[u,v] S BV[U,’U],

Remark 6.2.5. Let g € BV][a, b]. We set Var(g,J) := 0 whenever J is a
degenerate subinterval of [a, b].

On the other hand, when m > 2 the space BV [a, b] has certain unde-
sirable properties; for example, it contains unbounded functions. Therefore
we are interested in the following space

BVya, b] := {g € BV]a, b] : g(x) = 0 whenever x € [a, b]\(a, b]},
where (a, b] := [[:", (a;, bs].

We have the following result.

Theorem 6.2.6 (Jordan Decomposition Theorem). If g € BVyla, b),
then there exist g1, g2 € BVy[a, b] such that g = g1 — g2 and

inf  min Ay, (1) > 0.
I€Z,([a,b]) 1=1,2

Proof. For each x € [a, b], we let gi(z) = 3(Var(g, [a, z]) + g(z)) and
g2(x) = 3 (Var(g, [a,z]) — g(x)). Then g; and go have the desired proper-
ties. g

In order to state and prove a multidimensional analogue of Theo-
rem 6.1.4, we follow Section 5.4 to write ®(q ) x(Xi) := [[;~; Wi, where
Wi = X, and W; = [a;, b;] for every i € {1,...,m}\{k}.

Lemma 6.2.7. Let ¢ € BVyla,b|. If z,t € [a,b] and z; < t; (i =
1,...,m), then

l9(@) = g(8)] <Y Var(g, ®a,p([r, th]).
k=1
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Proof. By the triangle inequality,

l9(x) — g(t)]

S |g -rl,-”’-rm) —g(t171'2,...,$m)|
m—1

+ lg(t1, st Thy ooy ) — g1, oo by Tl 1y -+ 5 T |
k=2

+ |g(t17"'7tm—17xm) _g(tl,,tm)| .

It remains to prove that the last sum is less or equal to

ZV&r(gE([%Jk]))v
k=1

where E([zk, tx]) denotes the cartesian product
[ar, t1] X -+ X [ag—1,te—1] X [k, tk] X [agt1, Trg1] X - X [@m, T
The proof is now complete because
lg(t1, - st Thy ooy @) — G(E1,y o Ty Tt 1y -« -5 Tyn)|
= |Ag(E([zk, tr]))|
< Var(g, E([zx, tr]))
fork=1,...,m. O

In order to state and prove the main result of this section, we consider
the following space

ACO [a, b]

= {F : 3 f € L'[a, b] such that F(zx) = f@) dum(t) ¥V x € [a,b]}.

[a,z]

The reader can check that ACy[a, b] C BVyla, b]. The following theorem
is a multidimensional analogue of Theorem 6.1.4.

Theorem 6.2.8. Let g : [a,b] — R. The following conditions are equiv-
alent.

(i) g € BVola,b].

(ii) There exists a sequence (gn)22, in ACoyla,b] such that
sup,en Var(gn, (@, b)) is finite and lim, o gn(x) = g(x) for
all x € [a, b].
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Proof. 1t is clear that (ii) implies (i).
For the converse, we suppose that g € BVj|a,b]. For each
k e {1,...,m}, it follows from Theorem 6.2.4 and Remark 6.2.5 that
g€ BV(<I>[,1 v,k ([ax, zx])) for every ) € [ag,bi]. Since the function
xy = Var(g, @,p)k([ar, 21]))
is non-decreasing on [ay, bx]. Hence, by Corollary 3.11.5, the function
z = Var(g, @a,p),x([ar, 2x]))
is continuous except at a countable set {dg ¢}72 ;.

We will next construct the sequence (g,)52; of functions. For each
ke{l,...,m} and n € N we let

Din = {[Wkne—1, Wkne : £=1,...,5(k,n)}
be a fixed division of [ay, bi] satisfying the following conditions:
b — ag

A ma; w —w o) </
( )5—1, ’j}(ikn)( kn, — Whn,0—1) p—

(B) {dre}p_y C {whme} i
( ) {wkné}J( ) C {wk i1 E}J(k n+1)

Next we set

M,
= { H (W 0(k)—1> Whn,e (k)] 2 [Whin o (k)15 Whon,e(k)] € D (B =1, ... ,m)},
k=1
Ay([u,v]) . m
=m——— if ® € [[._(us,v;) for some [u,v] € M,,
on(x) == T2, (vi —wi) ! ’

0 otherwise.

and gp(x) = f[a’m] on(t) dum(t) (€ [a,b]). From the

above construction of the sequence (g,)22; it is clear that
sup, ey Var(gn, [a, b]) is finite, since g € BVj|a, b] and
sup Var(gn, (@, b]) = sup Z |Ag(I)| < Var(g, [a, b]). (6.2.2)
neN neN IeM,,
Now we prove that lim,_,o gn(x) = g(x) for all * € [a,b]. If
x € [a,b]\(a,b], then g,(x) = g(x) = 0 for all n € N. On the other
hand, we select any @ € (a,b]. Then for each n € N it follows from our
construction of M,, that there exists a unique [a,,3,,] € M, such that
x € (an,3,]. To this end, we consider two cases.
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Case 1: There exists N € N such that ¢ = By.

For each integer n > N we deduce from condition (C) and the unique-
ness of o, B,] that & = B, and so g.(z) = gn(B,) = 9(B.) = g(=).

Case 2: x # 3,, for every n € N.

In this case, there exists k € {1,...,m} such that zx € (.n, Bk,n) for
infinitely many n € N. This assertion, together with condition (C), implies
that x € (ak,n,ﬁk,n) and

|gn () — g(x)|
< |gn(/8n) - gn(m” + |g(/8n) - g(il))|

<> Var(gn, ®lapk([25: Benl) + D Var(g, Pa,p) i ([zk, Brn)
k=1 k=1
(by Lemma 6.2.7)

Z (Var(gn7 (I)[a,b],k([ak,nv Bk,n})) + Var(gv (b[a,b],k([ak,nv Bk,n])))

<
k=1
i €(Ak,n:Br,n)
<2 Z Var(g, @(q,p),% ([ n> Br,n])) (by our choice of g,,)

k=1
zke(ak,nvﬂk,n)
for every integers n.
It remains to prove that if k € {1,...,m} and o <z < B, for all
n € N, then
Var(g, ®(q,6),k ([ n, Br,n])) — 0 as n — oo.
But it is clear, since zx # din (k € {1,...,m};n € N), conditions (A), (B)
and (C) imply that

lim max (Bkn— arn) =0.
n—oo k=1,..., m |:|

Remark 6.2.9. While the proof of Theorem 6.2.8 is similar to that of [117,
Theorem 1], we observe that our proof is even more general. In fact, the
proof does not depend on the Jordon Decomposition Theorem (Theorem
6.2.6).

A modification of the proof of Theorem 6.2.8 yields the following results.
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(oo}

Theorem 6.2.10. Let (z1,...,2m) € [a,b] and let ((xl,n, . ’xm’n»n:l
be a sequence in [a,b] such that sgn(z;r — xr) = sgn(z;r — xx) for all
ij € N and k € {1,...,m}. If ¢ € BWla,b and
limy, o0 (T105 -« Tinn) = (@1, -+ -, T ), then imy o0 9(T10, - - -, Tinyn) €2-
1sts.

Theorem 6.2.11. If g € BVy|a,b], then g is continuous everywhere on
[a, b] except for a countable number of hyperplanes parallel to the coordinate
azxes.

6.3 The m-dimensional Riemann-Stieltjes integral

In this section we give a generalization of the m-dimensional Riemann in-
tegral. As a result, we obtain a refinement of Lemma 6.1.1.

Definition 6.3.1. Let F' and H be two real-valued functions defined on
[a,b]. F is said to be Riemann-Stieltjes integrable with respect to H on
[a, b] if there exists A € R with the following property: for each € > 0 there
exists § > 0 such that

Y Ft)Ap(I)-Al<e (6.3.1)
(t,I)epP
for each d-fine Perron partition P of [a, b].

Theorem 6.3.2. There is at most one number A satisfying (6.3.1).

Proof. Exercise. O

Let A be given as in Definition 6.3.1. We write A as (RS) [, , I dH
or (RS) f[a’b} F(x) dH(x); in this case, we say that the Riemann-Stieltjes
integral (RS) [, y F dH exists.

We have the following Cauchy criterion for Riemann-Stieltjes integra-
bility.

Theorem 6.3.3. Let F' and H be real-valued functions defined on [a, b).
Then the Riemann-Stieltjes integral (RS) f[a,b] F dH ezists if and only if
for each € > 0 there exists 6 > 0 such that

Y F®Ap(I) - > Fl@)Au(J))|<e
(t,1)eP (z,J)eQ
whenever P and @Q are §-fine Perron partitions of [a, b].
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Proof. The proof is similar to that of Theorem 2.3.4. (]

Recall that Cla, b] is the space of continuous functions on [a, b]. Ac-
cording to Corollary 2.2.4, || f||c(a,b] = SUPze[a,p) |f(®)] is a non-negative
real number whenever f € C[a, b]. The following theorem is an immediate
consequence of Theorem 6.3.3.

Theorem 6.3.4. If F € Cla,b] and g € BV]a,b], then the Riemann-
Stieltjes integral (RS) f[a,b] F dg exists.

Proof. In view of Theorem 2.2.3, the proof is similar to that of Theorem
2.3.5. O

Theorem 6.3.5. If F' € Cla, b] and g € BV[a, b], then

(RS) F dg

[a,b]

< |Fllcia,6Var(y, [a, ).

Proof. For each € > 0 there exists a positive constant § such that

Z F(t — (RS) Fdg|l<e
(t.I)eP [a,b]

for each d-fine Perron partition P of [a, b]. Hence, for any d-fine partition
P of [a, b], we have

> F®)Ay(D)| +¢ < ||FllcapVar(g, [a, b)) +
(t,I)epP

(RS) / Fdg| <
[a,b]

Since € > 0 is arbitrary, the theorem is proved. O

Theorem 6.3.6. If F € C[ a,b], g € BV]a,b], and D is a dwision of
la, b], then (RS) [, F' dg exists for all I € D, and

(RS) / Fdg= Y (RS) / F dg.
[a,b] IeD 1
Proof. Exercise. U
Theorem 6.3.7. If F € Cla, b, h € L'[a,b] and H(x) = [, o1 h dpim for

all x € [a,b], then the Riemann-Stieltjes integral (RS) f F dH exists,
Fh € L'[a,b] and

(RS) [ FdH = Fh dpip. (6.3.2)
la,b] [a,b]
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Proof. In view of Theorem 6.3.4, Corollary 2.2.4 and Theorem 3.7.3, it
suffices to prove that (6.3.2) holds. For each € > 0 we apply Theorem 2.2.3
to select a sufficient small n > 0 so that

g

WFI) < — =
ED < T Tl ma)

for each I € Z,,,([a, b]) with diam(I) < n. If P is any n-fine Perron partition
of [a, b], it follows from Theorems 6.3.6, 2.3.10 and 6.3.5 that

(RS) / Fag— [ Fhd,
[a,b] [a,b]
< > RS/FdH /thum
#,1)eP 1
= Y |#) [(r-Fe) dtt -~ [(F - @) dun,
(t,1)epP 1 I
< > wEDVar(H,I) + || L1a,s)
(¢, I)eP
<eE.
Since € > 0 is arbitrary, the theorem is proved. O

Theorem 6.3.8. Let F' € C[a, b] and suppose that the following conditions
are satisfied:

(i) (gn)22, is a sequence in BV [a, b] with sup,cy Var(gn, [a, b)) < oo;
(ii) gn — g pointwise on [a,b].

Then the Riemann-Stieltjes integral (RS) f[a,b] F dg exists. Moreover, the
limit lim,, o (RS) f[a’b] F dg, exists and

lim (RS) F dg, = (RS)/ F dg.

e [a,b] [a,b]

Proof. For each € > 0 we apply Theorem 2.2.3 to select a sufficient small
n > 0 so that

9
4(1 + sup,en Var(gn, [a’ b]))

w(F, 1)<
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whenever I € Z,,([a,b]) with diam(I) < n. If P is any n-fine Perron
partition of [a, b], we have

S F(®)A,,(01) - (RS) [ Fdg,

(t,1)eP [a,b]

F(t)A,, (I) — (RS) / F dg,

(RS) / (F(t) - F) dgn

< Z (F,Var(gn,I)

<=, (6.3.3)

Combining (6.3.3) and (ii) shows that ((RS) f[a o F dgn)zo:1 is a
Cauchy sequence of real numbers; therefore this sequence converges to some
real number A. Finally, we let n — oo in (6.3.3) to complete the proof. O

The following theorem is a refinement of Lemma 6.1.1.

Theorem 6.3.9. If f € L'[a,b] and g € BVy[a, b], then fg € L'[a,b] and

f9 dyi = (RS) /[ b]{ [ b]fdum} dg(z).

[a,b]

Proof. Let (¢,)52; be given as in the proof of Theorem 6.2.8. For each
n € N we observe that the proof of Lemma 6.1.1 yields

1@ { [ ontt) dmnte)} e

— /[a,b] {/[t,b] f(x) dum(sc)} D () dpim (t).
Next we let gn(t) := [, 4 ®n dpm (t € [a, b]) and apply Theorem 6.3.7 to
obtain

/[a’b] { /[t,b] f(z) dum(m)} G () dpim ()

- /[a,b] { /[t,b] f) dum(w)} Bn(t)-

The desired conclusion follows from the above equalities, Lebesgue’s Dom-
inated Convergence Theorem and Theorem 6.3.8. O
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It is now easy to deduce the following Mean-Value Theorem from The-
orem 6.3.9. For other versions of such theorem, consult for instance [162].

Theorem 6.3.10. Let f € L'[a,b] and let g € BVyla,b]. If Ay(I) >0 for
every I € I,,(]a, b]), then there exists c € [a, b] such that

fg d,um = g(b) f d/.tm.
[a,b] [e,b]

Proof. This is an immediate consequence of Theorem 6.3.9, the following
inequalities

g(b) min { fd,um} S/ { fd/‘m} dg(x)
x€[a,b] [x,b] [a,b] [x,b]

<o) o { [ 7w}
z€[a,b] [,b]

and the Intermediate Value Theorem. O

6.4 A multiple integration by parts for the Henstock-
Kurzweil integral

The aim of this section is to show that an analogous version of Theorem
6.3.9 holds for the Henstock-Kurzweil integral.

Theorem 6.4.1. If f € HK]Ja, b] and g € BV |a,b], then fg € HK|a, b]
and
i) [ ga=s) [ ) [ . @i
[a,b] [a,b] [x,b]
Proof. Let e > 0 and use Theorem 2.4.7 to choose a gauge §; on [a, b]
so that
€

2 WO = Tliku < 5 N Tarw)

(. 1ep’

(6.4.2)

for each d;-fine Perron subpartition P’ of [a, b].

Since g € BVyla, b, it follows from Theorem 6.2.11 that there exists a
set Z C [a, b] such that p,,(Z) = 0 and g is continuous at each point of
[a, b]\Z. Hence there exists a gauge d2 on [a, b]\Z such that

€
l9(z) —g(y)| <
A1+ |f (@) ])(pm ([a, B]))

whenever x € [a,b]\Z and y € B(z,d2(x)) N [a, b).
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Since Z C [a, b] has p,,-measure zero and f is real-valued, it follows
from (6.4.2) that there exists a gauge d3 on Z such that

€
Il ey <
(t“JZ):eP” U7 8(1+ Var(g, [a, b))

for each Z-tagged d5-fine Perron subpartition P” of [a, b].
Now we define a gauge § on [a, b] by setting

{ min{d; (x),d2(x)} if = € [a, b\ Z,

min{d;(x),d3(x)} if x € Z,

§(x) =

and consider any d-fine Perron partition P of [a, b]. Then

S Fg(Em(D)  (RS) /[a’b] {orr) /M 1} dgte)

(t,1)eP

< 2

(¢, I)eP
te(a,b]\Z

IR

(t,1)eP
tez

5>

(t,I)eP
tela,b]\Z

Ly

(t,I)eP
tela,b]\Z

IR

(t,1)eP
teZ

:Sl+52+53a

F®)gpum (D) — (RS) /H {(HK) /[] fxf} dg(w)

(D) — (RS) /[a’b] {0 /M P} dgte)
f(t){g(t)um(f) - foan}

1) [ g dun — (25) /[1 {(HK) /[] fo} dg()
(1) — (RS) /[a,b] {0 /w] P} dg(e)

say.
According to our choice of d2, we get

Si= >

(t,I)eP
tela,b]\Z
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Theorems 6.3.9, 6.3.5 and (6.4.2) yield an upper bound for Ss:
S

= Y f(t)/jg dpim — (RS) /[a,b] {(HK) /[m’b] fXI} dg(x)

(t,1)eP
tela,b]\Z

= Y &S /[a’b] {(HK) /[m,b] (f(t)—f)xz)} dg(x)

(t,1)epP
tela,b]\Z

<=
10°

We also have

Ss3
= 5 |t - as) [ {ums [ pof e
tezZ
< {Q}L‘,’b} o(6) | Py {romno ) [ 1] 4] [ 5]}

teZ
+ RS {HK f }d
> | e [ ds
teZ

g{ sup |g(t)|} (t%:ep { ‘f(t)um(l)(HK)/If‘+ ‘(HK)/If‘}

t€(a,b]
tez
+Var(g, [a, b]) Z I £l 225 (1) (by Theorem 6.3.5)
(t,I)eP
tez

szvﬂ(g,[a,b]){ S -l + Y ||f||HK<I>}
(t,I)epP (t,I)eP
tez teZ

(since g € BVyla, b))
€
< §

Combining the above estimates completes the proof. O

Following the argument of Theorem 6.3.10, we obtain the following re-
sult.
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Theorem 6.4.2. Let f € HK|[a,b] and let g € BVyla,b]. If Ag(I) >0
for every I € Z,,,([a, b)), then there exists ¢ € [a,b] such that

) [ o= s ) /H }

The following theorem is a consequence of Theorems 6.3.5 and 6.4.1.

Theorem 6.4.3. If f € HK[a, b] and g € BV |a,b], then fg € HK|a, b)
and

<\ fllzk(a,p)Var(y, a, b]). (6.4.3)

’

‘(HK) | o

6.5 Kurzweil’s multiple integration by parts formula for the
Henstock-Kurzweil integral

The aim of this section is to establish Kurzweil’s multiple integration by
parts formula for the Henstock-Kurzweil integral. We begin with the fol-
lowing definition.

Definition 6.5.1. A function g : [a1,b1] X [az,b2] — R is said to be
of bounded variation in the sense of Hardy and Krause if the following
conditions are satisfied:

(i) the function x — g(x, as) is of bounded variation on [aq, b1];
(ii) the function y — g(a1,y) is of bounded variation on [as, ba];
(111) g € BV([al,bl] X [a27b2]).

Recall that ®(q 4] 1(Xk) := [T%, Wi, where Wy, = X}, and W; = [a;, b;]
for all ¢ € {1,...,m}\{k}. The following definition is an m-dimensional
version of Definition 6.5.1.

Definition 6.5.2. A function g : [a, b] — R is said to be of bounded vari-
ation in the sense of Hardy and Krause on [a, b] if the following conditions
are satisfied:

(i) f T c{1,...,m} is non-empty, then

9} ﬁ B e(en)) € BV( g%[ak,bko;

k=1
kgD
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(ii) g € BV][a,b].

The class of functions of bounded variation in the sense of Hardy and
Krause on [a, b] will be denoted by BVyk[a, b]. The following theorem is
an immediate consequence of Definition 6.5.2.

Theorem 6.5.3. BV;[a, b] C BVykla,b].
We need the following lemmas in order to prove Theorem 6.5.6 below.

Lemma 6.5.4. Let g € BVgkla,b]. If T C {1,...,m} is non-empty and
ek € {ag, b} for all k € {1,...,m}\T, then

€ BV( ﬁ [ak,bk])

d

() ®pape{e}) =2
k=1
kT
Proof. This is an immediate consequence of Definition 6.5.2. O

In order to proceed further, let

P = {ﬁYk : Vi € {{ar}, {bk}, [ar, bx] } for each k € {1,.. ,m}}

k=1

and for [[,—, Yi € Pu, let
F(HYk> ={ie{l,...,m}:Y; = |a; b}
k=1

Lemma 6.5.5. If g € BVyk|a,b] and Y € Py, then gxy € BV]a, b].

Proof. U'Y € P, with card('(Y)) = m, then Y = [a,b] and hence
gxy € BV]a,b]. On the other hand, for any Y € P, satisfying
card(I'(Y)) < m, Lemma 6.5.4 implies that gxy € BV|a, b]. O

Theorem 6.5.6. If g € BVykla,b], then gx(ap) € BVola,b] and

Iapy = Y ()@@ gy (6.5.1)

YEPm
Proof. 1t is clear that (6.5.1) holds for any real-valued function g defined
on [a,b]. Since (6.5.1) and Lemma 6.5.5 imply gx(a,p) € BVla,b], we
conclude that gx(a,s) € BVola, b]. O
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For each k¥ € {1,...,m} and ¢ € [a,b], we define the function
The : @, b] — [a, b] by setting 7y () = z, where z, = ¢}, and z; = x; for
all j € {1,...,m}\{k}. Using Theorems 6.2.8, 6.3.7 and 6.3.8, we obtain
the following result.

Theorem 6.5.7. Let F € Cla,b], let ¢ € BV]a,b|, and suppose that
glx) = 0 for all x € [a,b]\(a,b). If there exists ¢ € [a,b] such that
F(z) = (Fomge)(x) for all x € [a,b], then

uw{/ F dg = 0.
[a,b]

Proof. According to Theorem 6.2.8, there exists a sequence (¢,)52 in
L'[a, b] such that

sup ||¢"||Ll[a,b] <00 (6.5.2)
neN
and
li_{n ¢n dpim = g(x) for all x € [a, b]. (6.5.3)
oo [a,]

Consequently, we infer from (6.5.2), (6.5.3), Theorems 6.3.7 and 6.3.8 that

(RS) / Fdg= lim Fén dpim. (6.5.4)
[a.b]

n— oo [a,b]

Using the assumption F' = F' o 7 . and Fubini’s Theorem, we get

/ F¢n dum Z/ (F e} Wk,c){/ ¢n dm} dum_l (655)
[a9b] HT:l [ai7bi] [ak;bk]
i#k
for all n € N.
In view of (6.5.4) and (6.5.5), it remains to prove that

lim (F omm){/ Dn dul} ditm—1 =0. (6.5.6)
OO I las,bil (akbx]
iZk

To prove (6.5.6), we first observe that (6.5.2) yields

/ On dpiy
[ak,bk]

dﬂzm—l < sup H(anLl[a,b] < 0.
neN

sup/
neN HTZl las,b:]
i£k

(6.5.7)
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Next, for each & € ®q p),1({ar}) Fubini’s Theorem, (6.5.3) and our choice
of g yield

lim {/ On dul} dptm—1 = 0. (6.5.8)

=1 lai,xi] lak,bk]
Finally, an application of an (m —1)-dimensional analogue of Theorem 6.3.8
yields (6.5.6) to be proved. O

Theorem 6.5.8. Let f € HK]|a, b] and let F: [a, b] — R be any function
such that Ax(I) = (HK) [, f for every I € I,,(|a,b]). If g € BVukla,b],
then fg € HK|a,b] and

) [ ga= Y e ms) / b]ﬁd@xy)}. (65.9)

[a,8] YEPrm

Proof. Let go = gX(a,p)- By Theorems 6.5.6 and 6.4.1, fgo € HK|[a,b]
and

k) [ fon = (53) /H {r) /H e

Since ¢ = go pm-almost everywhere on [a,b], we conclude that
fg € HK|a, b] and

(HE) [ f9=(HEK) [ f.
[a,b] la,b]

It remains to prove that (6.5.9) holds. Using the additivity of the in-
definite H K-integral of f over [a, b], we see that

wK) [ = Ap(a,b)
[x,b]

for each « € [a, b]. Therefore the linearity of the Riemann-Stieltjes integral
and Theorem 6.5.7 yield

&S) [ An(w,bl) dgol) = (RS) / (1) F dgo.
[a,b] la,b]

Finally, since the linearity of the Riemann-Stieltjes integral and Theo-
rem 6.5.6 yield

\m _ __qycard(D(Y)) =
(RS) /M< D" F dgy= Y (-1) {(RS> /[a’b]chqu)},

YEPm

the above equalities yield (6.5.9). O
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For [Ti, Yi € P, set o([[jey Vi) :i={i € {1,...,m} : Y; = {a;}}. It
remains to show that Theorem 6.5.8 is equivalent to the following Kurzweil’s
multidimensional integration by parts formula [73, Theorem 2.10].

Theorem 6.5.9. Let f € HK]Ja, b] and let F: [a, b] — R be any function
such that Az(I) = (HK) [, f for every I € Z,,([a,b]). If g € BVyk]|a,b],
then fg € HK|a,b] and

(HK) fg
[a,b]
= Ag,([a,b])
£ s [ (eeOIF] dgl,),
k=1 YE P _l:I1 laj,bs]
card(r(y))=k PEINeS)

(6.5.10)

Proof. If v € V]a,b], then it follows from the definition of the Riemann-
Stieltjes integral that

(8S) [ F digxin) = Fwigte) [[-1 0.
a, i=1
Similarly, for each Y € P, satisfying 0 < card(I'(Y)) < m, we write
Y =TI, Y to get

(RS) /[ Filox)

(ayene ) | I o))}

{ i€{1,...,mIN\D(Y)

j=1
JET(Y)
_ (_1)card(o(Y)){(RS)/ . ﬁ‘y d(9|y)}-
I1 [a;.b5]

Jj=1

JET(Y)
Combining the above equalities together with Theorem 6.5.8 yields
(6.5.10) to be proved. O

Corollary 6.5.10. Let m = 1, let f € HK]a,b], and let F: [a,b] — R be
any function such that Az ([u,v]) = (HK) [ f for every [u,v] € Z1([a,b]).
If g € BV |[a, b, then the Riemann-Stieltjes integral (RS) f; F dg exists and
b b
(HEK) [ f9=Fblg(t) - Flayg(a) - (8S) [ F dg

a



192 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Example 6.5.11. If m = 2, then (6.5.10) becomes

(HK)/ J(w1,22)g(x1, 22) d(21, 22)
[a1,b1]x[az2,b2]

= F(b1,b2)g(b1,b2) — Flax, ba)g(ar, b)
+F(a1,az2)g(a1, az) — F(az,b1)g(az, b1)

by by

—{(RS) F(.’El, bg) dg(.’l?l, bg) — (RS) F(.’El, 0,2) dg(xl, ag)

—

—{(RS) /b Flb1, ws) dg(by, 2) — (RS) /b Flay, 22) dg(al,m)}

+(RS) F(x,y) dg(z,y).

[al,bl]x[ag,bg]

Theorem 6.5.12. If f € HKJa, b] and g € BVyk[a,b], then there exists
go € BWyla, b] such that g = go pm-almost everywhere on [a,b] and

‘(HK)/ fa| < fllara,sVar(go, [a, b]).

’

Proof. Exercise. O

We are now ready to give a generalization of Theorem 6.1.6.

Theorem 6.5.13. Let f € HK[a,b]. For each i € {1,...,m}, let g; be a
positive increasing function defined on [a;,b;]. Then there exists ¢ € |a, b]
such that

(HI) /H F(@g) = <®zzlgi><b>{<HK> /[] f}.

Proof. Exercise. O

Example 6.5.14. Define the function f : [0,1]> — R by setting

L sin —L— if (21, 22) € (0,1]2,

foren) ={ g mm e O e

Then f € HK([0,1]*)\L([0, 1]?).

Proof. Suppose that f € L(]0,1]?). Then it follows from Fubini’s Theo-
rem that the map z +— f(z,y) belongs to L'[0, 1] for p;-almost all y € [0, 1],
a contradiction. Thus, f & L'([0,1]?).
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We will next use Theorem 5.5.9 to show that f € HK([0,1]?). For each
x2 € (0,1] and 0 < @ < B < 1, an integration by parts gives

ol 1 1 1° p 1
sin dr1 = |x1 cos — cos dxq
o L1T2 122 122 |, o T1x2

and hence

sin

g1 1 1 A 1
(HK)/ dx1 = 8 cos — —/ cos dr.
0 T1x2 XT1T2 Bxa 0 T1T2
(6.5.12)

Furthermore, it follows from (6.5.11) and (6.5.12) that if [«, 8] X [y,d] €
Z5([0,1]?) with 0 < 8 <1 and 0 <y < & < 1, then the iterated integral

J L 1
/ {(HK)/ sin dml} dpq (x2) exists
Y 0 T1T2  T1T2

d A 1
/ {(HK) / sin dml} dul(.IQ)
~ 0 T1T2  T1T2

We will next prove that the inequality

S P 1
/ { / sin du1($1)} dp1(z2)
0 a T1T2 T1T2

holds whenever 0 < § <1 and 0 < a < 8 < 1. Indeed,

S8 1
/ { / sin dm(scl)} dpq (z2)
0 o L1T2 T1x2

St 1
=1l i d d
Wi)I(I)I‘FL {/a T1T9 St T1T2 ﬂl(xl)} ,u1($2)

and

< 2B(6 — 7). (6.5.13)

<26(8—a) (6.5.14)

= | lim sin dpe(x1, x2)
720" Jlap)x[y,0] T1T2 T1T2
B 1
= |l i d d
'yi{ng o {‘/7 T1X2 st T1X9 ﬂ1($2)} Iul(ml)
B 1 1 5
= 711)%1+ 5 {5COSE —’)/COSE —[Y cos P d,ul(mg)} dpg (1)

A 1 J 1
— /a {6(:055_5“_/0 cos s d,ul(xg)} dpy (1)

(by Lebesgue’s Dominated Convergence Theorem)

< 20(8 — ).
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Finally, we prove that f € HK ([0, 1]?). To do this, we define the interval
function F : Z5([0,1]?) — R by setting

Fll, B] [, 6]) = (HE) / 5 {u) [ ’

Clearly, F' is an additive interval function. Since f is continuous on each
interval I C (0,1]%, we need to prove that

Vac F(({0} x [0, 1]) U ([0, 1] x {0})) = 0
But this is an easy consequence of (6.5.13) and (6.5.14). O

sin
T1T2 T1T2

dxl} d{EQ.

