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Preface

The Riemann integral is a useful tool for solving many mathematical

problems in elementary calculus. However, at the end of nineteenth

century, mathematicians found that the Riemann integral has the following

shortcomings:

(A) If a function is Riemann integrable on a bounded interval [a, b] of

the real line, then the function is bounded there.

(B) There is a bounded non-Riemann integrable derivative.

(C) There is a sequence (fn)
∞
n=1 of uniformly bounded, Riemann

integrable functions converging pointwise to a function f on a

bounded interval [a, b] of the real line, yet f is not Riemann

integrable on [a, b].

In 1902, Lebesgue defined a more general integral to remove the above-

mentioned defects (A), (B), and (C). On the other hand, the Lebesgue

integral is not powerful enough to integrate all finite derivatives. Thus,

it is natural for Lebesgue to ask for another general integral that would

overcome this drawback.

In 1912, Denjoy extended the one-dimensional Lebesgue integral so that

the resulting integral can integrate all finite deriviatves. Two years later,

Perron employed a different method to define his integral and used it in the

study of differential equations. It is somewhat surprising that the above

integrals of Denjoy and Perron coincide, and this integral is now commonly

known as the Denjoy-Perron integral. On the other hand, the classical

definitions of Riemann, Lebesgue, Denjoy, and Perron integrals have very

little in common.

In the 1950’s, Henstock and Kurzweil gave a slight but

ingenious modification of the classical Riemann integral to obtain

v
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the Henstock-Kurzweil integral, which is a Riemann-type definition of

the Denjoy-Perron integral. Since then, various higher-dimensional

Riemann-type integrals have been defined and studied by several

authors; see, for example, [58,63–66,74,78,79,81,82,88,120,137,140]. Since

the one-dimensional Henstock-Kurzweil integral is equivalent to the Denjoy-

Perron integral, it is not so surprising that the multiple Henstock-Kurzweil

integral is equivalent to the classical multiple Perron integral.

This book gives an elementary treatment of the Henstock-Kurzweil

integration on Euclidean spaces; most of this book can be understood with

a prerequisite of advanced calculus. Furthermore, we present some recent

advancement of the theory.

In Chapter 1, we present some basic theory of the one-dimensional

Henstock-Kurzweil integral. The definition of this integral is very

similar to that of the classical Riemann integral, and it encompasses

improper Riemann integrals. Moreover, the relatively new integral is

powerful enough to integrate every finite derivative.

Chapter 2 deals with the multiple Henstock-Kurzweil integral; in

particular, Fubini’s theorem is established for this integral. Unlike the

corresponding result in the classical Lebesgue theory, neither measure

theory nor topology is needed for the proof.

In the long Chapter 3 we use the Henstock-Kurzweil integral to define

the Lebesgue integral. Consequently, we recover all the standard results in

the Lebesgue theory.

In Chapters 4 and 5, we obtain further properties of Henstock-Kurzweil

integrable functions via the Henstock variational measure.

Chapter 6 is devoted to the proof of Kurzweil’s multiple integration by

parts formula, and we show that Kurzweil’s result cannot be improved.

In Chapter 7, we employ a new generalized Dirichlet test to study

certain classes of one-dimensional trigonometric series. Finally, in

Chapter 8, we employ the above chapters to deduce some delicate

convergence theorems for Henstock-Kurzweil integrals and double

trigonometric series. Some open problems are also given in Section 8.11.

I would like to thank Professor Lee Peng Yee, Professor Chew

Tuan Seng, my family members, and friends for their support and help

throughout the writing, without which this book would not have been

completed.
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4.2 A result of Kurzweil and Jarńık . . . . . . . . . . . . . . . 108

4.3 Some necessary and sufficient conditions for Henstock-

Kurzweil integrability . . . . . . . . . . . . . . . . . . . . 117

4.4 Harnack extension for one-dimensional Henstock-Kurzweil

integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.5 Other results concerning one-dimensional Henstock-

Kurzweil integral . . . . . . . . . . . . . . . . . . . . . . . 128

4.6 Notes and Remarks . . . . . . . . . . . . . . . . . . . . . . 132

5. The Henstock variational measure 135

5.1 Lebesgue outer measure . . . . . . . . . . . . . . . . . . . 135

5.2 Basic properties of the Henstock variational measure . . . 138

5.3 Another characterization of Lebesgue integrable functions 145
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Chapter 1

The one-dimensional

Henstock-Kurzweil integral

1.1 Introduction and Cousin’s Lemma

The purpose of this monograph is to study multiple Henstock-Kurzweil

integrals. In the present chapter, we shall first present and prove certain

results for the one-dimensional Henstock-Kurzweil integral.