6.6 Riesz Representation Theorems

The aim of this section is to prove a generalization of Theorem 6.4.1, which
will be used to characterize the multipliers for H K[a, b]. We begin with
the following definition.

Definition 6.6.1. A norm on a linear space X 1is a function
|- |x : X — [0, 00) satisfying the following conditions:

(i) ||lz]lx = 0 if and only if 2 = 0x, where Ox denotes the zero vector of
X.

)

(i) |Jax||x = |of |z]|x for all @ € R and z € X;
(iii) (Triangle inequality) ||z + yllx < ||z|lx + |ly]|x for all z,y € X.

The normed linear space just defined is denoted by (X, ||-||x), or simply
X.

Example 6.6.2. The space C[0, 1] is a normed linear space.

Definition 6.6.3. Let (X, |- ||x) and (Y, || - ||y) be normed spaces, and let
T: (X[ lx) — X[ - [ly). If

T (a1 + Br2) = oI (x1) + BT (x2)
for all o, 8 € R and x1,22 € (X, ] - [|x), we say that T is a linear operator.

An operator taking real values is known as a functional.

Example 6.6.4. The function S : C[0,1] — R is defined by

/ f dp.

Then S is a functional on C[0,1], and [S(f)] < [/fllcp, for all
fecC|o,1].
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Definition 6.6.5. Let (X, ||-||x) and (Y, ||-]ly) be normed spaces. A linear
operator T : (X, || - ||x) — (Y, ]| - |ly) is said to be bounded if there exists
C € [0,00) such that ||T'(x)|ly < C|lz||x for all x € X. The operator norm
for a bounded linear operator T is defined as

|T|| = inf {C: |T(z)|y <Clz|x forall z€ X}.

Theorem 6.6.6. Let (X,| - |lx) and (Y| - ||y) be normed linear spaces,
and let B(X,Y) be the set of all bounded linear operators from X to Y.
Then (B(X,Y),| - |) is a normed space.

Definition 6.6.7. Let (X, || - ||x) be a normed linear space. The space
(B(X,R),|| - ) is usually denoted by X*, which is known as the dual of
(X - 1x)-

The following theorem is an immediate consequence of Theorem 6.3.5.

Theorem 6.6.8. If g € BVy|a, b], then the map F — (RS) f[a,b] F dg isa
bounded linear functional on Cla, b].

At this moment, it is natural to ask whether every bounded linear func-
tional on Cla, b] can be represented in the form F — (RS) f[a,b] F dgo
for some g9 € BVpla,b]. In order to answer this question, we need the
following useful result.

Theorem 6.6.9 (Hahn-Banach). Let (X, - ||x) be a normed linear
space, (Y, || - |lx) @ linear subspace of (X,| - |x), and y* € Y*. Then
there exists x* € X* such that ||z*| = ||y*|| and z*(y) = y*(y) for all
ye - lx).

We are now ready to state and prove the following result concerning the
dual space of Cla, b].

Theorem 6.6.10. Let T : Cla,b] — R be a bounded linear functional.
Then there exists go € BVp|a, b] such that

T(F) = (RS) /[ F

for all F € Cla,b]. Moreover, |T| = Var(go, [a, b]).
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Proof. Let Bla,b] be the space of bounded functions on [a, b], and we
equip the space Bla, b] with the supremum norm | - ||sc. According to the
Hahn-Banach Theorem, T" has an extension T' such that 7' € B [a, b]* and
IT]| = 1T

Define a function gy : [a, b] — R by setting

) TX(ay) itz € (a,b],
go(@) := {0 otherwise.

Then we have

s o) = T TT (Xt # x1010003) ) (0] € Zulas ).

We claim g9 € BV]a,b] and Var(go, [a,b]) < ||T||. Indeed, for any net D
of [a, b], we have

> 1A, ([, )]

[u,v]€D
= Z TV(HKZ([UZ,U7]))|
[u,v]eD =1

(where r;([ui, vi]) :== X(ul,v,] + X{uyn{a;y (E=1,...,m))

Z f(ﬁm([u,;,v, ) sgn(T Hm g, v;))

[uwleD  i=1

Z (ﬁ/ﬂ([uhvl 5gn H/fz ul)”l )
[u,v]eD =1

m m

> (T #i(uivi) sen(T Hm i, ;) H

[u,v]eD =1

<7l

< Il

We will next prove that T'(F) = (RS) f | F dg for cach F € Cla, b].
To prove this, we let F' € Cla, b] and let (D ) >, be a sequence of divisions
of [a, b] such that lim,, ;. max(s 4ep, |||t — ||| = 0. By Theorem 2.2.3, F'
is uniformly continuous on [a, b] and so

lim
n—oo

> OF(t HX(sll"f'X{e}ﬁ{a}))_FH =0.
[s,t]eD,, i=1 o)
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Thus,

Y F)Ag([st]) ~ T(F)

[s,t]€D,,
= f( > F® ([T + Xqs3ngay) — F)
[s,t]€Dy, i=1
< ||T||] F) (T 0ng + Xiognen)) — FH

[S,t]GD" =1

— 0 as n — oo.
Consequently, T(F) = T(F) = (RS) f[a,b] F dgo. As F € Cla,b] is arbi-
trary, we get

IT]| < Var(go, [a, b]).
It is now clear that go has the desired properties. O

We now turn to the normed linear space HK[a,b]. Here we write
f=gif f =g pm-almost everywhere on [a, b]. The following theorem is
an immediate consequence of Theorem 6.4.3.

Theorem 6.6.11. If g € BVyla, b], then the map f — (HK) f[a’b] fgisa
bounded linear functional on HK|a, b].

Our next goal is to prove that every bounded linear functional on
HK]Ja,b] is of the form f — (HK) f[a p) /90 for some go € BV|a, b].

Theorem 6.6.12. If T is a || - ||-bounded linear functional on HK]Ja,b),
then there exists g € BVy|a, b] such that

T(f) = (HK) fg
[a,b]
for all f € HK[a, b]. Moreover, |T|| = Var(g, [a, b]).
Proof. For each f € HK]|a,b] it follows from Theorem 2.4.8 that the

function  — (HK) f[w b f belongs to Cla, b]. A simple computation shows
that

C’HK[a,b]

= {F :3f € HK[a, b] such that F(x) = (HK) f (xe€ [a,b])}

[,b]
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is a linear subspace of Cla, b].

Define Ty : Cyx|a, b] — R by setting
where f € HK|a,b] and F(z) = (HK) f[m y/ (x € [a,b]). Since Tp
is a bounded linear functional on Cpla, b], we can apply Hahn-Banach
Theorem and Theorem 6.6.10 to choose g € BVj|a, b so that

T,(F) = (8S) [ Fdg
[a,b]
for all I € Cyk|a,b]. An appeal to Theorem 6.4.1 completes the proof.

6.7 Characterization of multipliers for the Henstock-
Kurzweil integral

The aim of this section is to give a characterization of multipliers for the
Henstock-Kurzweil integral. We begin with the following theorem, which
asserts that each multiplier for HKJa, b] induces a bounded linear func-
tional on HK|a, b).

Theorem 6.7.1. If g : [a,b] — R is a multiplier for HK]|a,b], then the
linear functional

f— (HK) fg : HK[a,b] — R
[a,b]
is bounded.

Proof. Suppose that the linear functional
f— (HK) fg: HK[a,b] — R
[a,b]

is not bounded. Then there exists [a1,b1] € Z,.([a,b]) such that
|[[b1 — a1]|| < 3/|b — al|| and the linear functional

f»—)(HK)/[ b]fg:HK[al,bl]—>R

is not bounded. Thus, we can select an f; € HK][aq,b;] such that
| illrsctan o < Land |(HE) [y, ) 19| > 4.

Since the linear functional

f»—)(HK)/[ b]fg:HK[al,bl]HR
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is not bounded, there exists [a2,b2] € Z,([a1,b1]) such that
b2 — azll| < 4ll1by — aslll, |(HEK) i, 0., flg‘ < 2 and the linear func-

tional
f»—)(HK)/ fg: HKlas,bs] — R
[az,b2]
is not bounded.  Proceeding inductively, we construct a sequence

([an,bn])ff:1 of intervals so that the following properties hold for every
neN:

(i) [an+1a bn+1] - [ana bn]§
(i) b+ — @nialll < 5ll1bn — anlll;
(iii) there exists f, € HK[an,by,] such that ||f.l|lgx(a,b,) < 1 and
‘(HK) ﬁan+labn+1] Ing| <27
(V) |(HE) fi, 0, Fog] > 4"

Since (i) and (ii) hold for all n € N, it follows from the Nested Interval
Theorem that (),—,[an, b,] = {c} for some ¢ € [a,b]. Now we define the
function f : [a, b] — R by setting

oo fk
f= Z 2_kx[akvbk]\(ak+lvbk+l)'
k=1
Since the set {c} is um-negligible, it follows from (i), (ii), (iii) and Theorem
5.5.9 that f € HK|[a, b] and

0o
Ik
(HK>/If: Z(HK)/I2_kX[ak;bk]\(ak+1;bk+l)

k=1
for all I € Z,,([a, b]). On the other hand, it follows from (iv) and (iii) that

mK) [ po-ww) [ fg
[an,bn] [@nt1,bnii]

- |<HK>

JIX[an,bu]\(@ns1,bnsr)
[a,b]

fnyg
‘(H K) /[a y 2 Xlanoul\@nss bt

oo 5) [ gl 5 ) [ ug
[an,bn] [an+t1,bn41]

>2" -1
>1

v

S on
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for all n € N, contradicting Theorem 2.4.9. This contradiction proves the
theorem. ]

The following theorem gives the main result of this chapter.

Theorem 6.7.2. A function g : [a,b] — R is a multiplier for HK|a, b]
if and only if there exists go € BVpla, b] such that g = go ftm-almost every-
where on [a, b].

Proof. This is a consequence of Theorems 6.4.1, 6.7.1 and 6.6.12. O

6.8 A Banach-Steinhaus Theorem for the space of
Henstock-Kurzweil integrable functions

In this section we modify the proof of Theorem 6.7.1 to obtain a Banach-
Steinhaus Theorem for H K [a, b]. We begin with the following lemma.

Lemma 6.8.1. Let Y be a normed space, let [u,v] € T,,([a, b]), and let
T C B(HK[u,v],Y). Ifsup{||T|| : T € T} = oo, then there exists
J € Ty, ([u, v]) such that diam(J) < 3|||v — ul|| and

{7
HK(J)

Proof. Exercise. O

:TET}ZOO.

Theorem 6.8.2 (Banach-Steinhaus Theorem). Let Y be a normed
space and suppose that T C B(HK[a,b],Y). If M(f) := supper [|T(f)lly
is finite for each f € HKla,b], then supp||T|| is finite.

Proof. Proceeding towards a  contradiction, suppose  that
suppey ||T|| = co. By Lemma 6.8.1, there exists [a1, b1] € Z,,([a, b]) such
that |||b1 — a1]|| < %|||b— al|| and

sup HT’ = 0. (6.8.1)
TET

HK[al,bl]

Hence there exist 71 € 7 and f; € HK|a1,b:] such that [|f1||gxa,,6,] <1
and ||T1(f1)[ly > 3.

Proceeding  inductively, we construct a  decreasing se-
quence ([an, bn])zoz1 of intervals such that the following conditions hold
for every n € N:
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(i) [an+1abn+1] € Im([ambn]) and |||bn+1 - an+1||| < %|||bn - an”l;
(ii) we have

sup HT‘

TeT HKlay,by,)

(iii) there exist f, € HK|ay,by,] and T), € T such that

1
_ n—1
20711+ 20— 1T

anHHK[an,bn] < 7||Tn(an[an+17bn+l])||Y <2

and
n—1
||T (fn)”Y >n+2+ Z ka[ak,bk]) + M(ka[ak+1,bk+1]))
k=1
Set

o0
f= Z Tk X[an bi]\(@rs1,brt1)-

k=1

Since (i), (iii) and Theorem 5.5.9 imply that f € HK[a,b] and

lim
n—oo

bi]\(ar+1,br+1) — fH =0,
HK|a,b]

for each n € N the continuity of the linear operator 7,41 yields

Trir(f) =D Tt (FrX(awbi)\(@nsribrss)
k=1

so that

Tn+1(f)

Y

,

Y

To1(frnt1X[ansr bnsa]) Tr1(fnt1X[ans2,bns0])

Y ’

n
—‘ Z o1 (frX[ar,br)\(@rr1,brss))

Y

00
_‘ Z Tn—i—l ka[aA,bA]\(ak+1,bg+1))

=n+2 Y
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‘ Y

> n+3+z ka[ak bk]) +M(ka [@kt1, bk+1])) 2

and

Tn+1 (f)

Z ka ak,bk]) +M(ka[ak+1,bk+1]))

k=1
S U oY (—
k=n+2 2 1+ Zj:l ”TJ”)
>n.

As n € N is arbitrary, we obtain M (f) = oo, which contradicts the assump-
tion that M(f) is finite. This contradiction proves the theorem. 0

Theorem 6.8.3. Let Y be a normed space and assume that
(Th)22, is a sequence in B(HK[a,b],Y). If lim,_o Tn(f) exists for
each f € HKl|a,b], then there exists T € B(HK]|a,b],Y) such that
limy, 00 Tn(f) = T(f) for each f € HK[a,b].

Proof. Define T : HK|[a,b] — Y by setting
T(f) = lim T,(f)-

Then it is easy to check that T is linear. It remains to prove that T is
bounded. For each f € HK]|a,b], the existence of the limit lim,, o T3 (f)
implies that sup,cy ||7%(f)|ly is finite. Since f € HK]a,b] is arbitrary,
we infer from Theorem 6.8.2 that sup,cy 75| is finite. It follows that
T € B(HK]a,b],Y):

TNy = T [T (H)lly < limsup | To[[[ [l zx1a,60 < sup [Tollllfll a5 fa,0)
n—00 n—00 neN

for each f € HK][a,b]. O

6.9 Notes and Remarks

There are many excellent books on integration by parts for one-dimensional
Henstock-Kurzweil integrals; see, for example, Gordon [44], Pfeffer [137],
and Lee and Vyborny [88]. Theorem 6.1.4 is due to Jeffery [67], but
the present proof is similar to that of [117, Theorem 1]. Sargent [146]
used improper Lebesgue integrals to prove Theorem 6.1.9 in the context of
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Denjoy-Perron integration. For other results concerning multipliers of one-
dimensional non-absolutely convergent integrals; see, for example, Bruck-
ner, J. Mafik and C.E. Weil [21], Bongiorno [9], Fleissner [39-41], Lee [100],
and Maiik and Weil [119].

Section 6.2 is largely based on Macphail [117] and Lee [104]. Theorem
6.2.11 is due to W.H. Young and G.C. Young [164].

The presentation of Section 6.3 is similar to that of Lee [104]. Several
variations of Theorem 6.3.10 can be found in W.H. Young [162].

Sections 6.4 and 6.5 are based on the paper [104] too. W.H. Young [162]
used a different method to establish Theorems 6.5.9 and 6.5.13 for Lebesgue
integrable functions. For an application of multipliers to first order partial
differential equations, see [28]. For other results involving multipliers of
non-absolutely convergent multiple integrals, see, for example, De Pauw
and Pfeffer [29], Kurzweil [73], Lee [95,105], Liu [113], Mikusinski and
Ostaszewski [132], Ostaszewski [135], and Pfeffer [140]. Example 6.5.14 is
a special case of [92, Example 4.8].

A two-dimensional analogue of Theorem 6.6.10 can be found in Hilde-
brandt and Schoenberg [61]. Theorem 6.6.12 is due to Lee [105].

Sections 6.7 and 6.8 are based on [105, Theorem 3.9] and [89, Section 3]
respectively. For other related results, see Ostaszewski [135] and Lee [105].
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Chapter 7

Some selected topics in trigonometric
series

The main aim of this chapter is to give some recent applications of the
Henstock-Kurzweil integral to the single trigonometric series

70 + ;(ak cos kt + by, sin kt), (7.0.1)
where ag, a1,b1,a9,bs,... are real numbers independent of ¢t. Our starting

point depends on a new generalized Dirichlet test.

7.1 A generalized Dirichlet test

Let Ny := NU {0}. We begin with the following summation by parts.

Theorem 7.1.1 (Summation By Parts). Let (up);>, and (vi)72, be
two sequences of real numbers. If n € NO, then

Zukvk = Up Zuk—i-z k_'UkJrl Z (711)

Proof. For each k € {0,...,n}, we have

UV
k k-1
= vk ( Z u; — Z uj) (where an empty sum of real numbers is zero)
Jj=0 J=0
k k-1
= UkZUj — kauj
j=0 j=0
k—1

k — k—1
= (’Uk E Uj — V-1 Uj) (’Uk 1 E Uj — Vg uj)
=0 7=0

<
I

o
<

205
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and hence
n n k k—1 k—1 k—1
E UV = E {(vk E Uj — Vg—1 g uj> + (vk_l E Uj — Vg u]>}
k=0 k=0 j=0 j=0 j=0 j=0
n k k—1 n k—1 k—1
= E {vk E Uj — Vg—1 uj} + E {Ukl Uj — Vg uj}
k=0 7=0 7=0 k=0 7=0 7=0
n n—1 k
= v, Y ui+ ) {(vk—ka) > UJ}
=0 k=0 =0 OJ

We have the following generalized Dirichlet test for infinite series.

Theorem 7.1.2. Let (u)32, and (vi)32, be two sequences of real numbers
such that lim,, o, v, =0 and

o0 K
Z | vp — Vg1 |r£(j)l%.).{,k Zuj < 00. (7.1.2)
k=0 J=0

Then the following assertions hold.

(i) The series Y oo o(vk — Vkt1) Z?:o uj converges absolutely.

(ii) If n € Ny, then

k r

E ukvk—g vk—vk+1)§ u;j <2§ | v — Vg1 rréaxk E uj
k=0

j=0 k=n j=0

(ii) The series Y oo ukvk converges and

E UV = E Uk_vk;+1)§ uj.
k=0

=0

=

Proof. 1t is clear that assertion (i) holds. To prove assertion (ii), we let
n € Ny be arbitrary and consider two cases.

Case 1: Suppose that

lim max Zuj =0.

n—oo r=0,...,n | 4
J=0

In this case, it is clear that assertion (ii) holds.

Case 2: Suppose that

lim max E
n—oo r= 0
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In this case, it follows from (7.1.2) that the series Y 7o | v — g1 | con-
verges. Thus

n oo k
E UV — E (vk — Vg41) E Uj
k=0 k=0 j=0
o) k
= vng uk-i-g (Vk — Vit1) E E (vk — Vi41) E U
3=0 k=0 3=0
n oo k
< ’Ung U +E ('Uk_karl)E U
k=0 k=n j=0
oo k
< E Ug { E Ivk—vk+1}+ E (Uk—'UkJrl)E U
k=n k=n 7=0
o0
(since E |vg — vk+1| converges and lim v, =0)
kfo n— o0

o T
<2 E | v — vgt1| max E uj| .
r=0,...,k | ©
k=n 7=0

Since assertion (iii) follows from assertion (i) and (7.1.2), the theorem is
proved. O

We remark that Theorem 7.1.2 is a proper generalization of the following
classical Dirichlet test.

Corollary 7.1.3 (Dirichlet). Let (u;)32, and (vi)72, be two sequences
of real numbers. If (v, is decreasing, lim, v, = 0, and

SUP,en | Dopeo Uk| s finite, then Y, upvy, converges.

Before we present some useful consequences of Theorem 7.1.2, we need
the following simple lemma.
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Lemma 7.1.4. If a real number t is not an integral multiple of 7, then

Z sinkt = — blIl nt + 12%(:;15 (7.1.3)
and

Z coskt = — 1= C205 nt + ;};Zg (7.1.4)
for all m € N.
Proof. Exercise. O

The next lemma is a consequence of Theorem 7.1.2.

Lemma 7.1.5. The series Y po, Sir;ckt converges for every t € R.
Moreover, this series converges uniformly on [—m,—d] U [§, 7] whenever
0<d<m.

Proof. 1t is easy to see that the series ) po , Skt
integral multiple of 7. On the other hand, if ¢ is not an integral multiple of

m, then (7.1.3) yields

converges if t is an

o0

1 1 1 1
Z<E‘k+1> S Zsmﬁ<§+|tan%|<m;

hence Theorem 7.1.2(iii) implies that the series 5 | S2EL converges.

Finally, for any 0 < 6 < 7, we infer from (7.1.3) and Theorem 7.1.2(ii)
that 77, S2E converges uniformly on [, —4] U [4, 7. O

The following lemmas play a crucial role in Chapters 7 and 8.

Lemma 7.1.6. We have

== ifx € (0,2m),

k
Z A ) s i e (—2m,0), (7.1.5)

0 if x € {—2m,0,27}.
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Proof. Since the function z +— sinzx is odd, and sinkr = 0 for every
k € N, it is enough to consider the case x € (0,27). Then we have
=, sinkzx
k

k=1

= lim Z cos kt dt
Tk

n—oo
i T 71— cosnt N sinnt COS% gt (by (7.1.4))
= lim 1.
n—oo [ 2 2 sin % Y
— T sinnt cos & i
S + lim 7t2 dt since lim SRy _ 0
2 n—oo [, 2sin 5 n—oo  2n

T—z Y COSﬂtCOt% " /7T cosnt @t
= 1m _—— —_ _—
2 n—00 2n " z 4n sin2 %

( by integration by parts, since 0 < z < 27)
T—

2 |

Lemma 7.1.7. sup, ey sup,cg | > p_; 22E| < 3.

Proof. Let n € N be given. Since the function = — >°}_; % is odd
and 27-periodic, it suffices to prove the lemma for ¢ € [0,7]. For each
t € [0, 7] we apply Lemma 7.1.6, Theorem 7.1.2(iii) and (7.1.3) to obtain

" sin kt
2

k=1
" sinkt —sink(t + sink(t + £ m—(t+ L
$- ]| s ke | m e
k k 2
k=1 k=n+1
n 251n k T
< Z kk—|—1 Z sinj(t+ —) ts
k=1 k= j=n+1
_ | 2sin £ 1+|cot§(t+ )‘_'_
— k n+1 2
<3 ( since 2nsin —— > > forall n € N )
<37 since 2nsin 7 > — for all n =

The following theorems are immediate consequences of Theorem
7.1.2(ii) and Lemma 7.1.7.
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Theorem 7.1.8. Let (ax)32, be a sequence of real numbers such that
Sore lak — ags1| converges and lim,, o0 a, = 0. Then > 7~ %ﬂkt con-
verges uniformly on [—m, .

Theorem 7.1.9. Let (ai)52, be a sequence of real numbers such that
v o lak — akt1| converges and lim,,—,o an, = 0. Then & +> e, ak coskt
converges uniformly on [§, 7] whenever 0 < d < .

7.2 Fourier series
A 2m-periodic function f: R — R is said to be in L(T) if f € L}[—m, 7).

Definition 7.2.1. Let f € LY(T). The Fourier series of f is the trigono-
metric series

% + ;(ak cos kt + by sin kt),

where the a,’s and b,’s are given by the formulas

an:l f(t)cosnt dui(t) (n=0,1,2,...)
™ —T
and
1 ™
by, = — ft)sinnt dui(t) (n=1,2,...).
™

—T

In this case, we write

oo
f(t) ~ % + Z(ak cos kt + by, sin kt).
k=1
Here a,, and b,, are known as the Fourier coefficients of f.

“ )

The above sign “~” can be replaced by the “=” sign only if we can
prove that the series converges and that its sum is equal to f(t).

Theorem 7.2.2 (Riemann-Lebesgue Lemma). Let f € L}(T) and as-
sume that
a | ¢ :
f(t) ~ 5 + » (aycoskt + by sin kt).
k=1

Then lim,,— o a, = lim,, v b,, = 0.
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Proof. 1t is easy to check that the theorem is true if f is a step function.
Now suppose that f € LY(T). For each ¢ > 0 we use Exercise 3.7.6 to
choose a step function ¢ on [—m, 7| such that

/ilf—¢>|<6~

/7T o(t) cosmt duq (t)| < e.

Since a similar reasoning shows that limsup,, . |bn| < €, the theorem
follows. O

Then

. 1 1
limsup [an| < || f — ¢llp1—r,m + lim —
s n—oo T

At this point it is unclear whether the converse of Theorem 7.2.2 is true.
In order to prove that this converse is false, we need the following classical
result.

Theorem 7.2.3. Let f € L'(T) and assume that

ft) ~ i(ak cos kt + by sin kt). (7.2.1)
k=1

Then the series S e | % converges and

=0.

lim max
n—00 g€[—m7,7]

/ac { i(ak coskt + by sin kt) — f(t)} du (1)

T N k=1

Proof. We will first prove that

q
b
s[up ] Z ((;—k sin kx — f cos k‘x) —0asp,qg—oo. (7.2.2)
rE|—T,T k=p

Let & > 0 be given. Since f € L'[—n, n] there exists > 0 so that n < &
and

g €
sup / Il Xu(e) dp < =,
z€[—m,mwJ—7 12

where
U($) = [_777 -7+ 77) U ((I —1,T+ 77) n [_77771-]) U (7T -, 7T]
whenever € [—m, 7]. According to Lemma 7.1.5 and our choice of 7, we

select a positive integer NV so that

S

sink(t —x
3 (k )

k=r

13
204+ ([ fllrf=m,m)

sup max
z€[—m,m) te[—m,m\U(z)
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for all integers s > r > N. Hence for any z € [—, 7] it follows from Lemma
7.1.7 that

. /a b
Z (f sinkx — ?k cos kw)

k=p

1 g 1 sink(t —
-2\ Lio{ S o

i I sink(t —x
</ﬂf(t)|{6XU(w)(t)+ ’;# X[—ﬂ,ﬂ]\U(z)(t)} dp (t)
<e

for all integers ¢ > p > N. It follows that (7.2.2) holds; in particular, the
series Y oo, % converges.

Next we observe that (7.2.1) implies that the function t — ffﬂ f duy
belongs to L!(T). In view of (7.2.2), it remains to prove that

t e e] (e’ .
by agsinkt by coskt
/ fdus ~ ,;_1 % 08 km + ,;,1 { PE— } (7.2.3)

-7

By integration by parts, we get

1 ™ t bk
—/ / fduy ) coskt dui(t) = ——
T J) o k
l/ﬂ /tfd inkt dus (t) = &
) - H1 S111 H1 = L

for all £ € N. Thus

t [e’e] .
arpsinkt by coskt
/ﬂfd,uleJrZ{ e } (7.2.4)

k=1

and

for some constant C' to be determined. Finally, since (7.2.1) implies that

J7_f duy =0, we infer from (7.2.2) and (7.2.4) that C = 377 | % cos kw.D

The following example is an immediate consequence of Theorem 7.2.3.

sin kt

ok is not the

Example 7.2.4 (Fatou). The trigonometric series Y -,
Fourier series of a function in L(T).
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Example 7.2.5 (Perron). Let (b;)72, be a sequence of real numbers such
that bg = 1 and

it 1 1
b"+1_z<n+1—k_n+2—k)b’“

k=0
for n € Ng. Then (b,,)52 is a decreasing sequence, lim,, ;o b, = 0 and

0 _ In(2sint) — =7 gin ¢
Zbksinkt: (cos 5) In(2sin 3) Smﬁ (t € (0,m)).
k=1

2
2sin £ [(In(2sin £))2 + (557)2

Since the function
—(cos £) In(2sin

2sin £ [(In(2sin £

N
N
o
|
-
w‘l
3
N
S

is not Lebesgue integrable on [0, 7], the sine series >y ; bi sin kt cannot be
the Fourier series of a function in L*(T).

7.3 Some examples of Fourier series

According to Example 7.2.4, not every trigonometric series is the Fourier
series of a function in L!(T). In this section we give some simple sufficient
conditions for a trigonometric series to be the Fourier series of a function
in L1(T). We begin with following modification of Theorem 7.1.2.

Theorem 7.3.1. Let (cx)72, be a sequence of real numbers with
limy, o0 € = 0. If (fr)32, is a sequence in L'[a,b] satisfying

Z | ek — Cht1] max ij < 00, (7.3.1)
k=1 i e AN
then there exists f € L'[a,b] such that
lim Z Ckfk - f = 0.
= L[a,b]
Proof. Exercise. O

We need the following two lemmas to prove Theorem 7.3.4 below.

Lemma 7.3.2. Let (u)32, be a decreasing sequence of real numbers with
limy, oo un, = 0. If (V)32 s a sequence of non-negative numbers, then
> oo ukvk converges if and only if Y peo(uk — Ukt1) Z?:o vj converges.
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Proof. This follows from Theorems 7.1.1 and 7.1.2(iii). O
Lemma 7.3.3. sup,,cy m Jo I sinkt| dt < 4.

Proof. Clearly, foﬂ sint dt = 2 < 4In2. On the other hand, for any
positive integer n > 2, we have

n
T |1 —cosnt 1
[ St = [ ]7+t
0 |p=1 0

dt by (7.1.3
2tan% 2 (by ( )

n—1

o1 — ™
§/0 Tem Z <cosktcos(k+l)t> dt+§

k=0
2T
Pt 2k+1 2
<In(n+1)*+2In3
< 4ln(n+1). -

Theorem 7.3.4. Let (by)32, be a decreasing sequence of real numbers with
lim, o0 by = 0. Then the series Y o, %’“ converges if and only if there
exists g € L'(T) such that g(t) = > p, bxsinkt for every t € [—m,w]. In
this case,

™

Z by, sin kt — g(t)

k=1

dMl (t) =0.

lim
n—oo J_

Proof. (<=) This follows from Theorem 7.2.3.

(=) Since (bg)%2, is a decreasing sequence such that lim, o b, = 0
and Y o, % converges, it follows from Lemma 7.3.2 that the series

> pe i |bk — bit1| Ink converges. Hence the series

T

> T sin jt
Z|bk — b1 |r£%,ax,k/o Z ; dt

k=1 j=1
converges by Lemma 7.3.3. An application of Theorem 7.3.1 yields the
result. O

Our next aim is to establish a Lebesgue integrability theorem for single
cosine series via Theorem 7.3.1. To do this, we need the following modifi-
cation of Lemma 7.3.3.

Lemma 7.3.5. sup,,cy m Jo |34 >4 coskt| dt <4.
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Proof. First we select any integer n > 3. Then

|1 n
/0 §+Zcoskt dt
k=1
1. t 1 ("
< —sinntcot = | dt + = |cosnt| dt (by (7.1.4))
o 12 2 2/
™| sinnt /1 1 t 1 ("
< dt ———cot—= | dt + = snt | dt
_/0 —l—/o (t 5 €O 2) —|—2/0 | cosmt |
n km .
n sinnt
< dt + 2
- ;[kfl)« t T

" sinn
= ————— dn+2
;/0 n+ k-1~
<4+4+In(n+1)
<4In(n+1)

because 3ln(n+1) > 3Ind =6In2 > 13—2 = 4 for every integer n > 3. Since

we a.].SO haV €
/
0

2
1
§+kz_1coskt

1 8
5+cost‘ dt:%+\/§<§<4ln2

and

T

m 1
dt §/ (cos® t + cost) dt+5/ | cos 2t | dt
0 0

r

T
== +1
5+

<4In3,
the lemma is proved. O

In view of Lemma 7.3.5, the proof of the following theorem is similar to
that of Theorem 7.3.4.

Theorem 7.3.6. Let (ar)72, be a decreasing sequence of real numbers such
that lim,, , an, = 0. If the series ZZO:l % converges, then there exists
f € LY(T) such that f(t) = % + > o, arcoskt for all t € [—m,7|\{0} and

lim
n—oo J_

a n
?0 +;akCOSkt_ f(&)] dpa(t) = 0.
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Now we weaken the assumptions of Theorem 7.3.6 to obtain the follow-
ing theorem.

Theorem 7.3.7. Let (ai)72, be a sequence of real numbers such that
Sore lak — ags1| converges and lim,, o a,, = 0. Then there exists a 27-
periodic function f: R — R such that

T ao n
55&A {5+gkumM—fm}ﬁ

—{ hm/ f(t cosntdt}
§—0t

Proof. By Theorem 7.1.9, the series

lim sup
n=00 4 (0,n]

(7.3.2)

In particular,
for all n € Ny.

oo
ag
o) + ; ay cos kt

converges uniformly on [§, 7] for every 0 < § < w. Define the function
f R — R by setting

2 43 akcoskt if t € [—m,0) U (0, 7],
f)y=140 if £ =0,
f(t+2m) ifteR

so that f is 2m-periodic. By Theorems 7.1.9 and 7.1.8,
T a0 n
51_1>r(r)1+/6 {7+§akcoskt—f(t)} dt
i ar sin kx
k

n+1

limsup sup
n—oo ze(0,n]

= limsup max
n—oo z€[0, 7"]

=0.

O

We say that a sequence (ay)7e, of real numbers is conver if
Gp — 2041 + Apyo > 0 for all n € Ny.

Corollary 7.3.8. Let (ar)3>, be a convex sequence of real numbers
such that lim, , a, = 0. Then there exists a non-negative function
f € LYT) such that f(t) = % + Y22  akcoskt for all t € (0,7], and
9 3 akcoskt is the Fourier series of f.
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Proof. Since our assumptions imply that the series Y7 |ar — apq1]
converges and lim, .- a, = 0, we let f be given as in Theorem 7.3.7.
Then f(t) > 0 for every t € (0, n]. Indeed, for any ¢t € (0, 7], we have

M8

k
1
f@) =) (ak — art1) (5 + ZCOSﬁ>
k=0 Jj=1
= sin(k + 1)t
=D (0 — ) — ==
=0 S1n 3
e k ] l
=3 ok~ Zang + o) 3 o
k=0 7=0 2sin 2
> sin?(E£L)¢
= Z(ak = 2ap41 + ak+2)%
k=0 S1n 3
> 0.

O

The following example, which is a consequence of Corollary 7.3.8, shows
that the converse of Theorem 7.3.6 is false.

cos kt
Ink

Example 7.3.9. The trigonometric series Y p- .,
but the series Y 7o, 717 diverges.

is a Fourier series,

Example 7.3.10 (cf. [149, p.524]). Let g(t) = > o, %m 3 sin kt if
the series converges, and ¢(t) = 0 otherwise. Then g E LI(T) but

k
I

2sin 5°
klnk

= Q.

Proof. Since we have

cosk(t—Z) xcosk(t+I)
t) = — 37 A S T
9(t) kZ:? nk kzzz nk

for pq-almost all ¢ € [0, 7], we can modify the proof of Corollary 7.3.8 to
conclude that g € L'(T). On the other hand, it follows from the Cauchy

km
Condensation Test that >~ ~, = 00. 0

2SIHT
klnk
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7.4 Some Lebesgue integrability theorems for trigonometric
series

Let (ax)32, and f be given as in Theorem 7.3.7. At this point, it is not
clear whether f € L!(T). One of the aims of this section is to show that f
need not belong to L!(T). We begin with the following lemmas.

Lemma 7.4.1. The following statements are true.

(i) If j,k, 0 e N with j <k </l orj<k<U{, then

T iy
/ sin 27¢ sin? 2%t sin 2°t dt = / sin 27¢ sin 2%t sin? 2°¢ dt = 0.

2

(i) If j bk, eNwith{>k+1>j+1o0orl>k>j+1, then

s
/ sin? 27¢ sin 2F¢ sin 2°¢ dt = 0.

™

2

(iii) If j € N, then

s
/ sin? 29t sin 29 ¢ sin 29 72¢ dt = —1”—6.

2

(iv) If 4, k,€,p € N with j < k < £ < p, then

U
/ sin 27t sin 2%t sin 2%t sin 2P¢ dt = 0.

™

2

Proof. Exercise. O

Lemma 7.4.2. If by,...,b, are real numbers, then

T n 4 It n 2
/ <Zbksin2kt> dt < I(Zbi).
k=1 k=1

jus
2

Proof. 1If n € {1,2}, then the result holds. Henceforth, we assume that
n > 3.

For each j € N and x € R, let S;(z) = sin27(z). Then, using multino-
mial expansion and Lemma 7.4.1, we get
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/: <zn:bk5‘k(t))4 dt

2 /H r:[(bs )th

(k1. kn)ENG
k1+ A+kn,=4
n T 2
:Z/ (bij(t> dt+6z Z/ ( ) (kak(t)) dt
j=1"72 =1 k=j5+1
n—2 T
H2Y Bbinabiia [ (S0P S 0S54a(t) d
j=1 2
n—1 n 192
- Zb4 Z 36— ”ZbQ bj1bjso
j=1 k=j+1
6T < 97
s Z by + Z Z b2b? + 625;
=1 k=j5+1 Jj=1

| /\

3”{21;%22 Z b2b2}

j=1 k=j+1

= %ﬁ(;bﬁ) :

(]
Lemma 7.4.3. If by,..., b, are real numbers, then
T n 2
(/ Zb;ﬁinQ’%‘dt) >—/ ( Zbksm2t) dt.
Z k=1 2

Proof. Let g,(t) = Zz L bisin 27t for each t € [Z, ] Then, using the
observation 2 = % + , Holder’s inequality (with p = 2 and g = 3) and
Lemma 7.4.2, we get

/;(gn (/ |gn (t Idt)2 i

IN

W
7N
3
—~
N
3
—~
~
=
S~—
oW
~
N———
W

and the result follows. O



220 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Theorem 7.4.4. Let > .-, by be an absolutely convergent series of real

numbers. Then there exists h € L*([0,7]) such that h(t) = £ 377 | by, sin 2¥t

for pi-almost all t € [0, 7] if and only if Y777 | /3272, b3 converges. In this
case,

Proof. (<) For each j € N and z € [0,7], let S;j(t) = sin27t. For each
N € N we have

/” ibjsg(f) &t

SNTT | j=1
N .l k N .l o)
2F b;S;(t) 2F b; S;(t)
ST ey [Ty 22
k=0" 2k+T1 | j=1 k=0" 2k¥T | j=k+1

The first term on the right-hand side of (7.4.1) is bounded above by

WZJO'.;1 |bj |:

Nl & b;S;(t) o 4 ko -
Z/ Z% dtSWZQk-l-l22j|bj|:7r2|bj|.(7.4.2)
k=07 7T | j=1 k=1 j=1 j=1

We will next show that the second term on the right-hand side of (7.4.1)
is bounded above by 777, /3772, b%. Since Lebesgue’s Dominated Con-

vergence Theorem yields
2

™ o o]
™
/ﬂ > bS8 k(t)| dt= 1 > b3 forallkeNg, (7.4.3)
2 | j=k+1 j=k+1
we infer from the Cauchy-Schwarz inequality that

al =0 b;9(t
Z/ Z% it

k=07 3FFT | j=k+1

2k

N T [e's)
:Z/ 3 b;Si-k(t) | .
k=0" 2 | j=k+1 i
N T oo 2 ™ q
<y / < 3 bjsjk(t)> dt /ﬂﬁdt
k=0 TN =kt 3
Si ib?. (7.4.4)
=k

£
Il
—
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Since N is arbitrary, we deduce from (7.4.1), (7.4.2) and (7.4.4) that

g > kak(t)
su
NEII)\I /_ Z t

k=1
hence the conclusion follows from Theorem 3.7.1.

(=) Conversely, suppose that there exists h € L!([0,7]) such that
h(t)=>"7, w for pi-almost all ¢ € [0, 7). Since Y - | bk | is assumed
to be convergent, it suffices to prove that

{/ Ihldu1+w2|bk|} (7.4.5)

k=1

Z b;S;_1(t) | dt

j=h+1

L
2k

|

st dt

k=0 k+1 Jj=k+1

N st 0o
2F b;S;(t)
SO MR
k=0" 28T | j=k+1

™

<7{§:/2k ;% dt+Z/ Zk:bjsg(t) dt}

k=0 " R¥T

<7 \h|dlt1+7TZ\bk
U J

k=1 O

The following example follows from Theorem 7.4.4.

Example 7.4.5. lims_,q+ f;% ey S‘}t% dt = oo.

We are now really to state and prove an integrability theorem for single
cosine series.
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Theorem 7.4.6. Let (ai)72, be a sequence of real numbers such that
ar —agy1 = 0 for all k € N\{2" : r € N}. If limp,oa, = 0 and
Yoo lar — art1| converges, then % 4377 | ay coskt is a Fourier series if
and only if

o0 o0
Z Z(%j =y, )? < oo.
k=1 \ j=k

Proof. Since Theorem 7.1.2(iii), (7.1.4) and our hypotheses yield

oo oo

sin 2kt

sup Z Apag cos kt — Z(%k — a2k+1)2t—t < Z | ap — Q41 | < 00,
te(0m) | k=0 k=0 Mzl o
the result follows from Theorem 7.4.4. O

Let f be given as in Theorem 7.3.7. The following example shows that
f need not belong to L(T).

Example 7.4.7. Let

4o = ay = Z X{QT:T’GN;(]) and aj = Z X{QT:TEN?})(j) for k € N\{l}
=2 (Inj)2 j=k (Inj)2

Then %4 + >, ax coskt is not the Fourier series of a function in L'(T).

Proof. This follows from Theorem 7.4.6. 0

Our next aim is to prove an analogous version of Theorem 7.4.6 for
single sine series. We need some lemmas.

Lemma 7.4.8. The following statements are true.

(i) If j,k, 0 e Nwith j <k <l orj<k<U{, then

T
/ cos 27t cos? 2%t cos 2t dt = / cos 27t cos 2Ft cos? 2°t dt = 0.

™ ™

2 2

(i) If j,k, eNwith>k+1>j+1orl>k>j+1, then

s
/ cos® 27t cos 2%t cos 2 dt = 0.

2

(i) If j € N, then

v
/ cos? 29t cos 29 ¢ cos 2912¢ dt = 17r_6
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(iv) If j,k,€,p e N with j < k < ¢ < p, then

T
/ cos 27t cos 2Ft cos 2¢t cos 2Pt dt = 0.

™

2

Proof. Exercise. O
Lemma 7.4.9. If ay,...,a, are real numbers, then
T n 2 T n 2 T n
/E (Zak(l—COSth)> dt_§<zak) +Zzai.
2 k=1 k=1 k=1
Proof. Exercise. 0
Lemma 7.4.10. If a1, ...,a, are real numbers, then
T n 4 n 2 n 2
/ (Zak(l—COSth)) dt§8ﬂ<(2ak) —l—Zai) .
T Ng=1 k=1 k=1

Proof. 1If n € {1,2}, then the result holds. Henceforth, we assume that
n > 3. Since Lemma 7.4.8 holds, we can follow the proof of Lemma 7.4.2
to conclude that

T n 4 37T n 2
/I (Zakcos2kt> dt<z<2ai> ;
2 k=1 k=1
therefore Minkowski inequality yields the desired result:

([ (St o) )

2

<(3) |2+ (%) (z4)
<((3) + (F) () +2)



224 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

The proof of the following lemma is similar to that of Lemma 7.4.3.

Lemma 7.4.11. If aq,...,a, are real numbers, then

™ n 2 T n 2
T
(/E E ar(1 — cos 2%t) dt) > 195 /. < g ar(1 — cos 2Ft) > dt.
2 k=1 2 k=1

Proof. For each n € N and t € [T, 7], let fn( ) =Y ar(l — cos2kt).
Then, using Holder’s inequality (with p = 2 and g = 3), Lemmas 7.4.10
and 7.4.9, we obtain

/(fn s(/ R0l @)’ (/;(fnu)fdt)%
<([n0ra) (o (So) w5t} )’
(/ | fu(t) |dt) (87r{/72rﬂ%(fn(t))2dt}2>il’>’

and the result follows. O

The following theorem involves absolutely convergent cosine series.

Theorem 7.4.12. Let (ax)3>, be a sequence of real numbers such that
Soreilax| converges.  Then there exists v € L'([0,7]) such that
Y(t) = 1 Y0y ar(l — cos2%t) for pi-almost all t € [0, 7] if and only if

i ( i aj>2+ i a3 < oo.

k=0 j=k+1 j=k+1

Proof. (<) For each j € N and z € [0,7], let C;(z) = 1 — cos2/z. For
any N € N, we have

/” f:ajcj(t) &
NTT | j=1
k
a;C;(t) C;(t)
< ol LTI gt (7.4,
Z/_ Z ; dt+Z/ . dt. (7.4.6)
SEFT | j=1 FTT | j= k+1

The first term on the right-hand side of (7.4.6) is bounded above by
w3 lagl:

s

>/

L a;Ci(t)
RG] PR 3 3l

k=07 ZFFT | j=1 k=1 j=1

=m laj|. (1.47)
j=1

2k:+1
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The second term on the right-hand side of (7.4.6) is bounded above by

2
3 Y heo \/(Z;‘ik-&-l aj) + 3k 45

05 (t Y & Ot
Z/ t() dt:Z/w 3 tk() gt

SRFT | j= k+1 k=072 |j=k+1

k=0 Jj=k+1
- e} [e%e] 2 0
— ) 2
X (e ra
k=0 j=k+1 j=k+1

As N is arbitrary, we deduce from the above inequalities that

& C 0 2 e’}
stue%/Qﬂ Zak i ( dt <27 Z <Z aj> + Z a?; (7.4.8)

N+T | k=1 j=k—+1 j=k+1

hence the conclusion follows from Theorem 3.7.1.

(=) Conversely, suppose that there exists ¢» € L'([0,7]) such that
P(t) = > ey M for p11-almost all ¢ € [0,7]. Since >, |ak| is as-
sumed to be convergent, it suffices to prove that

o 2 (e - IS
zsvlé%z ( > “J’) + D a?<8{/0 9] dﬂ1+ﬂ;|ak|},

j=k—+1 j=k+1

(7.4.9)

i\’: (i aj)2+ i a? S\/i@ 3 /j i a;Ci_i(t)| dt

k=0 j=k+1 j=k+1 k=072 |j=k+1
N i o)
23 2k
< _§ oF E a;C;(t)| dt
= /7r j J()
k=0" 2k+1 j=k+1

\ /\
\

BUETES >

k=1
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The following example follows from Theorem 7.4.12.

. Tl (=DF o L ok _
Example 7.4.13. lims_o+ [5 7|20, (1 —cos2Ft)| dt =

3
k2
We are now ready to state and prove an analogous version of Theorem
7.4.6 for single sine series.

Theorem 7.4.14. Let (by)?2, be a sequence of real numbers such that
by — bip1 = 0 for all k € N\{2" : r € N}. If 377, |bx — bry1| converges
and lim,_,, b, = 0, then Zzo:l by sinkt is a Fourier series if and only if

oo o0 o0

SNDIEMSIY 'S

2
(boi — b2j+1)> < 0.
k=0 \ j=k+1 j=k+1

Proof. Since Theorem 7.1.2(iii), (7.1.3) and our hypotheses yield

= 1 — cos 2Ft
sup brsinkt — ) (bgr — b2k+1)7 | br — brt1 | < o0,

te(0,r) Z ; 2tan 3 ;
the result follows from Theorem 7.4.12. |
Example 7.4.15. Let by =0, let

o0 . r -

by, = Z(_l)&%ixﬂ 'TEN?{(]) for ke N\{1},

=k (Inj)2

and let Bj = by; — by, 1 for j =1,2,.... Since Y oo |br — by41| converges,

lim,, o b, =0, and

S Y me( X
k=0 \ j=k+1 j=k+1

we infer from Theorem 7.4.14 that >~ , by sinkt is not the Fourier series
of a function in L*(T).

7.5 Boas’ results

Let (bg)52, be a sequence of real numbers such that lim, . b, = 0 and
> pey |br — brt1| converges. According to Examples 7.2.4, 7.2.5 and 7.4.15,
> ore b sinkt need not be the Fourier series of a function in L!(T). In
1951, Boas [7] proved that limg_,q+ fgr > pey b sinkt dt exists if and only

ity % converges. The next theorem generalizes this particular result.
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Theorem 7.5.1. Let (cx)32, be a sequence of real numbers such that
limy, o0 ¢, = 0 and Y 7o | | ek — cry1 | converges. If (9,)52, is a sequence
in Cla,b] satisfying

Py (z) — Pn(a)

{sup|<1> l|cla,p) + sup sup

a<z<bn€N n(z —a)
n
+ sup sup (z — a)Pi(x }<oo7
z€la,b]neN | 73

then the following assertions hold.

(i) If = € (a,b], then Y5, “2E) conperges.
(ii) limg_yos { L3} cefel@) _ shoc abi(atd)y

Proof. Assertion (i) is a consequence of Theorem 7.1.2(iii). To prove
assertion (ii) we may further assume that the sequence (¢ )72 ; is decreasing

and
D, (z) — Dy(a)

{9m|©|cmm+ sup sup

a<z<bneN| n(z—a)
- 1
+ sup sup Z(x—a)@k(x) } <-. (7.5.1)
z€la,b] nEN | T 2

Since lim,, o ¢, = 0, it remains to prove that
L3 oo
yoalila) shadilatd)) 1
k k lJ
k=1 k=1 s
for all § € (0,1). But (7.5.2) is a consequence of (7.5.1) and Theorem
7.1.2(ii):

L

o=
—

HM

k=1 k k=1 k
L3 o
i} o) —® i) 0
<30 k(a+ 13: k(a) .S Ck k(ka+ )
k=1 k=[%]+1
1 L3) 1 n
<4 ¢k + g7CL)  sup Z Di(a+9)
|_3J 1 \_S n>[4]+1 k=[1]+1

IA
o
Eal
_l’_
N
)
s
-
il
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The following results of Boas are immediate consequences of Theorem

7.5.1.

Theorem 7.5.2. Let (b)), be a sequence of real numbers such that
limy, 00 by, = 0 and >, |bx — bi41| converges. Then Y -, %" converges
if and only if lim,_, o+ Sopo | WKL ogigts,

Proof. Applying Theorem 7.5.1 with [a,b] = [0,7], ¢t = by and
D (t) = cos kt, we get the result. O

Theorem 7.5.3. Let (b)), be a sequence of real mnumbers such that
limy, 00 by, = 0 and >y y | br, — bet1 | converges. Then > -, %’“ converges

if and only if img_, o+ [ 07 brsinkt di exists.

Proof. Since lim,_ .o b, = 0 and 220:1 |br — bi41] converges, it follows

k—1
from Theorem 7.1.2 that the series >, (_1)% converges. Hence, by
Theorem 7.1.9, it is easy to check that lim_, o+ [;* D57, be sin kt dt exists if
and only if limg; o+ > oo, W exists. An application of Theorem 7.5.2

yields the desired result. O

Theorem 7.5.4. Let (a;)72, be a sequence of real numbers such that
lim,, o0 ap, = 0 and ZZO:() | ax — agy1 | converges. Then

T o)
a
lim —0—1—2 apcoskt » dt exists.
5—0t+ Js 2 1

Proof. By Theorem 7.1.9, limy_o+ [5 > po; arcoskt dt exists if and

only if limg o+ > po W exists. Now we apply Theorem 7.5.1 with
[a,b] = [0,7], ¢x = ar and Pr(t) = sinkt to conclude that
lims o+ D opey %S}vﬂ exists. O

Theorem 7.5.5. If > 1o, by is an absolutely convergent series of real num-
bers, then limg_, o+ f; %220:1 by sin kt dt exists.

Proof. This is an immediate consequence of Theorem 7.5.4, since
Sy ‘ Dk b = ik by ’ converges, lim, o0 3,2, b; = 0, and

oo oo

by, sin kt - -
sup Z%—Z( bj)coskt <23 |be] < oo
te(0,m) | p—1 k=1 \j=k k=1 O

The following example sharpens Example 7.4.5.

Example 7.5.6. There exists a function h € HK|[0,7]\L'[0, 7] such that
h(t) = L300 k=2 sin 2%t for all t € (0, 7.
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Proof. This follows from Theorem 7.5.5 and Example 7.4.5. (]

The following example is a consequence of Theorem 7.5.5 and Example
7.4.7.

Example 7.5.7. Let (ax)72, be given as in Example 7.4.7. Then there
exists f € HK[0,7]\L'[0, 7] such that f(t) = % + Y72 aycoskt for all
t € (0,7].

The following example is a consequence of Theorem 7.5.3 and Example
7.4.15.

Example 7.5.8. Let (bg)52, be given as in Example 7.4.15. Then there

exists ¢ € HK|0,7]\L'[0,7] such that g(t) = Y o, brsinkt for all
t €0,

7.6 On a result of Hardy and Littlewood concerning Fourier
series

Let f € L'(T) and suppose that

NE

f(t) ~ % + Y (ax coskt + by sin kt).

k

Il
-

According to Example 7.3.9, the series Y ;- %= mneed not be convergent.

In 1924, Hardy and Littlewood proved the following result.

Lemma 7.6.1. Let f € L*(T) and suppose that

NE

f(t) ~ C;—O + Y (ax coskt + by sin kt).

k=1

Then the series Y-, % converges if and only if

us 1 T
lim {— f dul} dx

e—=0t /. x

exists. In this case,

. 1 /" T * B = ag
El;r(r)a;/g {(cot§> _mfdm} dx—2aoln2+2;_1?.
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Proof. According to Theorem 7.2.3,

i:?ksmkx—/ (f——) 11
k=1 —x

Since the function z — 1 — L cot £ is bounded on (0, 7), we deduce from
(7.6.1) that

) (1 . ay sin kx )
1 - - — - _— 3t(.7.6.2
50 s {x (/_z (f ) d'ul) = ktan 3 } do exist7.6.2)

1

lim max
n—o0 z€[0,7]

—0. (7.6.1)

We will next prove that
. ay sin kx 1— cos kx
1 =0. (7.6.3
530+ { / Z ktan 3 / 1—cosxz } ( )

For each 0 € (0,1) we use (7.6.1) and integration by parts to conclude that

/7r . ay sin kx
Sk,
Fy ktan—

k=179
—  2ay - T1—cosk
= Z 5 (1 —coskd) + Z—g/ T cosz LSBT e
ik tan g Pt s —cosx
PR k — ™1 —cosk
- /Mdﬁza_k/ LSk (7.6.4)
tan 5 3 =1 Jo & ok s 1-cosw
Since (7.6.1) implies
6 — blnk‘ﬂ? dr = lim / dk sin kx dx =0,
6—>0+ tan 5 §—0+ tan 0 =1

(7.6.3) follows from (7.6.4).
We will next prove that

o0
. ag
the series E — converges

1—cosk
<~ lim / CRTT g exists. (7.6.5)
30t £ 1—cosz
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For each ¢ € (0,1) we have
L I

S o ™
b 1 —coskz ak 1 —coskz
< d — d
- k2/0 1—cosz + Z 2/5 1—cosz
k=1 k=[%]+1

IA
[\
—1 3
Sl
—
b
Il
A
B
=
+
—N
)
=
kel
B
=
——
(]2
%[
(=%

IN
N
|5
SO
—
B
=
_l’_
—N
w0
=i
-3
B
=
——
e
—
DO
13
4|
=

k=1 k>3]
Y
< T Z|a|+2ﬂ'2{ sup |a|} (7.6.6)
>~ k k . 0.
2|5] &= k>[4

Since § € (0,1) is arbitrary, (7.6.5) follows from (7.6.6) and the Riemann
Lebesgue Lemma.

It is now clear that the first part of the lemma follows from (7.6.5),
(7.6. 3) and (7.6.2). To prove the second part of the lemma, we suppose that
> neq % converges. In this case, we infer from (7.6.1), (7.6.3), Lemma 7.1.6

(with replaced by m — ), Lebesgue’s Dominated Convergence Theorem
and (7.6.6) that

™ 1 xT
li d d
50+ 5 {tan s ) . / Ml} v

aksmk‘x
= t—d 21
o [ weor ez jim [0 Z FtanZ

ar 1 — coskx
=a :ccot — dx + 2 lim dxr
0/0 + 5%0+Z/ k2 1—cosz

akl—coskzx
= k t—d 21 d
ao/o Z k sin kx co T + _1)I(1)1+Z/ 71— cosa €T
(=D~ 1)kt ar 1 — coskz
_2a0kz_4:/0 bllﬂkar:cot_ dr +2 1_1)1})1+Z/ i p— dx

k
=2aomIn2 + 27 Z
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7.7 Notes and Remarks

There are many excellent monographs on trigonometric series; consult, for
instance, Boas [8], Thomson [153], and Zygmund [165]. The formulation
and proof of Theorem 7.1.2 is based on [103, Theorem 2.3]. Theorem 7.2.3
is due to W.H. Young [157,158]. A more general version of Example 7.2.5
can be found in Perron [142].

Theorem 7.3.1 is also a special case of [103, Theorem 2.3]. W.H. Young
[158,161] proved Theorem 7.3.4. Theorem 7.3.7 and Corollary 7.3.8 are also
due to W.H. Young [161]. For other results concerning Lebesgue integra-
bility of trigonometric series; see, for example, Fridli [43], Leindler [112],
and Mdricz [128].

Proofs of Lemmas 7.4.2 and 7.4.3 depend on that of [47, Theorem 3.7.4].
A more general version of Theorem 7.4.6 can be obtained; see [8, Theorem
5.2.7]. Example 7.4.5 is taken from [8, p.19], proofs of Lemmas 7.4.10 and
7.4.11 depend on that of [47, Theorem 3.7.4], and the rest of Section 7.4 is
based on the paper [107].

Theorem 7.5.1 is due to Lee [101, Theorem 2.2]. Theorems 7.5.2, 7.5.3,
7.5.4, and 7.5.5 are due to Boas [7]. For other related results involving
improper Riemann integrals; consult, for example, Edmonds [32-35], Hey-
wood [60], and Boas [8].

The proof of Lemma 7.6.1 is similar to that of [108, Theorem 1.2]. For
other related results, see Hardy and Rogosinski [52,53].



Chapter 8

Some applications of the
Henstock-Kurzweil integral to double
trigonometric series

In Chapter 7 we apply the Henstock-Kurzweil integral to study certain
classes of single trigonometric series. In this chapter we use the double
Henstock-Kurzweil integral to study double trigonometric series. We begin
with the study of a sufficiently well-behaved conditionally convergent double
series.

8.1 Regularly convergent double series

Definition 8.1.1. Let (g, k; )k, ky)enz be a double sequence of real num-
bers. The double series Z(kl’kQ)eNg Uk, k, CONVETgES in Pringsheim’s sense
to a real number s if for each € > 0 there exists N(g) € Ny such that

ni na
E E Uky ke — S

k1=0 k2=0

<e

for all (n1,n2) € N2 satisfying min{nq,n2} > N(¢).

Example 8.1.2. Let

U . (—l)klkg if (kl,k‘g) € {O, 1} X Ny,
k2 =9 otherwise.

Then Z(kl,kz)eNg U, k., converges in Pringsheim’s sense to 0.

Proof. Let e > 0 be given. If (n1,n2) € N? with min{ny,na} > 2, then

ni N2 1 na
DD k| = | X D D)k

k1=0 k2=0 k1=0k2=0

=0<e.

Since € > 0 is arbitrary, the given double series converges in Pringsheim’s
sense to 0. |

233



234 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Theorem 8.1.3. The double series Z(kl,kg)eNg Uk ky Of T€Ql UMbers con-
verges in Pringsheim’s sense if and only if for each ¢ > 0 there exists
N(e) € Ng such that

q1 q2 P1 D2
E: E Uk ky — E E Uy o | < € (8.1.1)
k1:O }{3220 ]{31 =0 }{32:0

for all (p1,p2), (¢1,92) € NE satisfying ¢; > p; (i = 1,2) and min{p1,pa} >
N(e).

Proof. (=) This is obvious.

(<=) We infer from (8.1.1) that (> _, > kl,kz) o 18 a Cauchy
sequence of real numbers; hence the completeness of R 1mphes that
(k=0 Yoo ks k) converges to some L € R. Using (8.1.1) again,
we conclude that the double series Z(kl ka)ENZ Wk ky CONVErges in Pring-
sheim’s sense to L. ]

We observe that if a double series Z(kl,kQ)eNg Uk, k, Of real
numbers converges in Pringsheim’s sense, then the double sequence
(Uny,n2) (ny,na)enz may not be bounded (cf. Example 8.1.2). In order to
overcome this deficiency, we use the following definition due to Hardy [50].

Definition 8.1.4. A double series Z(kl,kz)eNg Uk, ,k, Of real numbers
converges regularly if for each € > 0 there exists N(g) € Ny such that

g1
> Y | <2

ki1=p1 k2=p2
for all (p1,p2),(q1,92) € Nj with ¢ > p; (i = 1,2) and
max{pi,p2} > N(e).
E i 1 the
xample 8.1.5. The double series Z(,ﬂ’kz)eNg T Tk, T2 converges regu-

larly.

Proof. For each (p1,p2), (q1,q2) € N2 satisfying ¢; > p; (i = 1,2), we
have

@ 1)kt o | e (—1)k2
> Y i < 2 L ai
k1=p1 k2=p2 ki=p1 |k2=p2
4
- klz;a (k1 +p2+ 1) (k1 +p2+2)
4

Cpitpe+ 1
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It is now clear that the given double series converges regularly. O

The following theorem follows from Definition 8.1.4.

Theorem 8.1.6. Fvery absolutely convergent double series of real numbers
is reqularly convergent.

Remark 8.1.7. Since the double series Z(kl)kQ)eNg m is not con-
vergent in Pringsheim’s sense, Example 8.1.5 shows that the converse of

Theorem 8.1.6 need not be true.

Theorem 8.1.8. If the double series Z(kl,kg)eNg Uk, k, Of real numbers
converges regularly, then it converges in Pringsheim’s sense.

Proof. This is an easy consequence of Definition 8.1.4 and Theorem 8.1.3.
O

Example 8.1.2 shows that the converse of Theorem 8.1.8 is not true in
general. The next theorem gives a necessary and sufficient condition for a
double series of real numbers to be regularly convergent.

Theorem 8.1.9. The double series E(kl,k2)eN3 Uk, ky Of Teal numbers is
reqularly convergent if and only if

() 2 (ka2 N2 Uk ky COMWETgES in Pringsheim’s sense, and

(ii) all the single series Y _(up, k, (k2 = 0,1,...) and
D hae Uk ks (k1 =0,1,...) converge.

Proof. (=) Suppose that the double series Z(kl,kg)eNg Uk, ky 1S TEZ-

ularly convergent. An application of Theorem 8.1.8 gives conclusion (i).
Conclusion (ii) follows from Definition 8.1.4.

(<=) Let ¢ > 0 be given. According to (i), there exists an integer
Ny > 2 such that

w1 w2
E E Uky ko

ki1=t1 ka=t2

for every integers wi, wa,t1,ts satisfying w; > t; > Ny (i = 1,2). Using
(ii), there exists an integer N > Ny such that

si2ri>N(i:1 2)

E Uky,kz

k‘g =T2

— max
kl No 1

max
L Np—1

E Uky ko

ki=r1 No
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To this end, we let (p1,p2),(q1,¢2) € NZ such that ¢; > p; (i = 1,2) and
max{py1, p2} > N. There are five cases to consider.

Case 1: p1 < ¢1 < Np.
In this case, we have ps > N > Ny and so

1 q2
Z Z Uy oy | < E- (8.1.2)

k1=p1 k2=p2
Case 2: ps < q2 < Np.
Following the proof of case 1, we have (8.1.2) too.
Case 3: p1 < Ny < q1.
In this case, ps > N > Ny and so

q1 q2 No q2 q1 q2
E E Uk kg | < E E Uk ko | E E Uky ko | < E.
k1=p1 k2=p2 k1=p1 ka=p2 k1=No+1 ka=p2

Case 4: pa < No < qa.

Arguing as in the proof of case 3, we have (8.1.2) too.

Case 5: ¢; > p; > No (1 =1,2).

In this case, we have (8.1.2) too.

Combining the above cases, we conclude that (8.1.2) holds. O

The following corollary shows that Fubini’s Theorem holds for regularly
convergent double series.

Corollary 8.1.10. If the double series Z(kh,@)eNg Uk ky Of Teal num-
bers converges regularly, then the iterated series ZE:O{ZE:O Ukl,kz};

D ka0 { > m—o Uk, ky ) cOMUETGE AN
(oo} oo oo (oo}
S = 3 S f = 3 { 3w}
(k17k2) EN% k1=0 ko=0 ko=0 k1=0
Proof. According to Theorem 8.1.9, the single series
(oo} (oo}
>tk (k2 =0,1,...) and > ug, g, (k1 =0,1,...)
k1=0 ko=0

converge. To prove that the iterated series > 2°_o {20 _our, k|
converges, it suffices to observe that the regular convergence of
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Z(kl ,kg) € Ng ukl yk2 lmphes

q o
Z Z Uk, ky — 0 @S p, g — 00.
k}1:p k}2:0
. . . . . (o] (o]
A similar reasoning shows that the iterated series >~ _, { > k=0 Uk, oo
converges.

Now we prove that

niy n2 o0 o0
Z Z Uky ko — Z { Z ukl,kz} — 0 as min{ny,na} — occ.

]Cl =0 ]CQZO ]Cl =0 k}2:0
But this is easy, since the regular convergence of E( ko ka) € N2 Wy ko implies
3 0 ’

ni T2 oo oo
)P IUNIED P oTee

k1=0 ko=0 k1=0 ko=0
< E E Uky ko — E { E Ukl,k2 }
OkQ 0 kl

ni 00 S %)

+ E { E Uky k2 } - E { E Uky ko }
k1=0 ko=0 k1=0 ko=0

ni 00 00 00

< E E Uky ko | T E E Uky ko

k1=0ka=no+1 ki=ni1+1 ka=0

— 0 as min{ny,na} — oco.
Since a similar reasoning shows that

> {2 = 2 { 3w |

k1= k2=0
the corollary follows. O

Our next aim is to establish a useful generalized Dirichlet test for reg-
ularly convergent double series of real numbers. For any double sequence
(Vky k) (k1 ,kn)enz Of Teal numbers, we write

Ag(Vky ky) = Vky ks

A1y (Vky ks) = Uk ks = Vki+1,kas Aq2} (Vky ko) = Vky ks = Vky kot 1
and
A2y (Vkr k) = Agry (Ag2y (Vr )

= Uky,ky — VUky,ko+1 T Vky+1,ko+1 — Vky+1,ks-
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The following observation is a consequence of the single summation by
parts (Theorem 7.1.1).

Observation 8.1.11. Let (U, ks ) (ky ko)enz a0 (Vky ko) (ky ko)enz DE tWO
double sequences of real numbers. Then

ni no
E : E :ukl,kzvkl,kz

k1=0k2=0
ni na—1
= E {Ukl,nQ E Uy ky + E A{Q} ’Ukhk2 E :uk17]2}
k1=0 k2=0 k2=0 Jj2=0
no—1 ni
= E Uk1,mo § Uy ko + E § A{2} ’Ukl,kz § :ukhh
k1=0 ko=0 k2=0 k1=0 j2=0
ni—1 k1 n2
= {Ummz E E Uky by + E A{1} Vkina) Y, D Un,kz}
0k2 0 ]1—0k2 0
na—1 ny nip—1 ki ke
+> {Am Uniks) D § Ukygo + Y Aoy (Vke k) D D Jz}
ko=0 k1=0 j2=0 k1=0 J1=07j2=0
k1 ko
= E E {AF Ukl,kQ § E :uh’h}
re{1,2k (k1,k2)ENG =0j2=

0<k;<n;—1VieT
ki=mngvee{1,2\T

The following theorem is an immediate consequence of Observation
8.1.11.

Theorem 8.1.12. Let (Vk, k,) (1, k) ENZ be a double sequence of real num-
bers such that liMyaxin, ny}—oo Vnym, = 0 and E(kl a)EN2 |A{1 2} (Ukl,k2)|
converges. If (ukl,;@)(kh,@)eNg is a double sequence of real numbers and
(n1,n2) € N2, then

ni n2
§ § Uky ko Vky k2

k1=0k2=0
= > > {A{Lz}(vkl,kz) ) ujl,jz}-
Fg{l 2} ( 1, k?z)ENO (JlaJ2)€NO
0<k;<ni_1Viel 0<j; <k Viel
ke>ngVee{1,21\T 0< je<ngVee{12\T

(8.1.3)
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The next theorem, which is an easy consequence of Theorem 8.1.12, is
a proper generalization of the classical Dirichlet test [122, Theorem 3].

Theorem 8.1.13. Let (Uky ky) (ky kn)eng AN (Vky k) (k) ko)enz be two double
sequences of real numbers such that My axfn, ny}—oc0 Vny e = 0 and

> |Ag12y (Vki k)| max ZZu]m <oo. (8.1.4)

(k}l,kg)ENg r2 O k;2 J1=072=0
Then the following assertions hold.
(i) The double series Z(kl,kg)eNg A{LQ}(vkhkz)ZJl OZJ2 o0 Uy ja CON-

verges absolutely.
(ii) If (n1,n2) € NZ, then

mn1 no kl k2
E § Uky,koVky ko — E A{1 2} Ukl,kz E E Ujy,j2
k1=0 k2=0 (k1,k2)EN2 J1=0j2=0
< E E 3’A{1,2}(Uk’17k2) Hlan E : § :UJI»JQ
1
0#£rc{1,2} (k1,k2)€ENZ rz =0,....ko | J1=072=0

ki >0Viel
ke >neVee {1,2}\F

(iii) For any (p1,p2), (q1,q2) € N3 satisfying ¢; > p; (i = 1,2), we have

q1 q2
Z Z Uk oy Vs oo
k1=p1 k2=p2
o0 o0
<16 Y Y \A{Lg}(vkhkz)y max ZZthz . (8.1.5)
k1=p1 k2=p2 r2 0 k2 J1=0j2=0

(iv) The double series Yy, 1, enz Wki ks Vky ko CONVETgES regularly and
? 9]

k1 ko
Yo Ukt = D ApayOkae) D) Ui (8.1.6)

(kl,kz)ENg (khkg)eNS j1=072=0
Proof. Assertion (i) follows from (8.1.4). To prove assertion (ii), we let
(n1,m2) € N2 be arbitrary and consider two cases.

Case 1: Suppose that

sup max E E Ujy jo | =
N1

2 1= O
(n1,n2)€ENG ro=0,....no | 51=032=0
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In this case, it is clear that assertion (ii) holds.
Case 2: Suppose that

sup rnaux’n1 Z Z Ujy gy | > 0.

2 T1
(mm2)ENG 07 Tny | 51=0 j2=0
To prove (ii), we write

k1 ko
Lo = E A{l 2} vkl,kz E E :uhdz
(k1,k2)€EN2 j1=072=0
and
Lronyn, = ) Aq1,2y (Vky k) ) Ujy jo
(k1,k2)€EN? (j1.52)ENG
0<k; <n;—1Viel 0<j;<k;VieT
ke >npvie {1,2NT 0< js<neVee {12\
for every I' C {1,2} and (n1,n2) € N3. According to (8.1.3),
ni no
E E Uky ko Vkq,ky — Lo
k1=0k2=0
= E LF,nl,ng - LO
rc{i,2}
ni—1ngs—1 k1 ko
< Z Z A{L?}(U’thz) E : E :ujl,Jé — Lo |+ § |LF,n1,n2‘
k1=0 k=0 §1=0 j2=0 rci{i,2}
<3 Z Z ’A{L?}(vkl,’w maxk Z Z Ujy,j2
1
Pp#rC{1,2} (k1,k2)ENG 7‘2 =0,...,ks | 71=0372=0
k; >0Viel

ke >nevVee {1,23\
Since (iii) follows from (8.1.3), and (iv) is an immediate consequence of
(iii), (8.1.4) and (ii), the proof is complete. O

8.2 Double Fourier series
A function f:R? — R is said to be in L!(T?) if f is 2m-periodic in each
variable, and f € L' ([—, n]?). For any f € L*(T?), we say that

Z Aki Ak § Ay ko €OS K1ty cOs kot + by, 1, cOS k1tq sin kato
(k,l,kz)GN%

+Chy ko, SID K11 COS kot + di, i, SIN k1t Sin kgtg}
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is the double Fourier series of f, where \g = %, A, =1 (k eN), and

1
Ay oy = ﬁ/[ - f(tl,tg) CcOS kltl COS kgtg duz(tl,tg) ((kl, kz) S Ng),

1

F f(tl,tg) cos kity sin kato d/tg(tl,tg) ((kl, kz) € Ng),

[77717"]2

1 .
Chy ka = F/ ft1,ta) sinkity cos kata dus(ty, t2) ((ki, k2) € N3);
[771—’77]2

bk17k2 =

1

dkl,kg = F/ f(tl,tQ)Sink’ltl Sink’QtQ dug(tl,tg) ((/{31,/{32) (S Ng)
[—m,m]?

Here ak, kysbky ko> Chy ko, and dg, k, are known as Fourier coefficients of f,
and we write

ft1,ta) ~ Z Ay Akeo {a;@hk,z cos k1t1 cos kato + by, k, cos k1t sin kot
(k17k2)€Ng

+Chy kp SID k11 cOS kot + di, i, SIN K121 Sin kgtg}.

Moreover, for every (nq,n2) € N2 and (t1,12) € R?, let
3n17n2f(t1, t2)

ni n2

= Z Z Aky Aky {akl,kz cos kitq cos kato + by, .k, cOs K1ty sin kaota
k}1:0 ]CQZO

“+Chy ko SiDEk1tq cOS Kato + di, i, SID k1T Sin kgtg}.

(8.2.1)

A two-dimensional analogue of Theorem 7.2.2 holds for double Fourier
series.

Theorem 8.2.1 (Riemann Lebesgue Lemma). Let f € LY(T?) and
assume that

f(tl, tg) ~ Z >‘k1 /\k2 {Clkl’k2 cos kit cos kata + bkl,kQ cos k1ty sin kato
(k17k2)€Ng

+Chy ko, SID k11 cOS kot + di, i, SIN k1T Sin kgtg}.

Then hmmax{nl,nz}ﬁoo Any,ng = hmmax{nl,nz}ﬁoo bnl,ng =

hmmax{nl,nz}—)oo Cning = hmmax{nl,nz}ﬁoo dnl,ng =0.

Proof. Exercise. 0
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We need the following lemmas in order to prove Theorem 8.2.4 below.

Lemma 8.2.2. If f € L'([-m,7]?), then for each ¢ > 0 there exists a
positive integer N such that

smk‘
™, [—m,m]?

(z1,22)€[— i=1 ks —p;

for all positive integers p1,qi1,p2,q2 satisfying ¢ > p; (i = 1,2) and
max{pi,pa} > N.

Proof. Let e > 0 be given. Since f € L'([—m, n]?) there exists n € (0, %)
such that
sup |fx || < 5
U(x1) XU (x: LY([—m,7]? PYZIRGE
(1,229 € [ 7] (21)xU(z2) | L(] ] 2(67)2

where U () denotes the set [—7, —m+n)U ([0 —n, 0+n]N[—m, 7]) U (T —n, 7].
According to Lemma 7.1.5 and our choice of 7, we select a positive integer
N so that

sin k6 €
sup

<
velnzn—nli= K | 20+67lfllLr(-mm2)

whenever p, g are positive integers with ¢ > p > N. Then, for every positive
integers p1,p2,q1, g2 satisfying ¢; > p; (i = 1,2) and max;=12p; > N, we
apply Lemma 7.1.7 to get

sup f: Z/

—m,7]2
(z1,22)€[—m,7) ki=p1 ko—=ps

2
smk
f(ti,t2) H ) dps(ta, t2)
=1

w72

< sup {(67T)2||fXU(z1)><U(12)||L1([—7r,7r]2)

(z1,22)€[—m,7]?

qi .
sin k; 6
+ 67 f = fXU@)xU@2) | 11([or,pp2) Min  sUp » }
i= 1296[77 27 —n] ks —ps 4

<eE&. m
Lemma 8.2.3. Let f € L'(T?) and assume that

ft1,t2) ~ Z Aky ko {akth cos kit cos kato + by, k, COS k1t sin kaoto
(k1,k2)€Ng

+Chy iy SiD K1ty cOs kato + di, i, Sin kit sin k‘gtg}.
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Then the following double series
Aky by . ) bry ks .
L2 sin ki1 sin kaxo, g 22 sin ki aq cos koo,

k k
(k1. ko)eNz 172 (k1.ko)enz 12

Chy b . diy b
E —L22 cos kyaq sin koo and E L2 cos kpxq cos kaxg

(k1,k2)EN? Fiks (k1 ko) EN2 krkz

converge regularly for all (x1,32) € [, 7|%. Moreover, the convergence is

uniform on [—7,7]?.

Proof. Since 2sinacos S = sin(a + ) + sin(«a — ) for every a, § € R,
the lemma follows from Lemma 8.2.2. O

The following theorem refines a result of W.H. Young concerning double
Fourier series.

Theorem 8.2.4. Let f € L'(T?) and assume that
f(tlv t2)

~ Z {akl,kz cos kqt1 cos kato + by, k, cos kitq sin kato
(k1,ka)EN?

+Chy ki SIN K1t COS kot + diy , sin kit sin kgtg}. (8.2.2)
Then the following assertions hold.

(1) hmmin{nl,ng}%oo ||Sn1,n2f - f”HK([fTrJr]z) =0.
(ii) (Parseval’s formula). If g € BV ([—m,n]?), then

/[ﬂ- " fg dus = Z /7ﬂ 2 gA{1,2} (Sklfl’]%,lf) dpa; (823)

(kl,kz)EN2
the double series on the right being reqularly convergent.

Proof. In view of Fubini’s Theorem, we may assume that both func-
tions to — fjﬂ f(tl,tg) d,ul(tl) and t1 — fjﬂ f(tl,tg) d,ul(tg) belong to
L'[—m, m]. Then (8.2.2) implies that

Ll [—m,m]

’ j f(t1,7) dua(th)
(8.2.4)

Since f € L'(T?) and (8.2.4) holds, we define the function F : R? — R by
setting

’ f(- t2) dua(ta) =0.

“|
Ll [—m,m] -

Fao) = | fds ((@,22) € [-m,7]?),
[—m,@x1] X [—m,x2]
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and F(xy + 27, 22) = F(x1, 29 + 27) = F(x1,22) whenever (z1,z2) € R
To determine the double Fourier series of F, we write

Srw (@1, x2)

A
- Z 92— ca}:g(}i/zVuF) { H sin k; 3:1}{ H cos ijj}

(kl,kz)eNg el JjEW
ki>1Vie TUW
k;j=0Vj e {1,2}\(TUW)

(T C {1,2}, W C {1,2}\I,and (zy,x2) € [~7,7]?)

and let > rcrq 9y D wcqopr Srw (21, 22) be the double Fourier series
of F. In view of Lemma 8.2.3, it suffices to prove if I' C {1,2} and
W C {1,2}\T, then

Srow (1, x2)

_ Z —_— H sin:imi H (_ cos k;]xj> H coS k‘m”

5 X 7 ; k] ké
(k1,k2)EN iel JEW Le{1,2}\(Tuw)

(8.2.5)

where

1 .
Cky,ko,T = F/[ ’ tl,tQ {HCOSk t }{ H smkjtj} d,ug(tl,tg).

iel je{1,2}\T

We consider two cases.
Case 1: W #£ {1,2}\T.
Let

sina ifr el and a € R,

Ur(a) =
—cosaif r € {1,2}\I' and @ € R,

and write (CUW)" = {1, 2}\(TUW). Then, for each (k1, k2) € N3 satisfying
{i e {1,2}:k; #0} =T UW, we have
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7T2Ak1,k2 H (_1)

jew
:/ F(t1,t2) Hsmkt H —cosk;t;) dua(ti,t2)
[=m.7]? el JEW
=i (kim) + i kit
:/ flt) T —24 )k. CAULOR | S S
—m,m]? i€TUW i Le(TUW)
i(Kiti
:/ fitnt) J] M I (o) dua(ts,t2)  (by (8:2.2))
[—m,m]? ieTUW o ee(ruwy

:/[ ]Qf(tl’tQ) H wi(:ztz) H Z ’fsmrgtg diis(ts )

ielUW ' e(Tuw) re=1

= 3 fural T 2(-1),

T1i7r2
(r1,m2)EN? Le(Tuw)’

ri=k; Vi eTUW
r; >1Vje(Tuw)’
where the last equality follows from Lebesgue’s Dominated Convergence
Theorem.

Case 2: W = {1,2}\I.

In this case, we can follow the proof of case 1 to conclude that

C
Ao [ D =Z22 (k) €N,
Je{1,2\l’ e

Finally, we deduce from the above cases, Lemma 8.2.3 and Corollary
8.1.10 that (8.2.5) holds:

A
Z 92— ca];zl(ltvur) Hsmk T H cosk;x;

(k1,k2)ENG i€l JjEW
ky >1Vi€TUW
k;=0Vj €(TUW)’

- Z Z pel H (=1)" H Vi(kiz;)

T2 .
(k1,k2)€ENG (r1,r2)€EN? fe(TUW) iETUW

ki >1Vie TUW ri=k; VieTUW
k;=0Vjc(TUW) r; >1Vje(Tuw)’

- Z Chki,k2,0 H (_1)kz H wz(khxz)

(k1,k2)EN? Fiks Le(Tuw)y’ ieTUW
sin k;x; cosk;x; cos kym
o C’“””’F{H ki }{H(_ 3 ) Il =~y
(k1,k2)EN? i€l ! JEW J fe(TUW)’
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Since (ii) is an immediate consequence of (i), Theorem 6.5.9 and Lemma

8.2.

3, the theorem is proved. O

The following corollary is a special case of Lemma 8.2.3.

Corollary 8.2.5. Let f be given as in Theorem 8.2.4. Then the double
series

iy ks

(k1.ka)EN2 ki

is regularly convergent.

The following example follows from Corollary 8.2.5.

Example 8.2.6. The double sine series

Z sin Ifltl sin thQ

(k1,k2)€EN? (ln(kl + k2 + 2))2

is not the double Fourier series of a function in L!(T?).

8.3 Some examples of double Fourier series

An analogue of Theorem 8.1.3 holds for Lebesgue integrable functions.

Theorem 8.3.1. Let  (hpyny)(nyny)enz  be a  double  sequence in
LY([a1,b1] x [a2,bs]). The following conditions are equivalent.

(i)

(i)

There exists h € L' (a1, b1] x [az, b)) such that

ni no
lim S ik, —h =0.
min{ny,nab—eo || F70 S L1 ([a1,b1] x[az,b])
For each € > 0 there exists N(e) € Ng such that
q1 q2 P1 P2
[PIPILES 3yl <
k1=0 ko=0 k1=0 ka=0 L ([a1,b1]x[az,b2])

for all (p1,p2),(q1,q2) € N% satisfying ¢; > p; (i = 1,2) and
min{py,p2} > N(e).

The following theorem is a consequence of Theorem 8.3.1.
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Theorem  8.3.2. Let  (hnyny)(ny na)enz be a  double sequence in
L'([a1,b1] X [az, b2]) and suppose that >k ko)enz Mk ky cOuerges regularly
in the L'-norm; that is, for each € > 0 there exists N € Ny such that

q1

q2
2 D hwks

k1=p1 k2=p2

<e€
L ([a1,b1]x[az2,b2])

for all (p1,p2),(q1,q2) € N3 satisfying ¢ > p; (i = 1,
max{p1,pa} > N(¢). Then there exists h € L'([a1,b1] X [a2,bs
that

2) and
) such

ny no
. hm ‘ hkl,k2 — h = 0
min{ny;nz}—o0 klz::o k;o L1([a1,b1] x[az.b])

We are now ready to state and prove another convergence theorem for
Lebesgue integrals.

Theorem 8.3.3. Let (ckth)(kl,kz)eNg be a double sequence of real numbers

such that liMyaxin, ns}—oo Cnyng = 0. If (fkl,kQ)(kth)eNg 18 a sequence in
Ll([al,bl] X [ag,bg]) and

< 00,
L([a1,b1]x[az2,b2])

T2
1=0,.. k1 Z Z Fir.is

(k1,k2)ENG ro=0,...,kg  J1=072=0

71
Z |A{172}(Ck1,k2)| | Inax

then there exists f € L([a1,b1] X [az,b2]) such that

ni no
~lim ‘ g g Chy ko fla e — f =0.
min{na,nzt—=oo [ =0 0 L1 (Jar,b1] % [az,ba])

Proof. Following the proof of Theorem 8.1.13, we conclude that
Z(kl.kg)eNg Chy ko fh1 ks cOnverges regularly in the L'-norm. An applica-
tion of Theorem 8.3.2 yields the result. g

The following two-dimensional analogue of Lemma 7.3.2 is a conse-
quence of Theorems 8.1.12 and 8.1.13.

Lemma 8.3.4. Let (uk17k2)(kl,k2)€Ng be a double sequence of real numbers
such that inf(kth)eNg A1) (Uky ko) > 0 and liMyaxin, nol—oo Unyny = 0.
If (Ukl,kz)(kl,kz)eNg is a double sequence of non-negative numbers, then
the double series Z(lcl,kz)eNg Uky ko Vky ko CONVETges if and only if

k k
Dtk koyenz Aqn2y (Why ka) D25 20 D im0 Vjn.ja CONVETGES.
( )ENG
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The following theorem is a two-dimensional analogue of Theorem 7.3.4.

Theorem 8.3.5. Let (b, k) (ky ko)en2 be a double sequence of real numbers
such that inf (| o yene Ag1,23 (bnyng) > 0 and liMyaxin, not—oo Onyne = 0.
Then Z(k1,k2)€N2 br, ko sin k1ty sin kato is a double Fourier series if and only

‘ biy ok
if Z(k17k2)6N2 —zi]’;‘; converges.
Proof. (=) This follows from Corollary 8.2.5.

(<=) Suppose that 3, )ene b;i—k';z converges. In this case, we deduce
from Lemmas 8.3.4 and 7.3.3 that

2
Z |A{172}(bk17k2)| max / Z sin j;t;| dt;
(kl,kz)eNQ i:1 Ji=1
converges and hence the result follows from Theorem 8.3.3. |

The following theorem is a two-dimensional analogue of Corollary 7.3.8.

Theorem 8.3.6. Let (aky k, ) (r,,ko)enz be a double sequence of real numbers
such  that  inf(,, n,yenz A2y (A2 (@ ns) > 0 and
iy axfng not—soo Gnyne = 0. Then there exists f € LY(T?) such that
f(tl, tg) ~ Z(kl,kz)ENg )\kl)\;@akh;@ COS k‘ltl COS thQ.

Proof. For each (t1,t2) € (0,7]?, it follows from part (iv) of Theo-
rem 8.1.13 that Z(kl,kz)eNg Aliy ks Gy iy COS K1ty cos kgt converges regu-
larly and

E Aky Ako Ok ey COS k11 COS oto
(k1,k2)€N(2)

2
1 1 —cos(k; + 1)t;
=% 2 Aua@uayla ) [[—— " 631
(k1,k2) ENZ bl 5
Let
f(ti,t2)
Z(khkz)EN% >\k1 >\k2ak17k2 COS kltl COS k2t2 if (thtg) € (077'[']2’
- if (11, 12) € [0,7]2\(0, 7]?,
[ty te +2m) = f(t1 + 27, t2) if (t1,t2) € R2.

According to the definition of f and (8.3.1), f is 27-periodic in each variable
and f(t1,t2) > 0 for all (t1,t2) € [—m, 7).
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It remains to prove that f € L*([—,7]?) and

ft1,t2) ~ Z Aoy Ay Qs oy COS K1ty COS kata.
(kl,kz)ENg

Since

inf  Ag 9y (Ap21(@ny my)) > 0 and lim Qny oy =0,

(nl,ng)GNg max{ny,ng}—o00

Lemma 8.3.4 implies that the double series

> (e 1)k + DA 2 (A (ak, k) < 003
(kl,kg)ENg

the Monotone Convergence Theorem yields f € L!([—m, n]?) and

f(t1,t2) dpa(ty, t2)
[—m,m]2

1 1 —cos(k; + 1)t;
= Z Z A{l 2} (A{l 2} akl,kg H/ (W) dt;

(k1, k2)€N2

= Z (k‘1 + 1)(k2 + 1)A{172} (A{Lg}(akhkz)).
(kl,kz)ENg

] =

Finally, for any (p1,p2) € N2, it follows from Lebesgue’s Dominated
Convergence Theorem and part (iv) of Theorem 8.1.13 that

/ f(tl,tQ)COSpltl COSp2t2 d,ug(tl,tg)
[—m,m]?

1 —cos(k; + 1)t
= Z A{1 2}(A{1 2} akl,kz H/ (Tost))) cos p;t; dt;

(k1,k2)€EN2
=4 Z Az (A{l 23 (ks ky) H/ Z D, (t;) cospit; dt;
(kl,kz)EN 0, Tr §i=0
s 2
T
= 4, A, Z > Aoy (A2 (ak k) (kL =p1+1)(k2 = p2 + 1)
k1=p1 ka=p2
= 72Xp, Apy Z Z Ag10y (ar k)
k1=p1 k2a=p2

2
=7 )‘Pl )‘1!72 Qpy,pa-

This completes the proof of the theorem. O
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8.4 A Lebesgue integrability theorem for double cosine
series

The main aim of this section is to establish two-dimensional analogues of
Theorems 7.4.4 and 7.4.6. We begin with two lemmas.

Lemma 8.4.1. Let (N1, Ns) € N2 and assume that {Chy ky * (K1, k2) €
[12.,{1,...,Ni}} CR. Then

N1 N2 1 2
/ ( Z Z Chy ko sin 2%1¢; 51n2k2t2> d(ty,ta) < ( Z Z Ckl,k2> .
572 N\ =1 ka1 k1=1ko=1

Proof. For each j € Nand x € R, letS;(z) = sin(2/z). By Lemma 7.4.2,

N1 N 4
/[z 2 < Z Z ckl:k2sk1 (tl)Skz(t2)) d(tl,tg)

k1=1ks=1

_ /W{/W{ i (i ckl,kQSkz(tQ))Skl(tl)F dtl} dt

ki=1 “kg=1

< ?jf /ﬂ{ i ( i ckl,k25k2(t2))2}2 dt. (8.4.1)

2 klzl kQ:l

Now we obtain an upper bound for the right-hand side of (8.4.1):

/ﬁ{ % (Z Chy ki Sks (£2) ) }2 dts

2 k1=1 “ko=1
r N1 N2 4
/ Z < Z Ckl,kzst(t2)> dta
3 k=1 Mko=1

Ni—1 Ny v, No 2, Ny 2
+2 Z Z / ( Z le’k‘zskjg (t2)> ( Z Ck‘l,kgsk‘z (tg)) dts

ji=1 ki=j1+17 2 Nky=1 ka=1

m Ni N2 4
/ < Z ckl,szkz(t2)> dtg

2 ki=1 ko=1

+2 Nil g: 1T [ i ( NZ Cry b2 Sk (t2)>4 dts. (8.4.2)

J1=1 ki=j1+1ri1€{j1,k1} ka=1
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Combining (8.4.1), (8.4.2) and Lemma 7.4.2, we get

N1 N2 4
[ (2 annsutsie) o)
(5,72

k1=1ko=1

I (E ) 55 (EE )

ki=1 “ko=1 J1=1 ki=j14+1 Nko=1ko=1
ki1=1ko=1
The following lemma is a two-dimensional version of Lemma 7.4.3.

Lemma  8.4.2. Let (N1, Na) € N?  and  suppose  that
{Chyks * (k1. ko) € TT_1{1,...,Ni}} CR. Then

Ny No
/ Z Z Choy ks sin 2%1¢; sin 2%2¢, d(ty,t2)
(57 | g =1 ko=t
T Ny; N2 2
> — Chy ko SN 2F1¢1 sin 2k285 | d(tq,t0).
> T /] SO g sin2ity sin2haty| d(tr, )
29 ’Clzlkz:l

Proof. Let

N1 No
™
9N1,N, tl, tg kzl kzl Cky,ko sin 2k1t1 sin 2k2t2 ((t17 tg) [2 7T]2).
1 2

Then Holder’s inequality (with p = 2 and g = 3) and Lemma 8.4.1 give

||9N1,N2||L2([%77T]2) < ||gN1,N2HL1([§,7r]2)||gN1,N2||L4 (1Z,7]%)

N1 N
< llgn,wall 2 Yz ,7]?) ( Z Z Chy kg)
ki1=1ks=1
12 9
< _HgN1,N2||L 2)||9N17N2HL2([%777]2)' O

We are now ready to state and prove a two-dimensional analogue of
Theorem 7.4.4.

Theorem 8.4.3. Let (by, k) (ky ks)en2 be a double sequence of real numbers
such that

Z { ‘bkl,k2‘ + Z bzl,]@ + Z bkl o } < Q0. (843)

(k1,k2)€EN? ri=k1 ro=ko
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Then there exists h € L*([0,7]?) such that

Z sin 251¢; sin 2k2¢4

h(tth) = bkl,kz tyto

(k1,k2)€EN?

pe-almost everywhere on [0, )% if and only if

> Sy o2, <o

(k1,k2)EN? \ ri=Fk1 ra=ks

Proof. We write Sj(z) = sin2/(z) (j € N; z € R). Clearly, it suffices
to prove that

2 Sk (1)
sup / Z bku/wn% d(ty,t2) < oo

(N1, N2)eNG Y [omiFr X 5571 7] | (k) ko) eN2 i=1

ey i i b2, ., < oo. (8.4.4)

(k1,k2)€EN2 \ ri=k1 ro=ko

Let (N1, N2) € NZ be given. For each (ky, k2) € N we write

s ™ s s
By = [—2;,31“ ) 271] X [—2k2+1 ) 272]

to get
T S (t)
k; (ti
Z bky ks H t - d(thtZ)
v X Gmea T | (ky ko) e =1
Ny Ny k1 ko 2 S(t)
=30 3 A ) S5 SN | Eo0 RS
k1=0 k=0 " Fhky1,ky |j1=1jo=1 =1 U
N1 N2 oo ko 2 S(t)
IANZ)
1535 S BRI SED SN | EOLSTONS
k=0 ko =0 Fhy ko |j1=k1+1j2=1 i=1 g
N1 N2 k1 oo 2 S(t)
i\l
303 I SID SR ) £ FTONS
k1 =0 ko=0" Fky ko j1=1jo=ko+1 i=1 g
N1 N2 [eS) %) 2 S(t)
555 5 RIS SR SITP | C1C1 PTE
k1 =0 ko =0 Pk, ko |j1=k1+1jo=ko+1 i=1

= S(N1,N2),0 T Sy N2) {1} T SN, N2) {2 S(vi,Na), 1,2}
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say.

The sum S(n,,n,),p is bounded above by 72 D (b k)N [k kst

S(N1,N2),0
1 2 1 2
t S t
x>/, ZZMH;wumg
k1 =0 ko0 7 ITi= 1[2k”+1’2k —1jo=1 172
N1 N2 kl k2
+
<3 grrmET 2 2 a2t
k1=0 ko=0 ]171]2 1
ki ke
+
< Y grgEm 2 O a2
(k1,k2)EN? Jj1=1j2=1
= Z |bk1,k2 | (8.4.5)
(kl,k2)€N2

Now we use Cauchy-Schwarz inequality to prove that

SISO ES D DN DI (8.4.6)

(k)l,kz)ENz r1=k1

For each (k1,k2) € N3 satisfying 0 < k; < N; (i = 1,2), we have

/ Z Z b]17j2 H # d(th t2)

By ko ji=k1+1j2=1 =1

ko 292 2%1 tl)
= Z W/ w Z bJLJ2 dtq

g2=1 2F1FT |ji=ki+1

kz w292 (1)

2 gar / Z by, o () - dt;
J2=1 2 |j1=k1+1 1
2

k2 272 T o0 —
< Z W / Z bj17j2Sj1—k1 (tl) dty / t_Q dt
j2=1 2 |ji=k1+1 s

o0

272
< Z % Z b?l,jz

J2=1 Ji=ki1+1
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and hence (8.4.6) holds:
S(1,N2). (1)

ad Jl 2J2 Jl tl J2 lo
=2 Z/ Z Z ity (a) d(ty,t2)

k1=0k2=0 Ekl k2 |j1=k1+1 j2=1

2j2
< X Yy X B

(k1,k2)€ENZ J2=1 Ji=ki+1

1 1\ &
=7 Z <2TZ_W>ZQJ2

(k1,k2)EN? Ja2=1
=7 Z Z bgl,kz
(k1,k2)EN? =
Similarly, we have
S(Ni,Na) 2y ST Z Z b7, o (8.4.7)

(kl,kz)GNz ro=ko

As (N1, N2) € N2 is arbitrary, we infer from (8.4.3), (8.4.5), (8.4.6) and
(8.4.7) that

sup {S(N17N2)7@ + S(N17N2)7{1} + S(N1,N2),{2}} < oo. (8.4.8)
(N17N2)€N(2)

Finally, for any (N1, N;) € N2 we apply Cauchy-Schwartz inequality,
Lemma 8.4.2, and and Lebesgue’s Dominated Convergence Theorem to
obtain

Nl Ng oo oo 2
S (t:
DD DY NS S SR | s PTNS
k1=0 ko=0" Eky k2 |j1=k1+1 jo=ko+1 i=1
Ny o0 [e%s} 2
Sj.—k; (L
55030 DD WS | =0 P
k1=0 ko—0" 51?1 —ky +1 jo=ko+1 i=1 g

2

N, N
< Z Z / Z Z bjy o HSﬁk d(t1,t2)
k1=0 ko= [5.m]?

0 j1=k141 jo=ko+1
N1 N2
S; Z/ Z Z b]17J2HS—Etz) d(tl,tg).

k1=0k>=0 k17k2 Jj1=k1+1 jo=kao+1 =1
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Since (N1, Na) € N2 is arbitrary, we conclude that

sup S(N1,N2)7{1,2} <0 = Z Z Z brl T2 8 4. 9)

(N1,N2)€Ng (k1,k2)EN2 \ r1=k1 ra=k
hence (8.4.4) follows from (8.4.8) and (8.4.9). O
The following theorem is a two-dimensional analogue of Theorem 7.4.6.

Theorem  8.4.4. Let (ko) (k, kp)eng b a  double  sequence
of real numbers  such  that liMyax(n, ne}—oo Gnyns = 0,
A{lyg}(akl)kz) =0 ((k’l, kz) S N%\{?T re N}z) and

o) 2
Z {’A{L?}(%kl,zkz) + Z (A{1,2}(a2ﬁ,2/€2)>

(kl,kg)eNz ri1=kq

T i (A{l,z}(%kl ,2”))2 }< 0. (8.4.10)

T2:k72

Then E(kl,kz)eNg Aly Aoy Ok ko COS k1t cos kata is a double Fourier series if
and only if

) i i (A{l,z}(aW“l,zfz))2 < o0.

(k1,k2)€EN2 \ ri=k1 ro=ka

Proof. Let Ag, i, = Ap12y(aghy o) ((K1,k2) € N?). Then, for each
(t1,t2) € (0,72, an application of Theorem 8.1.13 yields

Z )\]ﬁ)\kzakhkz COS Ifltl COS thQ

(k1,k2)€ENZ
1 sin 2%¢t; cos iy
:Z Z Aklkz’H(T—’_COSQ >
(k1,ka)EN2 i=1 2
sin 2kiti cos & CcoS 2’“‘te
A - 2 .
Z Z k1 k2 H 9gin b H 2

'C{1,2} (k1,k2)€EN? i€l 2 Le{1,2]\T
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It is now clear that the theorem is a consequence of Theorem 8.4.3, since
Theorem 7.4.4 implies

sin 251, cos &b 2k2¢

lim+ Z K1 ko 54 - o 2 2 5 2 d(tq,t2)
5—0 [8,7]2 (k1 k) EN2 Sin 5
< 1 A sin 2™¢4 d

50+ Z lel roke T nk b
< 471— Z Z T17k2’

sin 2F2¢, cos 2 2k1¢
lim Z k1,ko 2 2 008 ! d(tl,t2)
§—0t [6,7]2 (ky 2 €N 2 sin 7 2
< i Z Z A sin 2" tg dt
— 5*13(1)1‘# — k‘l T . 45 _2 2
2=
oo
<dro D0 D Al
(k1,k2)EN2 \ ro=k2
i Z A cos 2k1¢, cos 2k2¢, d(t1, 12)
1m k1,k2 1,02
0=07 (6,7 (k1,k2)€EN? 4
sm Z Z A%MT?’
(k1,k2)EN2 \ ro=ka
and (8.4.10) holds. The proof is complete. O

Example 8.4.5. Let (bj ) x)enz be a double sequence of real numbers
such that b;, = 0 (G.k) € N\{2" : r € N}?) and
boi ox = (H%)g_ ((4. k) € N?). Then the double series

Z )\k1>\k2( Z Z br,s) cos k1t1 cos kaoto (8.4.11)

(k1,k2)EN? r=k1 s=ka

converges regularly for all (t1,t2) € (0,7]2. However, (8.4.11) is not the
double Fourier series of a function in L*(T?).

Proof. This is a consequence of Theorems 8.1.13(iv) and 8.4.4. O
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8.5 A Lebesgue integrability theorem for double sine series
The main aim of this section is to prove a two-dimensional analogue of
Theorem 7.4.12. We need the following modification of Lemma 7.4.10.

Lemma  8.5.1. Let (N1, Ng) € N2 and assume that
{Chy s : (k1 ko) € TToy{1,..., Ni}} CR. Then

N1 Ny 4
/ ( Z Z Chy ko (1 — cos 2811) (1 — cos2k2t2)> d(ty,12)
z 72

(3

k1=1ko=1
N1 Nz N1 N2 2
< 647r2{ NN Gt ( > ck17k2>
k1=1ko=1 ki=1 “ko=1
N2 Nz Ny 2
2 (Se) (Een) b
k=1 “k1=1 ko=1k;=1

Proof. We write Cj(z) :=1—cos2/(z) (j € N; z € R),

Ny Ns N1 Na
filt) =) ( > Ck17k20k2(t2)> and f>(t2) ( D> hkaCh(t2) )

ki=1 “ko=1 k1=1ko=1
so that Lemma 7.4.10 and Cauchy-Schwarz inequality yield
N1 No

/[Wm]2 < Z Z Chy ks Cly (1) Chry (152))4 d(ty, ts)

k1=1ko=1

_ /: { /; ( i ( i ckl,k2ck2(t2))ckl(t1))4 dtl} it

2 2 k1=1 ko=1
2

< 87T/: (fz(t2) + f1(t2)> dta

< &rw / (1)) dis + \/ / "(alta))? dt2>2-

Now we obtain an upper bound for the integral [ (fi(t2))? dt2:
2

/W(fl(b))2 dty
/Tr > ( i C’ﬁxkzckz(tz)>4 dty

3 ko=1

2 k1=
+2Ni:1 Z / <{k 1cj1,k20k2(t2)}{ickl,kQCkg(tz)})thQ.

J1=1 k1=j1+1 ko=1
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For each ¢ € {1,..., N1}, Lemma 7.4.10 yields

T Na 4 N2 2 N> 2
/ ( Z ks Chy (t2)> dta < 87T<< Z Ce,k2> + Z C?,k?) ;

2 ko=1 ka=1 ko=1

hence, for each j; € {1,...,N1} and k1 € {j1 + 1,..., N1}, it follows from
the Cauchy Schwarz inequality that

/71' ( Z cjhkzckz t2 ) < Z Ckq, k20k2 tQ > dtg

3

2 ko=1 ka=1
x s N2 4 7 s N2 4
< / ( Z Cj1 k2 O (t2)> dta / ( Z Chi k2 O (t2)> dto
T Nko=1 T Ngo=1
N> 2 N> No 2 No
sl (Len) + X anf{(Xoun) « X dn)
ko=1 ko=1 ko=1 ko=1

Combining the above inequalities, we get

/;(fl(tg))2 dty < 87r( i {( %2: ckm)Q + f: Cil,k2}>2-

ki=1 ko=1 ko=1

Finally, since a similar argument gives

[ zeo £ (S (£ £ ) )

2 ko=1 “ki=1 ko=1k;=1

the result follows. O

We need the following lemmas in order to establish a two-dimensional
version of Lemma 7.4.11; see Lemma 8.5.3.

Lemma  8.5.2. Let (N1, Na) € N2 and suppose  that
{Ch = (k1 ko) € [T, {1,..., Ni}} CR. Then

N1 No
/ ( Z Z Chy ko (1 — €08 27 41) (1 — cos 2 2t2)> d(t1,t2)
(2712 N\ k=1 kp=1
N1 N2 2 Nl
(ZEwa+—z(z%Q
k1=1ko=1 ki=1 “Nko=1

9 N2 N, N1 Na
Y (L) +H X Y

ko=1 “k1=1 k‘l 1 ko=1
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Proof. Exercise. O

Lemma  8.5.3. Let (Ni, N2) € N?  and assume that
{Chiky + (K1, k2) € TTo_ {1,..., Ni}} CR. Then

N1 Nz 2
(/ Z Chy ey (1 — €08 27181) (1 — cos 2725) | d(t1, t2)>
(2712 |k =1 ko=1
k k
> (ES) /g " (kzl kzl Chy iy (1 — 0827 ¢1)(1 — cos 2 2t2)> d(ty,ta).
’ 1=1 ko=

Proof. We write

1 2
kiy. T2
N AGH) Z Z Chy ks H (1 —cos2%t;) ((t1,t2) € [2,7r] ).
ki=1ko=1 i=1
Then, using Holder’s inequality (with p = 2 and ¢ = 3), Lemmas 8.5.1 and

8.5.2, we get

||fN1,N2 ||i2([%77r]2) < Hle,Nz Hil([%ﬂr]?) ||fN1,N2 ||L4([§,7r]2)

2
16
< gy 047 5 (Sl )
and the result follows. O

The following theorem is a two-dimensional analogue of Theorem 7.4.12.

Theorem 8.5.4. Let (akl,kz)(kl,kz)eNg be a double sequence of real numbers
such that

S
Z { |ak1’k2| + Z J17k2 ( Z ah’,%)
(k1,k2)ENG Jji=k1+1 ji=ki+1
e 2
+ Z kl,]z ( Z akh]?) } < 00. (851)

Jo=ka+1 J2=ka+1
Then there exists h € L*([0,7]?) such that

1
h(ti,t2) = e Z Ak ey (1 — cOs 26141 ) (1 — cos 2F2t,)
Y2 (k) ka)eN?
pa-almost everywhere on [0, )% if and only if

> { i i a;, j, + i ( i %,w)Q

(k1,k2)ENZ J1=ki1+1ja=ka+1 Ji=ki+1 “ro=ko+1

(Y ) (X ) e

J2=ko+1 “ri=ki+1 Ji=ki1+1jo=ko+1
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Proof. For each j € N and z € R, we set Cj(z) := 1 — cos2’(z),
and let (N1,N2) € N2 be arbitrary. For each (ki,k2) € N3 we write

Ekl,kz = [le%a 2%] X [le;ﬁa 2%] Then

>

(k,l,kz)GNg

2
Ak ko H Cki (tl) d(tla t2)
i=1

[ﬁvﬂ]x[ﬁvﬂ]

k1 ko 2

>3 C,i(t)
<> > SN agn [T 7272 dita.t)
E : : - tltg
k1=0k2=0" "k1,k2 | j1=0j2=0 i=1
N1 Ny 00 ko 2 C. (t)
i\l
2930 30 N ED D DYINE | S RN
k1=0 ka=0" Eky ko | ji=ki+1 j2=0 i=1 @
N1 N2 k’l e’ 2 C (t)
7 (3
1550 S IND SED DIFTFS | £ PR
k1=0 koa=0" Eky ks | j1=0 jo=ko+1 i=1 g

Nl N2 o0 o0 2 C (t)
7 (3
13D O NN ID SID DRI | £ RIORN
k1=0ko=0" Fky ko | ji=ki+1 jo=ko+1 i=1 !

= O(y,N2),0 + O vy Vo) g1} + C(vi o) {23 + O vy No) {123

The rest of the proof is similar to that of Theorem 8.4.3. The term
C(Ny,N),0 is bounded above by 72 Z(kl,kz)eNg |k ko

N1 Nz ki ko

Covmva < D D, D

k1=0 k2=0j1=0 j2=0

T2t |ag, |

2
9k1+k2+2 =7

>

(k:1,k2)€NS

|ak17/€2| .

(8.5.2)

We will next prove that

o0

+ < >
ri=k1+1

oo

2
Z @ ko

2
arth) .(8.5.3)
ri=k1+1

o0 o0
Covina) 1y ST Y Y

k1=0Fk2=0

To prove (8.5.3), we let (k1, ko) € N2 and compute:
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/ Z Z Qi1 ,52 J1 tl Cjz (t2) d(thtg)
E tito

k1k2 |j1=k1+1j2=0

k2
w272 Ary,jo C(7’1—161 (tl) dt
2k2+1 7r t]_ !
Jj2=0 T1—k1+1
. 2
k2 w292 >
< E oka+1 - E ah,jzch—kl(tl) dty
j2=0 (Z:7] |py =k, +1
ko 7T2j2 o] ) 00 2
<> k2 t1 Z Oy T Z ry.d2
j2=0 \ ri=ki1+1 ri=ki+1
and so
Ny N» ko ’/T2j2 [e’s} 2
Conmmm <X Y Y gy 2 e ( > )
k1=0 k2=0 j2=0 ri=k;+1 ri=ki+1

k1=0k2=0 ri=k1+1 ri=ki1+1

A similar argument shows that

e} e} 00 o] 2
CivNg) f2y €7 Z Z Z a3,y T ( Z aklh) .(8.5.4)

k1=0 ko=0 ro=ko+1 ro=ko+1

Since (N1, Na) € N2 is arbitrary, it follows from (8.5.1), (8.5.2), (8.5.3)
and (8.5.4) that

Sup {C(Nl,Nz),(Z) + C(Nl,N2),{1} + C(NI,NQ),{Q}} < 0. (8.5.5)
(N1,N2)€ENZ

In view of (8.5.5), it remains to prove that

sup O(N17N2)7{172} <0
(N1,N2)€EN2

= > { i i as, j, + i ( i aj177“2)2

(k1,k2)ENZ ~ ji=k1+1j2=ka+1 Ji=ki+1 “ro=ka+1

RS ) (55 ) e

Jj2=ko+1l “ri=ki1+1 Ji=ki1+1 jo=ka+1
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For any (N1, N2) € N2, we apply Cauchy Schwarz inequality, Lemmas 8.5.3
and 8.5.2 to obtain

Ni N
9D S IENED S SIPI | (CECITS
k1=0 k=0 By ks ji=k1+1 jo=ko+1 i=1 g

N1 o0 2

C"i*k'i(tA)

i > [T ditn b

k1=0ka—0" 2% | = k1+132 ka+1 i=1 g

N1 N 2

= Z Z /W’ﬂ]2 Z Z Ajy,52 Hlek d(tlytz)

k1=0 k=0 ji=ki1+1 jo=ko+1

< 12871' Z Z / ] Z Z CLJ1 32H01 i 1‘ d(tl,tg)

k1=0 k2=0 Ji=ki1+1 jo=ko+1
N N. 2
Zl 22 ZOO ZOO Cj, (ti)
= 1287 ajldzHT d(tl,tg).
k1=0ko=0" Er1.k2 | j1=k1 41 jo=kat1 i=1 v

(8.5.7)
It is now clear that (8.5.6) is a consequence of (8.5.7) and Lemma 8.5.2. 0

The next theorem is a two-dimensional analogue of Theorem 7.4.14.

Theorem 8.5.5. Let (by, k) (ky ks)en2 be a double sequence of real numbers
such that imyay (k; ko }—s00 ki ks = 0,
A{1,2}(bk1,k2) =0 ((kf1, ]4;2) € NQ\{QT re N}2)

and
0 2
S Bty X (X B
(k1,k2)€EN? p=ki+1 p=kr 41
o 2
X B (2 B e
q=k2+1 qg=ka+1
where B_])k = A{I,Q}(b2172k) (]7 k c N) Then,

Z(kl k) EN2 bk, .k, Sin k1ty sin kato is a double Fourier series if and only if
’ [e%e] o] [e%e] o] 2
S Y S aas X (X 8)
(k17k2)€N2 p=k1+1 qg=ka+1 p=ki1+1 q=k2+1

R (S ) (S S )

q=k2+1 p=ki1+1 p=k1+1g=ka+1
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Proof. Let Cj(x) = 1 — cos2z (j € N; z € R) and
Sj(z) := sin2’z (j € N; z € R). Then, for each (t;,t2) € (0,7)2, we
deduce from Theorem 8.1.13 and Lemma 7.1.4 that

Z bi, ko Sin k1tq sin Kato

(k1,k2)€EN?
1 Ch, (t1) Ch, (t2)
= 1 Z Bkl,kz( tan & +Sk1(t1) h&ilit—z +Sk2(t2)
(k1,k2)EN2 2 2
1 B Chr, (t1)Ch, (t 1 B Ch, (t
S kl,lzz z(tl) g( 2) 1 $ kl,th Z( 1)Sk2(t2)
(k1 k) EN? an g tan g (k1 h2)EN? an 5
1 Bk’hk?Ck? (tQ) 1
1 > WSM (t1) + 1 D Briks Sk (t1) Sk, (2).
(k1,k2)EN2 2 (k1,k2)EN2
Since
Jm > BiksSkSke| d(tita) <7 > [ Brykl,
0% | (ky k2 ) N2 (k1,kz)EN?

(7.4.8) implies that

lim Bkl,szkl (tl)

Sk, (t2)| d(t1,t2)

t
5=0% J[5,7)2 (k1 bmyen? 2tan 3
e’} x| oo
B, %, Ch, (1)
< lim Zhuke R B gy
- 5—1>0+ T Z \/5 Z tl 1
k2:1 k?1:1
oo o0 0o 2
= 2 Z Z B’%hkz + < Z Bkl,k2)
ko=1 k1=1 ki=1
and
i Bioy ki, Ok, (¢
5hr(§l+ Z %Skl (t1)| d(t1,t2)
2052 | g, yene an 5
oo o0 0o 2
< 27 Z Z Bil»kz + ( Z Bkth) )
ki=1 ko=1 ko=1
an application of Theorem 8.5.4 completes the proof. 0

Example 8.5.6. Let

_1\r+s .
e = LTI (k) €{(272) (1) €NPY,
v 0 otherwise
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and let by, k, = 02, Yooy ars ((k1,k2) € N?). Then the double series
2 (kv ka)eN2 Dky ko SID K1ty sin kot converges regularly for all (t1,¢2) € [0, 7]2.
However, it is not the double Fourier series of a function in L!(T?).

Proof. This is an easy consequence of Theorem 8.5.5. g

8.6 A convergence theorem for Henstock-Kurzweil inte-
grals

In this section, we establish a new convergence theorem for Henstock-
Kurzweil integrals. Since the Riesz-Fischer Theorem does not hold for
HK ([a1,b1] % [az,b2]) (cf. Example 4.5.5), it is not surprising that the
proof of the following result is more involved.

Theorem 8.6.1. Let (Ckyks)(ky ko)enz e a double sequence of real
numbers, let  (¢1,5)520 (resp.  (¢2,5)20) be a sequence in
Lt[ay,b1] (resp. L'[az,bs]), and let (Cy,)%°, be a sequence of real numbers.

If
Fg{al‘?é} Z |Ck17k2| H ||¢j7k.j||HK[aj,bj]

(K1 ,k2)EN2 je{1,21\T i€l
<C, (8.6.1)

b;—a;
n+1l 7bi]

for all n € N, then there exists ¢ € HK ([a1,b1] X [az, ba]) such that

lim
min{ni,n2}—o00

ko ¢1k‘1®¢2k‘2 (bH =0.

k1=0 ky=0 HEK ([a1,b1]x[az,b2])

(8.6.2)

Proof. First we apply (8.6.1) with I' = @) to conclude that the double
series

> Ckl,kz/ D1y @ P2k, dpiz

(k1,k2)ENZ [s,t]x [u,v]

converges absolutely for all [s,t] x [u,v] € Tz([a1, b1] X [ag, b2]). Therefore
we can define an interval function @ : Zy([a1, b1] X [ag, b2]) — R by setting

Bstlx wo) = S enn [ bun ©oan da

(F1,k2)€ENE [5,t] % [u,v]
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Using (8.6.1) with I = {1, 2}, it follows from the Riesz-Fischer Theorem
that there exists a function ¢ : [a1,b1] X [az,b2] — R with the following

property:

2
(1, 22) € [ J(ai, by)
, =1 .
= ¢ € L'([][xi,b:]) and s ¢ dpz = (] Jlwi, bi]). (8.6.3)
i=1 2 [mibs =1

It remains to prove that ¢ € HK ([a1,b1] X [az,b2])) and @ is the indefi-
nite Henstock-Kurzweil integral of ¢. In view of assertion (8.6.3), Theorems
5.2.1(iii) and 5.5.9, it suffices to prove that

Vaux®(Zr,n) =0 (neN; T'c{1,2}), (8.6.4)
where

([al,bl] X [QQ,bQ])\((al,bl] X (ag,bQ]) = U U me,

neN I'c{1,2}
2 {ar} if ke {1,2}\T,
me = H ZI‘,n,k and ZI‘,n,k =
k=1 [a + 2% by ] if k€T

Proof of (8.6.4). Let € > 0 be given. For each n € Nand I' C {1, 2}, we
use (8.6.1) to select a positive integer K = K(I', n, €) so that the following
conditions are satisfied:

max S fennl TT o oo, o0 T 100k

(k1,k2)EN JE{1,2}\T" 1€l
ke>K

Ll[%-l—%,bi]
6.
47
there exists n(I',n) > 0 so that

< (8.6.5)

) max max sup
je{1,23\TI k;=0,....K [u,v]Ca;,b;]
0<v—u<n(I',n)

-1 —1
€
< 5( + p 8x |Ck1,k2|> (1 + H ||¢i,n||L1[ai+m’bi]> . (8.6.6)

iel

||¢j7kj ”HK[u,v]

2=0,...,

Define a gauge dr n on Zr, by setting dr n(z1,22) := n(I,n), and let

Pr,, be a Zr ,-tagged Or ,,-fine Perron subpartition of [a1, b1] X [ag, b2]. We
claim that

> le)<e. (8.6.7)

(t,I)EPr
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We consider three cases.

Case 1: T' = ).

In this case, (8.6.7) follows from the obvious equality card(F,) = 1,
(8.6.5) and (8.6.6).

Case 2: I' = {1}.

In this case, our  choice of = Py, implies  that
w1(lh NUy) = 0 whenever ((z1,x2),11 x Iz) and ((y1,y2), U1 x Us) are
two distinct elements of Py} ,,. Letting

Sk ks (Paym) = [ hiks | Y P10l 1o, 4 21zn 192080 a2 o)
(t,1)EPf1} n

we infer that (8.6.5) and (8.6.6) that

Y. e

(t,1)€Pr1y,n

< Z Z ‘/j¢1,k1 ® P2k, diio

(k1,k2)€NE (t,1)EP{1} 1

K K K o)
<Y SkePapa) + Y. D Skk(Paym)

k1=0 k2=0 k1=0ko=K+1
oo K 0o 0o
+ Z Z Skl,kz (P{l},n) + Z Z Skl,kz (P{l},n)
ki1=K+1 k2=0 ki=K+1 ky=K+1
< €.
Case 3: I' = {2}.

In this case, we follow the proof of case 2 to obtain (8.6.7).

Combining the above cases, we conclude that (8.6.7) holds. Since € > 0
is arbitrary, (8.6.4) is established. It is now clear that (8.6.1) implies (8.6.2).

|
The following theorem is a partial converse of Theorem 8.6.1.
Theorem 8.6.2. If the following conditions are satisfied:

(1) (en1,nz)(ny,na)enz s a double sequence of mon-negative numbers;
(i) for each i € {1,2} the function h; : [a;,b;] — R is positive and de-
creasing on (a;, b;);
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(iii) for each i € {1,2} both sequences (¢;n)oo and (¢inhi)22, belong to
Ll[ai, bz] with

neNg zi€lai,bi] Jq

inf mln{/ @inhi dpr, min / in d,ul} > 0; (8.6.8)

(iv) there exists ¢ € HK ([a1,b1] X [az, b2]) such that

ni n2

Z Z Cky k2 (¢1,k1 X ¢2,k2 — ¢ H = 0;

k1=0 ky=0 HEK([a1,b1] % [az,bz])

(v) ¢(h1 @ ha) € HK([a1,b1] X [az, ba]),

lim
min{ni,n2}—oc0

then the double series
2 b;
Z ck.l,k.QH @ik hi dpy converges.
(K1,k2)EN2 j=1" %
Proof. 1In view of (i), (iii) and (v), it suffices to prove that

1
sup Z Z Chy ko H ¢z k; i dpa

(N1,N2)ENG 1,720 ka—0

< 4”¢(h1 ® ha) (8.6.9)

HK([a1,b1]x[az, 52]).

To prove (8.6.9), we let (Nl, Ns) € N2 be arbitrary and write

H / ek, dpin

ee{1,2\T'
((kl,kz) € No; (y17y2) € (a1,b1] x (az,b2]; T C {1,2}).
We will first prove that

W(Fa (klv k2)7 (917 92))

2

lim Z Z Z Chy s W(T, (K1, k2), (yhyz))Hhi(yi)

(y1,y2)—(a1,a2)

(y1,y2)€(a1,b1]x (a2, b2] IC{1,2} k1=0k2=0 i=1
N1 No

= Z Z Chy k2 H ¢i7kihi dp. (8.6.10)
}{)1_0 }{)2_0

To prove (8.6.10) we consider two cases.
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Case 1: I' = {1, 2}.

In this case, it follows from (iii) that

N1 N3 2
(y17y2)1—r>rzal,a2) Z Z koW (1, 2} (ks k2), (91, 92)) th(yz)
(yl’yz)E(al,bl]X(U«z,bz] k1=0k2=0 =1
N1 N2 b;
=Y Y thm H Gi e i dpr.
k1=0 k2=0 i=1"

Case 2: T' C {1, 2}.
In this case, we choose any (k1,k2) € {0,..., N1} x {0,..., N3}. Then
(ii), Theorem 6.1.7 and (iii) yield

2

w Fa k ak ) ) hi 7
gl WD (ks k), (91 yz))l:[1 )
(y1,y2)€(a1,b1]x (az,b2] =

bj Ye
(yl’yz)li}%al’az) { H /yj ¢J7k_7 J /’(’1}{ H 9, ¢€,k( 14 /’Ll}

(y1,92) €(ar b1l x (az,ba] IET A
(for some 6, € [ag, ye] (£ € {1,2}\T))

=0.
Now we have

inf Y W (ki k), (y1,42) 2 0 (8.6.11)
(k1,k2)ENG rée)

because (ki1, k) € N2, (ii), Theorem 6.1.7 and (iii) imply

Z W(T, (k1, k2), (y1,92))

rcqi,2}
Z H %k dp H / Ge ke, A
rc{i1,2} jervi £e{1,2}\I"

(for some (v1,v2) € [y1,b1] X [y2, b2])

2
= ¢k dpy
I e

> 0.
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Finally, since (i), (ii), (8.6.10) and (8.6.11) hold, it remains to prove
that

2
sup Z Cky k2 Z W(Fv (kla kZ)a (ylv yQ)) H hl(yl)
(y1,y2)€(a1,b1]x (az,b2] (k1,k2)EN2 rc{i,2} i=1
HK([al,bl]X[a27b2])

Let (y1,y2) € (a1,b1] X (az, ba] be arbitrary. We consider the following
cases.

Case a: T' ={1,2}.
In this case, (iv), (ii), Theorem 6.5.12 and (v) yield

Z Cky ko W({L 2}? (klv k2)v (y17 92)) hl(yl)h’2(y2)
(khkz)ENg

mx) [ o @ ha)
[y1,b1] % [y2,b2]

< H¢(h1 ® hy) (8.6.13)

HK ([a1,b1] x [a2,b2])

Case 8: T = 0.
We use (iv), (ii), Theorem 6.5.13 and (v) to obtain (8.6.13):

> ki WO, (k1 k), (y1,92)) ha(y2)ha(y2)
(kl,kz)ENg

— (1K) / p
[a1,y1]x[az2,y2]

~ | [ o @ ha)
[€1,y1] % [€2,y2]

h1(y1)h2(y2)

2

(for some (&1,&2) € H[aiayi])

=1

IN

HK ([a1,b1]x[az2,b2])

‘d)(hl ® ha)

Case v: T C {1, 2} is non-empty.
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Without loss of generality, we may assume that I' = {1}. Then we infer
from (iv), (ii), Theorem 6.5.12 and (v) that

> ki WHLY, (k1 k2), (y1,92)) ha(y1)ha(y2)

(kl,k'z)GNg

= ha(y2) (HK)/[ i ]¢(t1,t2)h1(t1) d(ti,t2)|. (8.6.14)
Y1,01|X|a2,y2

Finally, it follows from (8.6.14), Fubini’s Theorem, (ii), Theorem 6.1.6
and (v) that

Z Chy ke W({1}, (B, k2), (y1,92)) ha(y1)ha(y2)

(K1,ks)EN2

(for some & € [ag, y2])

mx) [ o @ ha)
[y1,b1] % [€2,y2]

HK([al,bl]X[ag,bz])’
that is (8.6.13) holds. Combining the above cases yields (8.6.12) to be

proved. O

< H(b(fh ® ha)

8.7 Applications to double Fourier series
The aim of this section is to generalize Theorem 7.5.5 concerning single sine
series. The proof of the following lemma is left to the reader.

Lemma 8.7.1. If x > 0 and p € [0,2), then

T 2 9 T 9
0< / T (6) < / T (6). (8.7.1)

The following lemma is a simple consequence of Lemma 8.7.1.

Lemma 8.7.2. Ifk € N, 2 >0 and p € [0,2), then

1 T sin kt T sin@
< - < .
0< kpfl/o & dul(t)_/o 0%

The following theorem is a substantial generalization of Theorem 7.5.5.

Theorem 8.7.3. Let g € L'(T?) and assume that

g(tl,tg) ~ Z bkl,kz sink1t1 Sinkgtg.
(k1,k2)€EN2
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If the double series 37, 1 enz [Dky ks ES RS2 converges for some
(a1,a2) € [0,1]?, then there exists ga,.a, € HK([0,7]?) such that

. lim ”8“17”29&17(12 — Jai,02 ||HK([O,7r]2 = 0.
min{ny,n2}—o00

Proof. Since p € [0,1] and Lemma 8.7.2 imply

x : kt s
/ St dt' } 4+ sup sup §p/
o tP keN 6€(0,7] s

a simple application of Theorem 8.6.1 yields the result. O

sin kt

e |
sup sup dt < o0,

—1
keN ze€[0,7] kp

If we begin with a double sine series with non-negative coefficients, we
obtain a sharper version of Theorem 8.7.3.

Theorem 8.7.4. Let (31, 32) € (0,1)?, let g € L'(T?) and suppose that
g(ti,t2) ~ Z by .k SIN k11 Sin kaots.
(k1,k2)EN?

If bk, > 0 for all (ki,ke) € N2?, then the double se-
ries EUCMMGNQ bkhkzk’fl_lkgz_l converges if and only if for each
(a1,a2) € [0,m)? there exists o, as.p1.8, € HK (Ja1, 7] X [an,7]) such that

g(t1, t2)
t1 — 041)51 (tg — a2)52

ga17a27ﬁ17ﬁ2(t17t2) = (
for all (t1,t2) € (o, | X (g, 7).

Proof. (=) The proof is similar to that of Theorem 8.7.3.

(«<=) For this part of the proof we assume that (a1,a2) = (0,0) and
(B1,32) € (0,1]2. Since

1 T sinnu 27 ¢in @
(kh}cf;)eNQ kiky 2 O,gelN p—1 /0 U2 /0 o 0> 0 (pe(0,1])

and
inf inf/ sinnt dt > 0,
z€[0,7] nEN Jq
the conclusion follows from Theorems 8.2.4(i) and 8.6.2. O

We remark that Theorem 8.7.4 is not true if 51 = 2 = 1. However, the
proofs of Theorems 8.7.3 and 8.7.4 give the following result.
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Theorem 8.7.5. Let g € LY(T?) and suppose that
g(t1,t2) ~ Z by kp SIN k1t Sin kots.
(k1,k2)EN?

If b, g, > 0 for all (ki,k2) € N2, then the double series
D (k ka)en2 Dk by converges if and only if there exists goo € HK([0,7]?)
such that
g(t17t2)

ti1to

goo(ti,t2) =
for all (t1,t2) € (0,72,
Our next theorem is a two-dimensional analogue of Lemma 7.6.1.

Theorem 8.7.6. Let f € L'(T?) and suppose that

flt1,ta) ~ Z {akl,kz cos k1t1 cos kato + by, k, cOs k1ty sin kot
(k1,ko)€EN2

+ Chy ko SiN K111 cOS Kato 4 di, i, Sin k1T sin kot }

If ag,ky, > 0 for all (ki,ka) € N2, then the double series
D (k1 ) EN2 a;c‘ll—k';z converges if and only if there exists foo € HK([0,7]?)

such that
1

foolz1,22) = / f dp
L122 J—zy,21] X [—z2,32]

for all (x1,z2) € (0,72,

Proof. According to Theorem 8.2.4,

2 .
sin k;x;
/ 2 IRTTSED SR TN | Ee

im1[— i@l (k1,k2)EN? i=1
An appeal to Theorem 8.7.5 completes the proof. O

The following example shows that Theorem 8.6.1 is beyond the realm
of Lebesgue integration.

Example 8.7.7. The function g : [0,7]2 — R is defined by
= 1 in(2"1¢;) sin(2%2¢
Z Z i sin( i)sm(t 2) it (1, 2) € (0,7)2,
g2(t1,t2) = = (k1 + k2) tan 5 tan 3
0 if (t1,t2) € [0, w]?\ (0, 7)2.
Then g2 € HK ([0, 7]?)\L([0, 7]?) and

7.‘.4

K [ =T
[0’71-}2 6
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Proof. By Theorems 8.7.3 and 6.5.9, go € HK ([0, 7]?) and

oo

S 2 sm2 t
(HK)/[OﬂT]z Z Z (k1+k2 \/[Oﬂ_ Zl;[ - tl,tg)

k1=0ko=1

G

o

7'('2

M8

k1+k2

?@
2
Il

0 kz:l
1
(k1 4 k2)3

I
L
M

r=1 (k1,k ENO
1
=r

2)
>
k2

Jnff?v-

k1

It remains to prove that go & L([0, 7]?). But this is an easy consequence
of Theorem 8.4.3, since the double series Z(j k)enz m converges,

and

1
SRR NTE T

(4,k)EN2 \ p=j g= k (4,k)EN? U

Exercise 8.7.8. Let (akl,kQ)(kl,kg)eNg be a double sequence of real num-

bers such that limyax{n, no}—o00 @nym, = 0 and Z(kl,kQ)eNg |A1,2(Ak k)
converges. Prove that

(i) the double series Z(kth)eNg Aoy My Oy ep COS 1ty cOS Koty converges
regularly for all (t1,t2) € (0,7)%;
(i) there exists f € HK([0,n]?) such that
flt1,te) = Z Aoy Moy (ks ey COS K11 COS kot
(k1 ,k2)EN2
for all (t1,t2) € (0, 7]
(i)

—0

(H /O W]Q{ Z Z s, kQHA cos kit; — (tl,tg)}d(tl,tg)

k1=0 k=0

as min{nq, ne} — oo.



274 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

8.8 Another convergence theorem for Henstock-Kurzweil
integrals

In this section we give another convergence theorem for Henstock-Kurzweil
integrals whose proof depends on Theorem 8.3.3. In fact, the proof of this
result is essentially based on that of Exercise 8.7.8.

Theorem 8.8.1. Let (¢1,)5%, (resp. (P2.n)5%,) be a sequence in
Lfa1,b1] (resp. L'[aa,bs]) and suppose that the set

::{re{l 2} : sup Zqﬁrk <oo}
HK[ar,b,]

n€Ng —
is non-empty. If (Cry kz) (b ky)enz @ @ double sequence of real numbers such

(1]

that
> {lansml T oo
(k1,k2)€ENZ ee{1 21\ (TUE)
max Z Gjr, ‘ } (8.8.1)
jer =0 r;=0 L'[aj+ 2455 b))

converges for every T' C {1,2} and n € N, then the followmg assertions
hold.

(i) The double series

Ck‘l k‘2 /H(;Slk d/‘LQ t17t2)

converges reqularly for all I € Iy([a1,b1] X [az, ba]).
(ii) There exists | € HK([al,bl} [az,ba]) such that

Z Z Chr, kz®¢m fH =0. (8.8.2)

k1=0 ka=0 HK([a1,b1]x[az2,b2])

(k‘l k‘2 €N2

m1n{n1 n2}~>oo ’

Proof. We may assume that

Z(brk

E= {re{l 2}:0< sup
k=0

n&eNp

< 1}. (8.8.3)
HK/ar,b,]

(i) Clearly, it suffices to prove that

q1
> Z Chy, k2®¢zk

k1=p1 k2=p2
0w ol e} o oo (554

HEK ([a1,b1]x[az,b2])
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Let ko > 0 be given. Using (8.8.1) with I' = ), we select N € N so that

lm%}é Z |AE(Ck1,k2)| H ||¢Mf||HK[a[,b[]

- (k1,k2)ENG Le{1,2}\E

k>N
n —1
Z ) : (8.8.5)
HK]la,b,]
2

k=
€ Nj satisfying ¢; > p; (i = 1,2) and
{1,2}\E so that

ko
< — | max sup
16 \ re= neNy

Hence, for any (p1,p2), (‘IlaQQ
max{p1,p2} > N, we write &' =

q1
> Z Chey ks ®¢z ki

k1=p1 k2a=p2

< > ‘

HK ([a1,b1]x[az,b2])

Z Chy ks ®¢] k; ® Pt ke

HK([T2_,[a:,bi])

(T1,7’2)€Ng (k1,k2)€Ng JEE
Tj=0Vj€E pjgkijjVjE_
pe<ri<q,V<Le = ke=ry veez'

(by triangle inequality)

> > 18s(er)l [T ekl lmrians

HK[ar,br] k) =p; ko=po LeE!

< 16 max sup
r€E neNy

Z¢rk

(by summation by parts and triangle inequality)

< Ko (by (8.8.5)).

Since kg > 0 is arbitrary, (8.8.4) follows.

We are now ready to prove (ii). Applying (8.8.1) with T' = {1,2}, we
see that

2
Z | Ag1,23 (Chy ks )| H , ax
G210

(k1,k2)EN3

(8.8.6)

Z Gir;

r;=0

a

bi:—as
Ll[ajJr 11+1J 151

converges for every n € N. Hence, by Theorem 8.3.3, there exists a function
f : [al, bl] X [(IQ, bg] — R such that

fellamd [fdn= 3 e [ o1 @00 i (357
I I

(k17k2)€N(2J

whenever I € Ig([al,bl] X [ag,bz]) with I C (al,bl] X (az,bg].
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Since (i) holds, we can define the interval function
G : Ir([a1, b1] X [ag, ba]) — R by setting

2
Gllur, o] x fug,v2) = D ewma [] [ bie dpa
i=1" Wi

(kl,kz)ENg

We will next show that f € HK ([a1,b1] X [az,bz]) and G is the indefinite
Henstock-Kurzweil integral of f. In view of (8.8.7), Theorem 5.5.9 and
(8.8.4), it remains to prove that

VH)CG<([CL1, bl] X [CLQ, bg])\((al, bl] X (ag, bg])) =0.
Thanks to Theorem 5.2.1(iii), it suffices to prove that
VuxG(Zr,) =0

whenever n € N and I' C {1, 2}, where

([a1,b1] x [az, b2])\((a1,b1] % (az,ba]) U U ZT s

neN I'c{1,2}
2 {ar} if ke {1,2}\T,
Zl",n = H Zl",n,k and ZF,n,k =
k=1 [ak+ k+1,bk]1fk€F

For each € > 0 we use (8.8.1) to pick a positive integer K so that

Z { | Aruz(Cry ks)] H ||¢’f’ke | |HK[ag,bg]

(k1,k2)ENG £e{1,2}\(TUE)
(k1,k2)€[0,K]?

4
max Z bjr; }
jer 95 =0r-0h3 ;=0 LY(Zr n,5)
n -1
< = (1 + max sup Z Or.k; ) . (8.8.8)
2 rez neNy k=0 HK]Ja,,b]

Employing the uniform continuity of indefinite Henstock-Kurzweil inte-
gral, we select an n(I',n) > 0 so that
max ax sup

i€{1,2}\T" ks Torx [u,0]C[as,bi]
0<v—u<n(l',n)

N1 N»
<1—|— Z Z |AFu_ Cky ko |H

k1=0 k=0 Ler

0]

Z Deje

Jje=0

>_1. (8.8.9)

LY (Zr,ne)
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Define a gauge dr,, on Zr, by setting or n(z1,22) := n(I',n), and let
Pr,, be a Zp ,-tagged dr ,-fine Perron subpartition of [a1,b1] X [ag, ba).
Since all integrals are real-valued, it suffices to prove that

Z Z Ch1,k2 /¢1 ky @ P2k, dpiz| <e. (8.8.10)

(t,I)EPr n (k1,ks)EN2
Proof of (8.8.10). Write T =T UE and ®; %, = Z?;:o ¢ijg; (1=1,2).
According to Theorems 7.1.2(iii) and 8.1.13(iv),

Z Z Cky k2 /¢1 k@ ¢2 ko d,ug

(t I)EPF n (k}17k72)€N2

Z Z AT(Ckl,kg / H (bzk ® H QZSJ k; ) d,ug

(k1,k2)ENZ (¢, 1)EPP i€T je{1,2\T
K K
<D Ar(erm)l| D / [[oir© T[] oin) due
k1=0k2=0 (t,I)ePr n i€T Je{1,21\T
+ Y Arlaw)l| Y] / [[®r© T @) dus
(k1,k2)EN? (t,I)EPrn ieT JE{L,2\T
(k1,k2)€[0,K]?
= R1 + Ry,

say. To complete the proof of (8.8.10), we have to establish the following
claims.

Claim 1: If I' = (), then max{R;, Rp} < §.

Since card(Py,,) = 1, (8.8.9) and (8.8.3) imply that R; < §. Likewise,
we infer from (8.8.8) and (8.8.3) that Ry < 5. Thus, claim 1 holds.

Claim 2: If I' C {1, 2} is non-empty, then max{Ri, Ro} < 5.

In this case, our choice of Pr, implies that

peardm)([Lier li N IlieprUi) = 0 whenever ((w1,22),[1 x Iz) and
((y1,y2), U1 x Uz) are two distinct elements of Pr,. Combining this with
(8.8.9) and (8 8.3), we get

SZ Z{ATcklkz H

k1=0k2=0 1€{1,2}]\T

€
T 1238 oy TL @1z} < 5

JEEND Ler

b3
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A similar reasoning shows that Ry < 5. The proof is complete. g

The following corollary, which improves parts (ii) and (iii) of Exercise
8.7.8, is an immediate consequence of Theorems 8.1.13 and 8.8.1.

Corollary 8.8.2. Let S C {1,2} be a non-empty set and let
(Ckl,kz)(kl,kz)eNg be a double sequence of real numbers such that
liMyyax{n,na}—oo Cnyne = 0. If the double series

>

(k17k2)6Ng
k:>0Vie{1,2}\(TUS)

Arus(Chy ks )

Hie{1,2}\(1“u5) ki

converges for every T' C {1,2},

then the following assertions hold.
(i) The double series
Z Ck11k2{ HCOSkiIi}{ H Sinijj}
(kl,kz)GNg €S ]6{1,2}\5

converges reqularly for all (x1,z2) € (0, 7]?.

(ii) Let
E(kl,kg)eNg Ckhkz{ Hies cos kltl}{ Hj6{1,2}\S sin kjtj}
fs(ti,t2) == if (t1,t2) € (0,7,
0 otherwise,
and let
ni na
Frame,s(t1,t2) = Z Z C;ﬁ,;w{ H COSkiti}{ H sinkjtj}.
k1=0 ko=0 i€S j€{1,2}\S

Then fs € HK(|—n,7?) and

! o o —T,T =0.
min{mlmmz}—»oo”f 12,8 — fsllar (- mp2

8.9 A two-dimensional analogue of Boas’ theorem

The aim of this section is to prove a useful two-dimensional analogue of
Theorem 7.5.2. We need the following lemmas.
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Lemma 8.9.1. Let (C, ky) (ki ks)en2 be a double sequence of real numbers
such that

lim Cnimng =0 (8.9.1)
max{ni,ns}—o00
and
Agoy(Chy k) AVERN (N
Z {2} 1,k2 + {1}( 1,k2 + ’A{1,2}(Ck1,kz)| < oo,
k1 ko
(k'l}klz)eNz
(8.9.2)
If j €{1,2} and a; € N, then the series
2 -1
Z Cky,ko < H kz)
2 j—
EEM
s absolutely convergent.
Proof. Exercise. O

Lemma 8.9.2. Let (Cr, ky) (ki ko)en2 be a double sequence of real numbers
such that (8.9.1) and (8.9.2) hold. If j € {1,2}, then

2 —1
nJl»iLHOO Z ‘Ckl,k2| < ]:[1 kz) =0.

2 =
(k1 ,k2)EN il

k?j =n;
Proof. Exercise. O

The following theorem, which is a generalization of [101, Theorem 4.3],
is a two-dimensional analogue of Theorem 7.5.1.

Theorem 8.9.3. Let (Cr,y k) (ky ko)en2 be a double sequence of real numbers
such that

lim Cnyny =0 (8.9.3)
max{ni,n2}—o00
and
A c A c
Z { ‘ {2}; bz + ’ {1}; bka) + ’A{1,2}(Ck1,k2)| } < 0.
1 2
(Kk1,k2)€EN?

(8.9.4)
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If (p1,0)52 (resp. (w2,0)32,) is a sequence in Clay, b1] (resp. Claz, ba])
such that

%n(ﬂfz) - %‘,n(ai)
max 4 sup H@i,nHC[ai,bi] + sup sup
=12 | peN a;<x;<b; n€N n(xi - ai)

Z szk:xz) }<007
=1

then the following statements are true:

-

+ Ssup sup
z;€la;,b;] n€EN

(i) the double series

Cky,k
> o PLk (21) P2k (22)
(k1 ka)enz 102

converges regularly whenever (x1,x2) € ([a1,b1] X [az, b2])\{(a1,a2)};
(ii) the function

Ckq .k
(w1, 22) > ) kll’ﬁg 1.k (1) 02,1, (22)
(k1,k2)ENZ 2

is continuous on ([a1,b1] X [az,b2])\{(a1,a2)};
(iii) if the limit
c .
E ks 01k, (1) 2.1, (T2)  exists,
(z1,22)—(a1,a2) ok ) k1ko
(z1,m2)€(a1,b1)x (az,bz) (F1,k2)€EN

then

Cky ko
Z nglykl (a1)@2,k, (a2)

(kl,kz)ENz

converges reqularly;
(iv) if the double series

C
> Ijl}fzﬁ k1 (@1) 2,1, (a2)
(K1,k2)EN2

is regularly convergent, the the function

(rm2) = 30 ek (@) ea (@)
(k}l,kg)ENz

is continuous on [ay,b1] X [az, ba].
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Proof. We may assume that

@in(Ti) = pinlai)
n(x; —a;)

} < % (8.9.5)

max { sup [|@inllcosg + sup  sup
=12 ( peN a;<x;<b; n€N

Z _az (ka xv)

k=

+ bup sup
€lai,b;] n€N

(i) We consider three cases.

Case 1: (z1,22) € (a1, b1] x (ag, ba).

In this case, the result follows from Theorem 8.1.13 (iv).
Case 2: (z1,a2) € (a1,b1] X [az, ba].

Let (p1,p2), (q1,q2) € N? with ¢; > p; (i = 1,2). According to the
triangle inequality and (8.9.5),

Z Z Ckl}j% k1 (T1) 2,1, (a2)

k1=p1+1 ka=p2+1

q2 q1

1 Ck17k2
S Z % Z kl ()01 kl(xl) . (896)

ka=pa+1 ki=p1+1

Since Theorem 7.1.2(ii), triangle inequality and (8.9.5) imply that

- (1 — a1)p1.k, (21) 1 1 1
E d < § — - V)x = 9.
sup ’ 3 (k )><2<27 (8.9.7)

neN 1 k41

ki1=1

we deduce from (8.9.6) and Theorem 7.1.2(ii) that

Z Z Ckl’ - , Pl (z1)p2,k, (a2)

ki=p1+1 k2= P2+1
q2

<4Z >

ko=pa2+1 ka=p2+1

Agry(Chika)

8.9.8
k2 Il - al) ( )

Since (8.9.8) and (8.9.4) hold, it is now easy to show that the double series

Ck1 ko
> Tk, Pk ()20, (02)

(kl ,k2)€N2

converges regularly.
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Case 3: (a1,x2) € [a1,b1] X (az, ba].

In this case, we modify the proof of case 2 to conclude that the double
series

Ck,l,k,g
> 1 b ©1,ky (@1) P2,k (T2)

(k1,k2)EN?
converges regularly.
Combining the above cases yields (i) to be proved.

Since the proof of (ii) is similar to that of (i), it remains to
prove (iii) and (iv). Due to assertion (i), we define a function
¢ : (a1, b1] X [az, b2])\{(a1,a2)} — R by setting

2
Piki (‘rl)
50(1'171?) = Z Cky k2 HT
i=1 v

(k1,k2)EN?

In view of Lemmas 8.9.1, 8.9.2, and Theorem 8.1.9, it suffices to prove
that

sy 55
. G,
(51 55@(0 0) DD ik H = k = — (a1 + 01,02 + 82) | =0,
(81,62)€(0,1)2 | F1=1k2=1
(8.9.9)

. s C Cki,ky
lim Z Z — H‘pi>ki(ai)_@(al+§l7a2) =0 (8.9.10)

510+ k
O S ka1 kike 3

and

o 3]

. C Cki ks
lim Z s H%‘,m(ai)—w(al,aﬁég) =0. (8.9.11)

52—0+ k
2 S ka1 kike 5
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Proof of (8.9.9). For each (01,d2) € (0,1)2, we estimate the left-hand
side of (8.9.9):

3l L35
z:: 2 Cklll’:; }_[1% K (a;) — o(ay + 81,a2 + 62)
Lo ) Lss ) oo 2 2
= = ZZ: k1ks (le[l%k (a:) = g@i’ki (ai + 52))
T s s To
DI kll,;; H% K (a; + 6;)
ki=[g [ +1 k2=1 i=1

n Z ZCZﬂ,kQ H<P'Lk az+5

ko= Lél J+1k1 1

A(61,62) + B(61,92) + C(61,82),

say.

Due to the assumptions (8.9.3) and (8.9.4), it suffices to prove that

As, 5,
5] o s ) Lss)
Cr.k Cr41,k
LTZ ZZ - 2+2 L LJZZ|C’“1!’“2
014 ky=1 ko=1r=k; 61 024 ky=1ky=1
%)« o
FZ Z P AR 10’“’5*1 , (8.9.12)
=1 ky=1s=ks
1
51,52 <SZ Z —|A{1}(Ck17k2)| (8.9.13)
ko=1Fk = 1j—&—l ka
and
o o0 1
C(01,82) <8 > k—1|A{2}(ck1,k2)|. (8.9.14)

k1=1 kQ:L%J—‘rl
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Using triangle inequality, (8.9.5), (8.9.3) and (8.9.4), we get (8.9.12):
L&) L&)
c
A1, 02) <[ Y Z 1k ( (@18, (a1) = 01,8, (a1 +51))s02,k2(a2)>

k1=1kso=1
EYNES
¢
+ Z Z kl’kz H (@ik: (ai) = @ik, (ai + 6:))
Fi—1 ko1 i=1
L5y ] Lsy )
¢
+ Z Z %(@1 k1 (a1)) (02,6, (a2 + 02) — @21, (a2))
Bim1 ko1 172
IR @), RN
1,R2 sR2
3| 3 e LSS
14 k1=1| ko=1 6 2 k1=1ky=1
| L] L )
Cky,kaP1,k, (A1
5 ka=1| ki—1 ky
Y Ao EYNEN
T,k
S 3D SR B S ST
14 ki=1 ko=1r=k; 62 k1=1ko=1
1
2

ZZZ

5 ka=1 ki=1s=ks
(8.9.13) follows from triangle 1nequahty, Theorem 7.1.2(ii), (8.9.7) and

(8.9.5):

A{z} Chi,s) ‘

B(01,02)

oo 1 o0
e R R
ka=1 "2 ;ﬁ:%]ﬂ !

<2 = > |Amlenmk) sw > %ﬁl)

2 1
Ra=1 " = 41 e e !
— 1 1

S4Zk—2 Z |A{1}(Ck1,k2)|'m

<8 Z Z k% |A (13 (Chy k)

ko=1 kIZL%J“Fl
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and a similar argument gives (8.9.14). This completes the proof of (8.9.9).

It remains to prove (8.9.10) and (8.9.11). It is not difficult to see that
(8.9.10) is a consequence of Theorem 7.5.1, since (8.9.3), (8.9.4) and (8.9.5)
imply that

> C
k]; > 02k, (a2) Z Z |A{1} (crk)| — 0 as ky — oo,
kg:l = kl kQ 1
and
> > Ck 1
> Ay o 2 k() ) [ <D o [Aqy(ery )| < 00
ki1 ka1 (k1,k2)eN2 2

Since a similar reasoning shows that (8.9.11) holds, the theorem is
proved. O

The following two-dimensional analogue of Theorem 7.5.2 is a corollary
of Theorem 8.9.3.

Theorem 8.9.4. Let (br, k) (ky,ks)en2 be a double sequence of real numbers
such that

max{nlllrfLIQ}_H)O bnl’nZ = 0 (8915)
and
A (b Asir (b
Z { ‘ {2}; k1,k2) + ‘ {1}( kl,k)Q) + |A{1,2}(bk1,k2)| } < 00.
1 2
(k1,k2)€EN?

(8.9.16)

Then the following assertions hold.
(i) If (z1,22) € [0,7]*\{(0,0)}, then

br, &
E L2 cos ka1 cos ko

k
(k1,ka)eNz 12

converges reqularly.
(ii) The function

br, .k
(1’1,$Q) = E ﬁ cos k11 cos koo
(k1 kz)eNz 12

is continuous on [0,7]2\{(0,0)}.
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(iii) If
b
( li)Ig(o 0) ;1,1@ cos k1x1 cos koo
(9011:9022)6(0,7;)2 (k1,k2)€EN? 172

exists, then
Z bk17k2
(ke k1ko

s regularly convergent.

(iv) If

bk, ks

(k1,ka2) EN2 ko

is regularly convergent, then the function

bry &
(x1,22) — E L2 cos kyaq cos ko
(k1,k2)€EN? 172

is continuous on [0, ]2,

Example 8.9.5. Let ¢, = Zzozn(—l)k_lm for n = 1,2,....
Clearly,

[oe]
. |k
nlglgo cn =0, gfl <|Ck — Cky1] + & < 00,

and

5lim0 o Z % cos je cos kd exists. (8.9.17)
o Gikyene

However, > 72 [k — cp1|In(k + 1) = oo.
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8.10 A convergence theorem for double sine series

The following convergence theorem for double sine series is a consequence
of Theorems 8.8.1 and 8.9.4.

Theorem 8.10.1. Let (by, k) (k, ks)en2 be a double sequence of real num-
bers such that

mm{nlliryr;}_>o<j bpym, =0 (8.10.1)
and
Ao (b A (b
T {[Run)S0Cu)] ) <
1 2
(k1,ko)EN2

(8.10.2)

Then the following assertions hold.

(i) If (t1,t2) € [0,7]?, then the double series

2
Z bkth H sin k;t;
(k}l,kz)EN2 =1
converges reqularly to g(ti,t2) (say).
i) IF (21,22) € [0,m2\{(0,0)), then g € HK (1, 7] X [2,7]) and

(HK) / g= bkl,kQH / sink;t; dt;; (8.10.3)
[z1,7] % [z2,7]

(K1, kQ)ENQ

the double series on the right being reqularly convergent.
(iii) g € HK([0,7]?) if and only if the double series 37, 1,\ene lf)[';l—ffc is
reqularly convergent. In this case,

(H / { i f: bry ks Hsmkt t17t2)} d(ti,t2) = 0
[0,7]2

ki=1ko=1
as min{ny,na} — oo. (8.10.4)

Proof. (i) If (t1,t2) € [0,7)? and H?Zl sint; # 0. then the result follows
from Theorem 8.1. 13(iii) On the other hand, the result is clearly true if
(t1,t2) € [0,7]? and H _,sint; = 0.

(ii) Using Theorem 8.8.1 with [[-_,[as bi] = [Toe;zi, 7] ((z1,22) €
[0,7)2\{(0,0)}) and ¢; x(t) = sinkt (k € N;i = 1,2), we get the result.
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(iii) We infer from (8.10.3) and Theorem 2.4.12 that g € HK ([0, 7]?) if
and only if

lim by ks H/ sin k;t; dt; exists, (8.10.5)

E:i,:i))a(()oﬂ?) (k1,k2 ) €Nz

which is easily seen to be equivalent to the existence of the following limit

> % b [leoska) ([ coshn).

(5131,5132 *}(O .
]2 T'C{1,2} (k1,k2)€EN? iel i€{1,21\T

(z1,22)€]0,
Hence assertion (8.10.5) holds if and only if

bk17k2

k
(k1.ko)enz 12

lim cos k1x1 cos kaxo exists, (8.10.6)
(z1,22)—(0, O)
(581,582)6[0 7T]
since Theorem 8.9.4(ii), (8.10.1) and (8.10.2) imply the existence of the
limit

b 17 2
(m,xl;)rg(o 0 Z Z b1,k (Hcosk 71')( H coskixi).

(o1 210,77 OFTC{12} (k2 €N kika \ o ie{1,2}\I

It is now clear the first assertion of statement (iii) follows from parts (iii)
and (iv) of Theorem 8.9.4.

Finally, Theorem 2.4.12, (8.10.3) and Theorem 8.9.4 yield

(HE) / g
[0,7]2

= lim HK /
(11,12)—>(o,0)( ) [w1,7] X [2,7] I
(z1,22)€[0,7]?

b
- (1, xlj)rg(o 0) Z Z L (Hcosk 7T) ( H cos kixi)

(21.w2)€[0,7) TE{1:2} (k1 ka)EN2 Fikz \ier ie{1,2\r
= biy ks H/ sin k;t; dt;.
(K1, k2)€N2 O

Corollary 8.10.2. Let (b, ky) (ki ke)en2 be a double sequence of real
numbers such that limyaxfn, ne}—oo Onin, =0 and

Z ‘A{172}(bk17k2)‘ (ln(max{kl + 1, ko + 1})) < Q.

(k1,ko)€EN2
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Then the double series (K1 ,k2)EN2 l_bl’;l—’“fc converges regularly if and only
’ i=1"
if

A / Z bk, ky SIN K1ty sin Koty dpa(ty, t2) exists.
(51,62)—>(o7o% (61,7 % [62,7] (1, Goyenz
(61,02)€[0,7] 1,k2

Proof. According to Theorem 8.1.13, the double sequence
(bky ko) (k1 ko)en>  satisfies  condition  (8.10.2). Hence, for each
(t1,t2) € [0,7]2, we apply Theorem 8.10.1 to conclude that the double se-
ries 3k, ky)enz Oky ko SN K1ty sin katy converges regularly to g(t1,t2) (say),

and g € HK([0,7]?) if and only if the double series 2 (kr k) EN2 l-blkgl—k;‘;
’ i=1 R

converges regularly.

It remains to prove that g € LY([z1,7] x [z2,7]) whenever
(z1,22) € [0,7)2\{(0,0)}. But this is an immediate consequence of the
Riemann-Lebesgue Lemma, Lemma 7.3.3 and Theorem 8.3.3. U

The following example shows that Theorem 8.10.1 is a proper general-
ization of Corollary 8.10.2.

Example 8.10.3. Let b; =0 and let

by, = Z(_n%iX{?”é%m (k € N\{1}).
=k (Inj)2
Using Theorem 8.10.1 with m = 2, we see that the function

(t1,t2) — Z(kl,kz)el\@ bk, br, sin k1t; sin koto is Henstock-Kurzweil inte-
grable on [0,7]>. On the other hand, since Y .-, bysinkt is not the
Fourier series of a function in L!(T) (c¢f. Example 7.4.15), the function
(t1,t2) — Z(kl’kQ)eNQ bk, bi, sin k1tq sin kote cannot be Lebesgue integrable
on [0, 7]%.

The following example sharpens Example 8.2.6.

Example 8.10.4. The double sine series

Z sin k‘1t1 sin k‘th

(ky Jom)EN? (ln(kl + ko + 2))2

converges regularly for all (t1,t2) € [0, 7]2. However, the function

sin k’ltl sin kgtg
(tl, tg) —
(k}l,k}zz):ENz (ln(k1 + ko + 2))2

is not Henstock-Kurzweil integrable on [0, 7]?.
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Proof. TFor each (ki,ks) € N2, let by, k,

hmmax{nl,ng}%oo bnl,ng =0 and

Z { ‘A{Q}(bkl,kz) + ‘A{l}(bkl7k2)
k1

= 7(111(1914-11@#2))2' Then

+ A2y (bky 1) | } < 0.

(k1 ,k2)EN? k

By Theorem 8.10.1(1), the double sine series
Z(khh)eNg bi, ko sin kitq sin koto converges regularly for all
(ti,t2) € [-m, 7]*. On the other hand, since >372, 72, bjj—k’“ = 00, we
infer from part (iii) of Theorem 8.10.1 that the function

(tl, tg) — Z bk1,k2 sin k1t sin koto

(k1,k2)€EN?

cannot be Henstock-Kurzweil integrable on [0, 7]%. O

Remark 8.10.5. Example 8.10.4 does not contradict Theorem 8.8.1 be-

cause
n T

Z / sin kt dt
0

k=1

sup sup
neNze[0,)

= Q.

8.11 Some open problems

In this section we will give some open problems relating to the following
modification of Lemma 7.6.1.

Theorem 8.11.1. If fi, fo € L*(T), then the double series

2
1
P i(Ti ils , A1.1
> ir /[_mﬂ]zil:[lf(t)cosk:t dus(t,ta)  (811.1)

(k1 ,ks)EN2
converges regularly if and only if there exists ¢ € HK ([0, 7]?) such that

1
{ / h e duz} (21, 22) € (0,]%).
l‘lmQ [7$1,$1]X[7CE2,$2]
(8.11.2)

¢($17$2) =

Proof. According to Theorem 8.1.9, the assertion (8.11.1) holds if and
only if the series

0o 1 T
Z o fi(t;) cos kit; duq(t;) converges for all i =1,2. (8.11.3)
k=1 V7T
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By Lemma 7.6.1, assertion (8.11.3) holds if and only if for each i = 1,2
there exists ¢; € HK|[0, 7] such that
1 x
pi(z) = z fi dp (z € (0,m)).

Now we infer from Theorem 5.6.5 and Fubini’s Theorem that the last as-
sertion is true if and only if (8.11.2) holds for some ¢ € HK ([0, 7]?). O

We observe that the proof of Theorem 8.11.1 depends on Theorem 5.6.5,
for which no satisfactory analogue in higher dimensions is known (cf. Con-
jecture 5.6.7). Thus, it is natural to ask whether the following conjecture
is true.

Conjecture 8.11.2. Let f € L*(T?) and assume that

flti,te) ~ Z Aoy Akeo {akhkz cos k1t1 cos kato + by, &, cos k1ty sin kot
(K1 ,k2)EN2

+Choy ko sin k1t cos kato + dkl,kz sin k1t sin thg}.

Then the double series

2
1
— ft1,t2) Hcos kit; dus(ti,te) converges regularly
, kik2 Ji—xx)2 L.
(k?l,k?Q)EN i=1
if and only if there exists » € HK ([0, n]?) such that
1
(1, 22) = / [ dpa ((z1,22) € (0,7]%).
L122 J[—zy,21] X [—z2,22]

Although Theorem 8.7.6 provides a partial answer to Conjecture 8.11.2,
its proof relies on Theorems 8.6.1 and 8.6.2 involving absolutely conver-
gent double series. The following theorem gives another partial answer to
Conjecture 8.11.2.

Theorem 8.11.3. Let (ak, k, )k ,ks)en? e a double sequence of real num-
bers such that My, axfn, ns}—oo @nyny = 0 and

Z {‘A{z}(akl,h) +‘A{1}(ak1,k2)
ky

(k1,k2)EN? k2
Then the following assertions hold.

+ A g2y (aky k)| } < .

(i) If (x1,72) € (0,7)?%, then the double series

E Gy ky COS k1271 COS koo
(K1,k2)€EN?
converges reqularly.
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(ii) There exists f € HK([—m,7|?) such that
flz1,22) = Z Gy ky COS k121 COS koo
(k1,k2)EN?

for all (z1,z2) € (0,7)2.
(iii) The double series Z(kth)eNQ ‘1’:11_’:22 converges regularly if and only if
there exists ¢ € HK ([0, 7]?) such that

¢(I1,$2)CO‘DECO1}@{(HK)/ f}
2 2 (0,21] X [0,2]

for all (z1,z2) € (0,7)2. In this case,

(HK) / p=n2 Y ke
0.1]2

(k1 ,k2)EN2 Fiks

Proof. Parts (i) and (ii) follow from Corollary 8.8.2.

(ili) Define the function ¢ : [0,71]> — R by setting
¢($1,$2) =0 ((5617562) € [077T]2\(077T]2))7 and

d(x1,x2) := cot %cot %{(HK) »/[07w1]><[0,w2] f} ((x1,29) € (0,7‘(‘]2).

Since the inequality inf (o - infnen > p_; 2L > 0 (cf. [165, Chapter 11,
(9.4) Theorem]) and Fatou’s Lemma yield

/Tr i sin kt it

k=1

sup = 00, (8.11.4)

neN

Theorem 8.8.1 cannot be applied directly. On the other hand, it is not
difficult to check that the following claims hold.

Claim 1: If z; € (0,%) and n € N, then

2
*2 gin kot

Z {’A{l}(a’kl,kz)’ max / 272 dts
0 kata

x2€(0,m
(K1,ks)EN2 2€[0,]

Claim 2: If 25 € (0,5) and n € N, then

1 sin kltl
Z {|A{2}(ak17k2)| max /0 kltl dtl

(k1,k2)EN? z1€[0,7]
Since claims 1 and 2 hold, it follows from Theorem 8.8.1 and

Kurzweil’s multiple integration by parts formula (Theorem 6.5.9) that if

+ |A{1,2}(ak1,k2)|} < o0.

+|A{1,2}(ak1,k2)|}<oo.
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[#1,7] X [22,7] € ZIa([0,7]?) with max{x1,z2} > 0, then
¢ € HK ([x1, 7] X [x2,7]) and

(HK)/ ¢ = “’“”“2 H/ sin k;t; cot L dt;. (8.11.5)
[z1,7]) X [z2,7] =1 /i

(k1,2 )eN2
It remains to prove that ¢ € HK ([O7 71)2) if and only if the double series
Z(kl k) ENZ alfl—k"? is regularly convergent Using Theorem 8.9.3 with a; =
ag =0,b; =by =, and ¢; x(z fsmktcottdt(zf12 keN; x e
[0, 7]), we see that

2 -
a
g L] I | { / sin k;t; cot dt } is regularly convergent
0

kik
(k1,k2)EN2 2

if and only if

lim Z akl b2 H/ sin k;t; cot L dt; exists. (8.11.6)
el

(er ey clo (N

Using (8.11.5) and Kurzweil’s multiple integration by parts formula
(Theorem 6.5.9) again, we see that (8.11.6) is equivalent to the condition
lim (HK) ¢ exists. (8.11.7)

(z1,22)—(0,0) T1,7| X [T2,T
(Ii,l‘z)G[O,ﬂ']Q (o] x{w2,7]

Finally, it follows from Cauchy extension (Theorem 2.4.12) that (8.11.7)
holds if and only if ¢ € HK ([0, n]?). The proof is complete. O

The following example shows that Theorem 8.7.6 cannot be used to
prove Theorem 8.11.3.

Example 8.11.4. We define a double sequence (a, k, )k, ks)enz Of real

numbers by Setting ar, k, = Y rep, Doecr, ((T:_ST“ ((k1,k2) € N?). Then

the following statements are true.
(i) (—1)k+k2ay, 4, < 0 for all (ki, ko) € N2,
(1) >k, k2)enz [@hi ks | converges.

Ao (ag A a
23 (aky ky) 1y ( kl ko)
(iii) Z(kl,kg)ew { ’ k1 + ‘

verges.

+ \A{l,z}<ak1,k2>y} con

According to (ii), there ex1sts o) e Le°([0, w]?) such that

/ / Z Z Ak ko COS kltl COS k2t2 dILLQ(tl, t2)
T mra ),

*2 |y =1ko=1
for all (x1,22) € (0,7]2. However, Theorem 8.7.6 cannot be applied here
because (i) holds.

¢(x1 ) I’2
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8.12 Notes and Remarks

Section 8.1 is based on [121,122]. Regularly convergent double series was
first studied by Hardy in [50]; see also [18]. For a connection between
regularly convergent multiple series and Henstock-Kurzweil integrals, see
[38]. A more general version of Theorem 8.1.9 is given in [38], and a general
approach of Theorem 8.1.12 can be found in [103, Theorem 2.2]. Theorem
8.1.13 is based on [103, Theorem 2.3].

Lemma 8.2.2 is the two-dimensional analogue of [106, Lemma 5.4]. The-
orem 8.2.4, which is essentially [106, Theorem 5.5], refines a result of W.H.
Young [157, p.155] concerning double Fourier series. A different proof of
Example 8.2.6 can be found in [2]. For other results concerning multiple
Fourier series, consult, for instance, [47,128-131].

Theorem 8.3.3 is a special case of [103, Theorem 2.2]. A different ap-
proach to Theorem 8.3.5 can be found in [124,126]. Theorem 8.3.6 is [126,
Corollary 3].

Sections 8.4 and 8.5 are based on the paper [107]. More general versions
of Theorem 8.4.3 are given in [123] and [19].

Sections 8.6, 8.7, 8.8, 8.9, 8.10 and 8.11 are based on the paper [106].



1]
2]

Bibliography

T.M. Apostol, Mathematical Analysis. Second Edition, Addison-Wesley,
Reading, MA, 1974.

B. Aubertin and J.J. Fournier, Integrability of multiple series. Fourier
analysis (Orono, ME, 1992), 47-75, Lecture Notes in Pure and Appl. Math.,
157, Dekker, New York, 1994.

V. Aversa and M. Laczkovich, Extension theorems on derivatives of additive
interval functions, Acta Math. Acad. Sci. Hungar. 39 (1982), no. 1-3, 267—
277.

R.G. Bartle, Return to the Riemann integral. Amer. Math. Monthly 103
(1996), no. 8, 625-632.

R.G. Bartle, A Modern Theory of Integration. Graduate Studies in Math-
ematics, 32. American Mathematical Society, Providence, RI, 2001.

R.G. Bartle and D.R. Sherbert, Introduction to Real Analysis. Third Edi-
tion, John Wiley & Sons, Inc., New York, 2001.

R.P. Boas, Integrability of trigonometric series. I. Duke Math. J. 18, (1951).
787-793.

R.P. Boas, Integrability Theorems for Trigonometric Transforms. Ergeb-
nisse der Mathematik und ihrer Grenzgebiete, Band 38, Springer-Verlag
New York Inc., New York 1967.

B. Bongiorno, On the minimal solution of the problem of primitives. J.
Math. Anal. Appl. 251 (2000), no. 2, 479-487.

B. Bongiorno, The Henstock-Kurzweil integral. Handbook of measure the-
ory, Vol. I, II, 587-615, North-Holland, Amsterdam, 2002.

B. Bongiorno, Udayan B. Darji and W.F. Pfeffer, On indefinite BV-
integrals. Comment. Math. Univ. Carolin. 41 (2000), no. 4, 843-853.

B. Bongiorno, L. Di Piazza and K. Musial, A characterization of the weak
Radon-Nikodym property by finitely additive interval functions, Bull. Aus-
tralian Math. Soc 80 (2009), 476-485.

B. Bongiorno, L. Di Piazza and K. Musial, A variational Henstock integral
characterization of the Radon-Nikodm property. Illinois J. Math. 53 (2009),
no. 1, 87-99.

B. Bongiorno, L. Di Piazza and D. Preiss, A constructive minimal integral

295



296

[17]

24]
[25]

[26]

29]
[30]

[31]

[32]

[33]

HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

which includes Lebesgue integrable functions and derivatives. J. London
Math. Soc. (2) 62 (2000), no. 1, 117-126.

B. Bongiorno, L. Di Piazza and V. Skvortsov, A new full descriptive char-
acterization of Denjoy-Perron integral. Real Anal. Exchange 21 (1995/96),
no. 2, 656-663.

B. Bongiorno, L. Di Piazza and V. Skvortsov, On continuous major and
minor functions for the n-dimensional Perron integral. Real Anal. Exchange
22 (1996/97), no. 1, 318-327.

D. Bongiorno, On the problem of nearly derivatives. Sci. Math. Jpn. 61
(2005), no. 2, 299-311.

D. Borwein and J.M. Borwein, A note on alternating series in several di-
mensions. Amer. Math. Monthly 93 (1986), no. 7, 531-539.

G. Brown and Wang K. Y, On a conjecture of F. Méricz. Proc. Amer. Math.
Soc. 126 (1998), no. 12, 3527-3537.

A.M. Bruckner, R.J. Fleissner and J. Foran, The minimal integral which
includes Lebesgue integrable functions and derivatives. Collog. Math. 50
(1986), no. 2, 289-293.

A .M. Bruckner, J. Maiik and C.E. Weil, Some aspects of products of deriva-
tives. Amer. Math. Monthly 99 (1992), no. 2, 134-145.

Z. Buczolich, Henstock integrable functions are Lebesgue integrable on a
portion. Proc. Amer. Math. Soc. 111 (1991), no. 1, 127-129.

7. Buczolich, A v-integrable function which is not Lebesgue integrable on
any portion of the unit square. Acta Math. Hungar. 59 (1992), no. 3-4,
383-393.

Z. Buczolich, Characterization of upper semicontinuously integrable func-
tions. J. Austral. Math. Soc. Ser. A 59 (1995), no. 2, 244-254.

Z. Buczolich, Tensor products of AC, charges and AC Radon measures are
not always AC, charges. J. Math. Anal. Appl. 259 (2001), no. 2, 377-385.
Z. Buczolich, When tensor products of AC. charges and Radon measures
are AC, charges. Atti Sem. Mat. Fis. Univ. Modena 49 (2001), no. 2, 411—
454.

P.S. Bullen, An unconvincing counterexample. Int. J. Math Educ. Sci Tech-
nol 19 (1988) no. 3, 455-459.

Chew Tuan-Seng, B. Van-Brunt and G.C. Wake, First-order partial dif-
ferential equations and Henstock-Kurzweil integrals. Differential Integral
Equations 10 (1997), no. 5, 947-960.

T. De Pauw and W.F. Pfeffer, The Gauss-Green theorem and removable
sets for PDEs in divergence form. Adv. Math. 183 (2004), no. 1, 155-182.
Luisa Di Piazza, Variational measures in the theory of the integration in
R™. Czechoslovak Math. J. 51 (126) (2001), no. 1, 95-110.

Luisa Di Piazza and V. Marraffa, The McShane, PU and Henstock integrals
of Banach-valued functions. Czechoslovak Math. J. 52 (127) (2002), no. 2,
609-633.

S. M. Edmonds, The Parseval formulae for monotonic functions. 1. Proc.
Cambridge Philos. Soc. 43, (1947). 289-306.

S. M. Edmonds, The Parseval formulae for monotonic functions. II. Proc.



(34]

[35]

[39]

[43]

[44]

[45]
[46]
[47]

[48]

Bibliography 297

Cambridge Philos. Soc. 46, (1950). 231-248.

S.M. Edmonds, The Parseval formulae for monotonic functions. III. Proc.
Cambridge Philos. Soc. 46, (1950). 249-267.

S.M. Edmonds, The Parseval formulae for monotonic functions. IV. Proc.
Cambridge Philos. Soc. 49, (1953). 218-229.

Claude-Alain Faure, A descriptive definition of some multidimensional
gauge integrals. Czechoslovak Math. J. 45(120) (1995), no. 3, 549-562.
Claude-Alain Faure and J. Mawhin, The Hake’s property for some integrals
over multidimensional intervals. Real Anal. Ezchange 20 (1994/95), no. 2,
622-630.

Claude-Alain Faure and J. Mawhin, Integration over unbounded multidi-
mensional intervals. J. Math. Anal. Appl. 205 (1997), no. 1, 65-77.

R. Fleissner, On the product of derivatives. Fund. Math. 88 (1975), no. 2,
173-178.

R.J. Fleissner, Multiplication and the fundamental theorem of calculus—a
survey. Real Anal. Exchange 2 (1976/77), no. 1, 7-34.

R.J. Fleissner, Distant bounded variation and products of derivatives. Fund.
Math. 94 (1977), no. 1, 1-11.

G.B. Folland, Real Analysis. Modern techniques and their applications.
Second edition. Pure and Applied Mathematics (New York). A Wiley-
Interscience Publication. John Wiley & Sons, Inc., New York, 1999.

S Fridli, Hardy spaces generated by an integrability condition. J. Approz.
Theory 113 (2001), no. 1, 91-109.

R.A. Gordon, The integrals of Lebesgue, Denjoy, Perron, and Henstock.
Graduate Studies in Mathematics, 4. American Mathematical Society,
Providence, RI, 1994.

T.L. Gill and W.W. Zachary, Banach spaces for the Feynman integral. Real
Anal. Ezchange 34 (2009), no. 2, 267-310.

R.A. Gordon, The use of tagged partitions in elementary real analysis.
Amer. Math. Monthly 105 (1998), no. 2, 107-117.

L. Grafakos, Classical Fourier Analysis. Second edition. Graduate Texts in
Mathematics, 249. Springer, New York, 2008.

M De Guzman, A change-of-variables formula without continuity. Amer.
Math. Monthly 87 (1980), no. 9, 736—739.

G.H. Hardy, On the convergence of certain multiple series, Proc. London
Math. Soc. (2) 1 (1903) 124-128.

G.H. Hardy, On the convergence of certain multiple series. Proc. Cambridge
Philos. Soc. 19 (1916-1919), 86-95.

G.H. Hardy and J.E. Littlewood, Solution of the Cesaro summability prob-
lem for power-series and Fourier series. Math. Z. 19 (1924), no. 1, 67-96.
G.H. Hardy and W.W. Rogosinski, Notes on Fourier series (IV): Summa-
bility (R2). Proc. Cambridge Philos. Soc. 43 (1947), no.1, 19-25.

G.H. Hardy and W.W. Rogosinski, Notes on Fourier series (V): Summabil-
ity (R1). Proc. Cambridge Philos. Soc. 45 (1949), no.1, 173-185.

T. Hawkins, Lebesgue’s Theory of Integration. Its origins and development.
Reprint of the 1979 corrected second edition. AMS Chelsea Publishing,



298

[55]
[56]
[57]

[58]

[59]

[60]

[61]

[63]

[64]

[65]

[66]

[67]

[68]
[69]

[70]

[71]

(72]

HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Providence, RI, 2001.

R. Henstock, Definitions of Riemann type of the variational integrals. Proc.
London Math. Soc. (3) 11 (1961), 79-87.

R. Henstock, Majorants in variational integration. Canad. J. Math. 18
(1966), 49-74.

R. Henstock, A problem in two-dimensional integration. J. Austral. Math.
Soc. Ser. A 35 (1983), no. 3, 386-404.

R. Henstock, P. Muldowney and V.A. Skvortsov, Partitioning infinite-
dimensional spaces for generalized Riemann integration. Bull. London
Math. Soc. 38 (2006), no. 5, 795-803.

E. Hewitt and Karl Stromberg, Real and Abstract Analysis. A modern treat-
ment of the theory of functions of a real variable. Third printing. Graduate
Texts in Mathematics, No. 25. Springer-Verlag, New York-Heidelberg, 1975.
P. Heywood, Integrability theorems for trigonometric series. Quart. J.
Math. Ozford Ser. (2) 13 (1962), 172-180.

T.H. Hildebrandt and I.J. Schoenberg, On linear functional operations and
the moment problem for a finite interval in one or several dimensions. The
Annals of Mathematics (2) 34 (1933), 317-328.

W.B. Jurkat and R.W. Knizia, A characterization of multi-dimensional
Perron integrals and the fundamental theorem. Canad. J. Math. 43 (1991),
no. 3, 526-539.

J. Jarnik and J. Kurzweil, A nonabsolutely convergent integral which
admits transformation and can be used for integration on manifolds.
Czechoslovak Math. J. 35(110) (1985), no. 1, 116-139.

J. Jarnik and J. Kurzweil, A new and more powerful concept of the PU-
integral. Czechoslovak Math. J. 38(113) (1988), no. 1, 8-48.

J. Jarnik and J. Kurzweil, Perron-type integration on n-dimensional in-
tervals and its properties. Czechoslovak Math. J. 45(120) (1995), no. 1,
79-106.

J. Jarnik, J. Kurzweil and S. Schwabik, On Mawhin’s approach to multiple
nonabsolutely convergent integral. Casopis Pést. Mat. 108 (1983), no. 4,
356-380.

R.L. Jeffery, Functions defined by sequences of integrals and the inversion
of approximate derived numbers. Trans. Amer. Math. Soc. 41 (1937), 171-
192.

K. Kartdk, Zur Theorie des mehrdimensionalen Integrals. (Czech) Casopis
Pést. Mat. 80 (1955), 400-414.

K. Kartdk and J. Maiik, On representations of some Perron integrable
functions. Czechoslovak Math. J. 19 (94) (1969) 745-749.

D.S. Kurtz and C.W. Swartz, Theories of Integration. The integrals of Rie-
mann, Lebesgue, Henstock-Kurzweil, and Mcshane. Series in Real Analysis,
9. World Scientific Publishing Co., Inc., River Edge, NJ, 2004.

J. Kurzweil, Generalized ordinary differential equations and continuous de-
pendence on a parameter. Czechoslovak Math. J. 7(82) (1957), 418-466.
J. Kurzweil, On Fubini theorem for general Perron integral. Czechoslovak
Math. J. 23(98) (1973), 286—297.



[76]

[77]

[78]

(82]

(83]
(84]
[85]
[86]

(87]

(88]

(89]

[90]

Bibliography 299

J. Kurzweil, On multiplication of Perron-integrable functions. Czechoslovak
Math. J. 23(98) (1973), 542-566.

J. Kurzweil, Nichtabsolut Konvergente Integrale. (German) [Nonabso-
lutely convergent integrals] With English, French and Russian summaries.
Teubner-Texte zur Mathematik [Teubner Texts in Mathematics], 26. BSB
B. G. Teubner Verlagsgesellschaft, Leipzig, 1980.

J. Kurzweil, Henstock-Kurzweil Integration: its relation to topological vector
spaces. Series in Real Analysis, 7. World Scientific Publishing Co., Inc.,
River Edge, NJ, 2000.

J. Kurzweil, Integration between the Lebesque integral and the Henstock-
Kurzweil integral: its relation to local convex vector spaces. Series in Real
Analysis, 8. World Scientific Publishing Co., Inc., River Edge, NJ, 2002.
J. Kurzweil and J. Jarnik, Equi-integrability and controlled convergence of
Perron-type integrable functions. Real Anal. Exchange 17 (1991/92), no. 1,
110-139.

J. Kurzweil and J. Jarnik, Differentiability and integrability in n dimensions
with respect to a-regular intervals. Results Math. 21 (1992), no. 1-2, 138—
151.

J. Kurzweil and J. Jarnik, Equivalent definitions of regular generalized
Perron integral. Czechoslovak Math. J. 42(117) (1992), no. 2, 365-378.

J. Kurzweil and J. Jarnik, Generalized multidimensional Perron integral
involving a new regularity condition. Results Math. 23 (1993), no. 3-4,
363-373.

J. Kurzweil and J. Jarnik, Perron type integration on n-dimensional inter-
vals as an extension of integration of stepfunctions by strong equiconver-
gence. Czechoslovak Math. J. 46(121) (1996), no. 1, 1-20.

J. Kurzweil, J. Mawhin and W.F. Pfeffer, An integral defined by approxi-
mating BV partitions of unity. Czechoslovak Math. J.41(116) (1991), no.
4, 695-712.

M. Laczkovich, On additive and strongly derivable interval functions. Acta
Math. Acad. Sci. Hungar. 39 (1982), no. 1-3, 255-265.

M. Laczkovich, Continuity and derivability of additive interval functions.
Acta Math. Acad. Sci. Hungar. 39 (1982), no. 4, 393-400.

Lee Peng Yee, Lanzhou Lectures on Henstock Integration. Series in Real
Analysis, 2. World Scientific Publishing Co., Inc., 1989.

Lee Peng Yee, The integral la Henstock. Sci. Math. Jpn. 67 (2008), no. 1,
13-21.

Lee Peng Yee and Ng Wee Leng, The Radon-Nikodym theorem for the
Henstock integral in Euclidean space. Real Anal. Exchange 22 (1996/97),
no. 2, 677-687.

Lee Peng Yee and Rudolf Vyborny, The Integral: An Easy Approach after
Kurzweil and Henstock. Australian Mathematical Society Lecture Series,
14. Cambridge University Press, Cambridge, 2000.

Lee Tuo-Yeong, Multipliers for some non-absolute integrals in Euclidean
spaces. Real Anal. Exchange 24 (1998/99), no. 1, 149-160.

Lee Tuo-Yeong, The sharp Riesz-type definition for the Henstock-Kurzweil



300

[91]

[92]

[99]

[100]
[101]

[102]

[103]
[104]

[105]

[106]

[107]

[108]

HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

integral. Real Anal. Exchange 28 (2002/03), no. 1, 55-70.

Lee Tuo-Yeong, A full descriptive definition of the Henstock-Kurzweil in-
tegral in the Euclidean space. Proc. London Math. Soc. (3) 87 (2003), no.
3, 677-700.

Lee Tuo-Yeong, Product variational measures and Fubini-Tonelli type the-
orems for the Henstock-Kurzweil integral. J. Math. Anal. Appl. 298 (2004),
no. 2, 677-692.

Lee Tuo-Yeong, A full characterization of multipliers for the strong p-
integral in the Euclidean space. Czechoslovak Math. J. 54(129) (2004),
no. 3, 657-674.

Lee Tuo-Yeong, Some full characterizations of the strong McShane integral.
Math. Bohem. 129 (2004), no. 3, 305-312.

Lee Tuo-Yeong, A characterisation of multipliers for the Henstock-Kurzweil
integral. Math. Proc. Cambridge Philos. Soc. 138 (2005), no. 3, 487-492.
Lee Tuo-Yeong, The Henstock variational measure, Baire functions and a
problem of Henstock. Rocky Mountain J. Math. 35 (2005), no. 6, 1981—
1997.

Lee Tuo-Yeong, Banach-valued Henstock-Kurzweil integrable functions are
McShane integrable on a portion. Math. Bohem. 130 (2005), no. 4, 349-354.
Lee Tuo-Yeong, A new characterization of Buczolich’s upper semicontinu-
ously integrable functions. Real Anal. Exchange 30 (2004/05), no. 2, 779—
782.

Lee Tuo-Yeong, Product variational measures and Fubini-Tonelli type the-
orems for the Henstock-Kurzweil integral. II. J. Math. Anal. Appl. 323
(2006), no. 1, 741-745.

Lee Tuo-Yeong, Multipliers for generalized Riemann integrals in the real
line. Math. Bohem. 131 (2006), no. 2, 161-166.

Lee Tuo-Yeong, Proof of two conjectures of Méricz on double trigonometric
series. J. Math. Anal. Appl. 340 (2008), no. 1, 53-63.

Lee Tuo-Yeong, A measure-theoretic characterization of the Henstock-
Kurzweil integral revisited. Czechoslovak Math. J. 58 (2008), no. 4, 1221—
1231.

Lee Tuo-Yeong, Some convergence theorems for Lebesgue integrals. Anal-
ysis (Munich) 28 (2008), 263-268.

Lee Tuo-Yeong, A multidimensional integration by parts formula for the
Henstock-Kurzweil integral. Math. Bohem. 133 (2008), 63—74.

Lee Tuo-Yeong, Bounded linear functionals on the space of Henstock-
Kurzweil integrable functions. Czechoslovak Math. J. 59 (2009), no. 3,
1005-1017.

Lee Tuo-Yeong, Two convergence theorems for Henstock-Kurzweil inte-
grals and their applications to multiple trigonometric series, to appear in
Czechoslovak Math. J.

Lee Tuo-Yeong, Some integrability theorems for multiple trigonometric se-
ries, to appear in Math. Bohem.

Lee Tuo-Yeong, On a result of Hardy and Littlewood concerning Fourier
series, Anal. Math. 36 (2010), no. 3, 219-223.



[109]

[110]

[111]

[112]
[113]

[114]

[115]
[116]
[117]
[118]
[119]

[120]

[121]
[122]
[123]
[124]
[125]
[126]
[127]

[128]

Bibliography 301

Lee Tuo-Yeong and Lee Peng Yee, On necessary and sufficient conditions
for non-absolute integrability. Real Anal. Exchange 20 (1994/95), no. 2,
847-857.

Lee Tuo-Yeong, Chew Tuan Seng and Lee Peng Yee, Characterisation of
multipliers for the double Henstock integrals. Bull. Austral. Math. Soc. 54
(1996), no. 3, 441-449.

Lee Tuo-Yeong, Chew Tuan Seng and Lee Peng Yee, On Henstock inte-
grability in Euclidean spaces. Real Anal. Ezchange 22 (1996/97), no. 1,
382-389.

Lszl Leindler, Comments regarding the Sidon-Telyakovskii class. Anal.
Math. 34 (2008), no. 2, 137-144.

Liu Gengian, The dual of the Henstock-Kurzweil space. Real Anal. Ez-
change 22 (1996/97), no. 1, 105-121.

S. Lojasiewicz, An Introduction to the Theory of Real Functions. With con-
tributions by M. Kosiek, W. Mlak and Z. Opial. Third edition. Translated
from the Polish by G. H. Lawden. Translation edited by A. V. Ferreira. A
Wiley-Interscience Publication. John Wiley & Sons, Ltd., Chichester, 1988.
Lu Jitan and Lee Peng Yee, The primitives of Henstock integrable functions
in Euclidean space. Bull. London Math. Soc. 31 (1999), no. 2, 173-180.
Lu Jitan, Lee Peng Yee and Lee Tuo-Yeong, A theorem of Nakanishi for the
general Denjoy integral. Real Anal. Exchange 27 (2001/02), no. 2, 669-672.
M.S. Macphail, Functions of bounded variation in two variables. Duke
Math. J. 8 (1941), 215-222.

J. Maiik, Foundations of the theory of the integral in Euclidean spaces.
(Czech) Casopis Pést. Mat. 77, (1952). 1-51, 125-145, 267-301.

J. Matik and C.E. Weil, Multipliers of spaces of derivatives. Math. Bohem.
129 (2004), no. 2, 181-217.

J. Mawhin, Generalized multiple Perron integrals and the Green Goursat
theorem for differentiable vector fields. Czechoslovak Math. J. 31 (1981),
no. 4, 614-632.

F. Méricz, On the convergence in a restricted sense of multiple series. Anal.
Math. 5 (1979), no. 2, 135-147.

F. Moricz, Some remarks on the notion of regular convergence of multiple
series. Acta Math. Hungar. 41 (1983), no. 1-2, 161-168.

F. Moéricz, Integrability of double lacunary sine series. Proc. Amer. Math.
Soc. 110 (1990), no. 2, 355-364.

F. Méricz, On the integrability of double cosine and sine series. 1. J. Math.
Anal. Appl. 154 (1991), no. 2, 452-465.

F. Méricz, On the integrability of double cosine and sine series. II. J. Math.
Anal. Appl. 154 (1991), no. 2, 466-483.

F. Méricz, On the integrability and L!-convergence of double trigonometric
series. Studia Math. 98 (1991), no. 3, 203—225.

F. Méricz, Integrability of double cosine-sine series in the sense of improper
Riemann integral. J. Math. Anal. Appl. 165 (1992), no. 2, 419-437.

F. Méricz, Lebesgue integrability of double cosine and sine series. Analysis
13 (1993), no. 4, 321-350.



302

[129]
[130]
[131]

[132]

[133]
[134]
[135]

[136)

[137]
[138]
[139]
[140]
[141]

[142]

[143]
[144]

[145]

[146]
[147]
[148]

[149)]

HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

F. Mbricz, Pointwise behavior of double Fourier series of functions of
bounded variation. Monatsh. Math. 148 (2006), no. 1, 51-59.

F. Moéricz and A. Veres, On the absolute convergence of multiple Fourier
series. Acta Math. Hungar. 117 (2007), no. 3, 275-292.

F. Méricz and V. Totik, Pointwise convergence of multiple Fourier series
using different convergence notions. Anal. Math. 12 (1986), 135-147.
Piotr Mikusinski and K. Ostaszewski, The space of Henstock integrable
functions. II. New integrals (Coleraine, 1988), 136-149, Lecture Notes in
Math., 1419, Springer, Berlin, 1990.

P. Muldowney, Ralph Henstock, 1923—2007. Bull. Lond. Math. Soc. 42
(2010), no. 4, 753-758.

K.M. Ostaszewski, Henstock Integration in the plane. Mem. Amer. Math.
Soc. 63 (1986), no. 353, viii+106 pp.

K.M. Ostaszewski, The space of Henstock integrable functions of two vari-
ables. Internat. J. Math. Math. Sci. 11 (1988), no. 1, 15-21.

W.F. Pfeffer, Lectures on geometric integration and the divergence theo-
rem. School on Measure Theory and Real Analysis (Grado, 1991). Rend.
Istit. Mat. Univ. Trieste 23 (1991), no. 1, 263-314 (1993).

W.F. Pfeffer, The Riemann Approach to Integration. Cambridge Tracts in
Mathematics, 109. Cambridge University Press, Cambridge, 1993.

W.F. Pfeffer, On variations of functions of one real variable.Comment.
Math. Univ. Carolin. 38 (1997), no. 1, 61-71.

W.F. Pfeffer, The Lebesgue and Denjoy-Perron integrals from a descriptive
point of view. Ricerche Mat. 48 (1999), no. 2, 211-223 (2000).

W.F. Pfeffer, Derivation and Integration. Cambridge Tracts in Mathemat-
ics, 140. Cambridge University Press, Cambridge, 2001.

W.F. Pfeffer, The Gauss-Green theorem in the context of Lebesgue inte-
gration. Bull. London Math. Soc. 37 (2005), no. 1, 81-94.

O. Perron, Einige elementare Funktionen, welche sich in cine
trigonometrische, aber nicht Fouriersche Reihe entwickeln lassen. Math
Ann 87 (1922), 84-89.

H.L. Royden, Real Analysis. Third Edition. Macmillan Publishing Com-
pany, New York, 1988.

W. Rudin,Real and Complex Analysis. Third Edition. McGraw-Hill Book
Co., New York, 1987.

S. Saks, Theory of the Integral. Second revised edition. English transla-
tion by L. C. Young. With two additional notes by Stefan Banach Dover
Publications, Inc., New York 1964.

W.L.C. Sargent, On the integrability of a product. J. London Math. Soc.
23 (1948), 28-34.

S. Schwabik, On non-absolutely convergent integrals, Math. Bohem. 121
(1996), 369—383.

A. M. Stokolos, Some applications of Gallagher’s theorem in harmonic anal-
ysis. Bull. London Math. Soc. 33 (2001), no. 2, 210-212.

K.R. Stromberg, Introduction to Classical Real Analysis. Wadsworth In-
ternational Mathematics Series. Wadsworth International, Belmont, Calif.,



[150]
[151]
[152]

[153]

[154]
[155]
[156]
[157]
[158]
[159)
[160]
[161]
[162]
[163]
[164]

[165]

Bibliography 303

1981.

C.W. Swartz, Introduction to Gauge integrals, World Scientific, Singapore
2001.

C.W. Swartz, Gauge integrals and series, Math. Bohem. 129 (2004),
324—-332.

B.S. Thomson, Derivates of Interval Functions. Mem. Amer. Math. Soc.
93 (1991), no. 452.

B.S. Thomson, Symmetric Properties of Real Functions. Monographs and
Textbooks in Pure and Applied Mathematics, 183. Marcel Dekker, Inc.,
New York, 1994.

B.S. Thomson, o-finite Borel measures on the real line. Real Anal. Exchange
23 (1997/98), no. 1, 185-192.

B.S. Thomson, Some properties of variational measures. Real Anal. Fx-
change 24 (1998/99), no. 2, 845-853.

A. J. Ward, On the derivation of additive interval functions of intervals in
m-dimensional space. Fund. Math. 28 (1937), 265-279.

W.H. Young, On the condition that a trigonometrical series should have
the Fourier form. Proc. London Math. Soc (2)9 (1911), 421-433.

W.H. Young, On the integration of Fourier series. Proc. London Math.
Soc (2) 9 (1911), 449-462.

W.H. Young, On multiple Fourier series. Proc. London Math. Soc (2)11
(1913), 133-184.

W.H. Young, On a certain series of Fourier. Proc. London Math. Soc (2)
11 (1913), 357-366.

W.H. Young, On the Fourier series of bounded functions. Proc. London
Math. Soc (2) 12 (1913), 41-70.

W.H. Young, On multiple integration by parts and the second theorem of
the mean. Proc. London Math. Soc. (2) 16 (1918), 273-293.

W.H. Young, On the fundamental theorem of integration for multiple inte-
grals. Proc. London Math. Soc. (2) 22 (1924), 81-91.

W.H. Young and G.C. Young, On the discontinuities of monotone functions
of several variables. Proc. London Math. Soc. (2) 22 (1924), 124-142.

A. Zygmund, Trigonometric Series. Vol. I, II. Third edition. With a fore-
word by Robert A. Fefferman. Cambridge Mathematical Library. Cam-
bridge University Press, Cambridge, 2002.



This page intentionally left blank



Points, intervals and partitions

(a,b], 41
[a, b], 22
[a,b], 1
an, 210

Ok ke, 241

B(z,r), 25
bn, 210

bk kg, 241
Chy ko, 241

diam([l), 79
diy kg, 241

Zn([a, b]), 23
A(t7 [u, 'U]), 111

N, 1
Np, 205

Q5

305

R, 1
RT, 1
R™, 21

S(f, P), 4, 26
(t,1), 25
(t, [u,v]), 1

<t, x>, 38

[u,v], 21

{luk,ve) 1 k=1,...

V[’LL, 7]], 38

x, 21

z—y:=(x1—y1,...

,p}, 1

y Tm _ym), 25



This page intentionally left blank



Functions, integrals and function
spaces

ACy[a, b], 177
ACla,b], 103

BVla,b], 176
BVla,b], 101
BVi|a, b], 176
BVikla, b], 188
B(X,Y), 195

Cla, b], 26
Cla,bl, 3
Xx, 44

D;F(x), 34
Ala,b], 132
A'[a, b], 132
Ar([u,v]), 128

(x), 81
x), 81
(x), 81
x), 81
F, 41

F, 38
f®g, 46

Q

YRl

—~

(HE) fogy 12 (K)o 1(2) 2
2

(HEK) [iq ) F(t) dt, 27
(HK) [, f.5

307

(HE) [P f(t) dt, 5
(HK) [? f(z) dz, 5
HKla,b], 27
HKl[a,b], 4

L'(T), 210

L*(T?), 240

L'[a, b], 53

L*]a, b], 84

f[a,b] [ dpm, 53

Jiam F(®) dpm(2), 53
Jiam F(®) dim (), 53

(Mc) f[a,b] f dum, 100
(Mc) [ g5 [(®) dim(t), 100
M¢[a, b], 100

ST
o o
W =

ot

o -
B
Q. &
uaﬁ
O_‘Cﬂ

| F dH, 180
F(z) dH (), 180

)

—~ o~
:'U :UQ )
W
)

s =

S =

BE

> T
8
=
o

*, 195



This page intentionally left blank



Measures and outer measures

VuxF < pim, 119
B, 143

1, 12

Mm7 22

1 (X), 135

V(F, X, 5), 109
Vi F(X), 109

309



This page intentionally left blank



Miscellaneous

Zn, T1

Ag([u, v]), 175
dist(X,Y), 64
dist(z, X), 32
(I, Yx), 188
L[a, b], 84

M, 241

Xo, 241

w(F,T), 148
w(f,la, b]), 88

Py, 188
D x, (1), 148

reg([u, v]), 79
~, 210

Vr(I), 95
Var(g,la,b]), 175

XAY, 40

311



This page intentionally left blank



General index

LP-norm, 84

Vi F-measurable, 141

X-tagged, 107

a-regular, 79

o-fine, 15

0-fine Perron subpartition, 35

o-fine partition, 1

d-variation, 109

um-almost all | 60

Um-measurable function, 74

Um-measurable , 65

o-algebra, 142

indefinite Henstock-Kurzweil inte-
gral, 34

0-fine Perron partition, 25

absolutely continuous additive inter-
val function, 92
additive interval function, 34

Borel sets, 143

bounded linear operator, 195

bounded variation, 101

bounded variation (in the sense of
Vitali), 176

bounded variation in the sense of
Hardy and Krause, 187

Cantor set, 130
Cantor singular function, 132

313

Cauchy Criterion, 30

Cauchy extension, 17
Cauchy-Schwarz inequality, 85
characteristic function, 44
closed set, 63

completeness of LP spaces, 86
convex, 216

countably additive, 69
countably subadditive, 69
Cousin’s Lemma, 2, 25

Dirichlet test, 207
division, 1, 22
dual, 195

extended real-valued functions, 81

Fatou’s Lemma, 61

Fourier coefficients, 210

Fourier series, 210

Fubini’s Theorem, 47

functional, 194

Fundamental Theorem of Calculus,
6

gauge, 1, 25

Holder’s Inequality, 85
Hahn-Banach, 195

Harnack extension, 120

Henstock variational measure, 109



314 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Henstock-Kurzweil equi-integrable,
124

Henstock-Kurzweil integrable, 4, 26

Henstock-Kurzweil integral, 5

indefinite H K-integral, 34
indefinite Lebesgue integral, 91
interval, 1

degenerate, 21

inR, 1

in R™, 21

Jordon Decomposition Theorem,
176

Lebesgue integrable, 53

Lebesgue outer measure, 136

Lebesgue’s criteria for Riemann in-
tegrability, 90

Lebesgue’s Dominated Convergence
Theorem, 61

linear operator, 194

um-negligible, 60

McShane integrable, 100

McShane partition, 99

Minkowski’s Inequality, 85

Monotone Convergence Theorem,
60

multiplier, 169

net, 23
non-overlapping, 1, 21
norm, 194

open, 66
operator norm, 195
oscillation, 88

perfect, 152

Perron partition, 1, 25
Perron subpartition, 15, 35
point-interval pair, 1, 25
Pringsheim, 233

rational numbers, 5

regularity of [u,v], 79

regularly, 234

Riemann integrable, 4, 26
Riemann integral, 26
Riemann-Lebesgue Lemma, 210
Riemann-Stieltjes integrable, 180
Riemann-Stieltjes integral, 180
Riesz-Fischer Theorem, 86

Saks-Henstock Lemma, 14, 35

sgn, 38

signum function, 38

simple function, 78

single trigonometric series, 205

step function, 73

Strong version of Saks-Henstock
Lemma, 39

strongly derivable, 34

summation by parts, 205

tag, 1, 25
total variation, 175

upper semicontinuous, 114

Vitali covering, 79
Vitali Covering Theorem, 79



	Contents
	Preface
	1. The one-dimensional Henstock-Kurzweil integral
	1.1 Introduction and Cousin’s Lemma
	1.2 Definition of the Henstock-Kurzweil integral
	1.3 Simple properties
	1.4 Saks-Henstock Lemma
	1.5 Notes and Remarks

	2. The multiple Henstock-Kurzweil integral
	2.1 Preliminaries
	2.2 The Henstock-Kurzweil integral
	2.3 Simple properties
	2.4 Saks-Henstock Lemma
	2.5 Fubini’s Theorem
	2.6 Notes and Remarks

	3. Lebesgue integrable functions
	3.1 Introduction
	3.2 Some convergence theorems for Lebesgue integrals
	3.3 µm-measurable sets
	3.4 A characterization of µm-measurable sets
	3.5 µm-measurable functions
	3.6 Vitali Covering Theorem
	3.7 Further properties of Lebesgue integrable functions
	3.8 The Lp spaces
	3.9 Lebesgue’s criterion for Riemann integrability
	3.10 Some characterizations of Lebesgue integrable functions
	3.11 Some results concerning one-dimensional Lebesgue integral
	3.12 Notes and Remarks

	4. Further properties of Henstock-Kurzweil integrable functions
	4.1 A necessary condition for Henstock-Kurzweil integrability
	4.2 A result of Kurzweil and Jarn´ık
	4.3 Some necessary and su cient conditions for Henstock- Kurzweil integrability
	4.4 Harnack extension for one-dimensional Henstock-Kurzweil integrals
	4.5 Other results concerning one-dimensional Henstock- Kurzweil integral
	4.6 Notes and Remarks

	5. The Henstock variational measure
	5.1 Lebesgue outer measure
	5.2 Basic properties of the Henstock variational measure
	5.3 Another characterization of Lebesgue integrable functions
	5.4 A result of Kurzweil and Jarn´ık revisited
	5.5 A measure-theoretic characterization of the Henstock- Kurzweil integral
	5.6 Product variational measures
	5.7 Notes and Remarks

	6. Multipliers for the Henstock-Kurzweil integral
	6.1 One-dimensional integration by parts
	6.2 On functions of bounded variation in the sense of Vitali
	6.3 The m-dimensional Riemann-Stieltjes integral
	6.4 A multiple integration by parts for the Henstock-Kurzweil integral
	6.5 Kurzweil’s multiple integration by parts formula for the Henstock-Kurzweil integral
	6.6 Riesz Representation Theorems
	6.7 Characterization of multipliers for the Henstock-Kurzweil integral
	6.8 A Banach-Steinhaus Theorem for the space of Henstock- Kurzweil integrable functions
	6.9 Notes and Remarks

	7. Some selected topics in trigonometric series
	7.1 A generalized Dirichlet test
	7.2 Fourier series
	7.3 Some examples of Fourier series
	7.4 Some Lebesgue integrability theorems for trigonometric series
	7.5 Boas’ results
	7.6 On a result of Hardy and Littlewood concerning Fourier series
	7.7 Notes and Remarks

	8. Some applications of the Henstock-Kurzweil integral to double trigonometric series
	8.1 Regularly convergent double series
	8.2 Double Fourier series
	8.3 Some examples of double Fourier series
	8.4 A Lebesgue integrability theorem for double cosine series
	8.5 A Lebesgue integrability theorem for double sine series
	8.6 A convergence theorem for Henstock-Kurzweil integrals
	8.7 Applications to double Fourier series
	8.8 Another convergence theorem for Henstock-Kurzweil integrals
	8.9 A two-dimensional analogue of Boas’ theorem
	8.10 A convergence theorem for double sine series
	8.11 Some open problems
	8.12 Notes and Remarks

	Bibliography
	Points, intervals and partitions
	Functions, integrals and function spaces
	Measures and outer measures
	Miscellaneous
	General index