Unless mentioned otherwise, the following conventions and notations

will be used throughout this monograph. R, R+, and N denote the real

line, the positive real line, and the set of positive integers respectively. An

interval in R is a set of the form [α, β], where −∞ < α < β <∞, and [a, b]

denotes a fixed interval in R.

Definition 1.1.1.

(i) Two intervals [u, v], [s, t] in R are said to be non-overlapping if

(u, v) ∩ (s, t) = ∅.
(ii) If {[u1, v1], . . . , [up, vp]} is a finite collection of pairwise

non-overlapping subintervals of [a, b] such that [a, b] =
⋃p

k=1[uk, vk],

we say that {[u1, v1], . . . , [up, vp]} is a division of [a, b].

(iii) A point-interval pair (t, [u, v]) consists of a point t ∈ R and an interval

[u, v] in R. Here t is known as the tag of [u, v].

(iv) A Perron partition of [a, b] is a finite collection

{(t1, [u1, v1]), . . . , (tp, [up, vp])} of point-interval pairs, where

{[u1, v1], . . . , [up, vp]} is a division of [a, b], and tk ∈ [uk, vk] for

k = 1, . . . , p.

(v) A function δ : [a, b] −→ R+ is known as a gauge on [a, b].

(vi) Let δ be a gauge on [a, b]. A Perron partition

{(t1, [u1, v1]), . . . , (tp, [up, vp])} of [a, b] is said to be δ-fine if

[uk, vk] ⊂ (tk − δ(tk), tk + δ(tk)) for k = 1, . . . , p.

1
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The following example shows that tags play an important role in our

study.

Example 1.1.2. We define a gauge δ on [0, 1] by setting

δ(t) =

{
t if 0 < t ≤ 1,
1
2 if t = 0.

Then the following statements are true.

(i) {[0, 13 ], [ 13 , 12 ], [ 12 , 1]} is a division of [0, 1].

(ii) {(0, [0, 13 ]), (12 , [ 13 , 12 ]), (1, [ 12 , 1])} is a δ-fine Perron partition of [0, 1].

(iii) {(0, [0, 13 ]), (12 , [ 13 , 12 ]), (12 , [ 12 , 1])} is not a δ-fine Perron partition of [0, 1].

The following natural question arises from Example 1.1.2.

Question 1.1.3. If δ is an arbitrary gauge on [a, b], is it possible to find a

δ-fine Perron partition of [a, b]?

In order to proceed further, we need the following result.

Lemma 1.1.4. Let δ be a gauge on [a, b] and let a < c < b. If P1 and P2

are δ-fine Perron partitions of [a, c] and [c, b] respectively, then P1 ∪ P2 is

a δ-fine Perron partition of [a, b].

Proof. Exercise. �

The following theorem gives an affirmative answer to Question 1.1.3.

Theorem 1.1.5 (Cousin’s Lemma). If δ is a gauge on [a, b], then there

exists a δ-fine Perron partition of [a, b].

Proof. Proceeding towards a contradiction, suppose that [a, b] does not

have a δ-fine Perron partition. We divide [a, b] into [a, a+b
2 ] and [a+b

2 , b]

so that [a, b] is the union of two non-overlapping intervals in R. In

view of Lemma 1.1.4, we can choose an interval [a1, b1] from the set

{[a, a+b
2 ], [a+b

2 , b]} so that [a1, b1] does not have a δ-fine Perron partition.

Using induction, we construct intervals [a1, b1], [a2, b2], . . . in R so that the

following properties are satisfied for every n ∈ N:

(i) [an, bn] ⊃ [an+1, bn+1];

(ii) no δ-fine Perron partition of [an, bn] exists;

(iii) bn − an = b−a
2n .
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Since properties (i) and (iii) hold for every n ∈ N, it follows from the

Nested Interval Theorem [6, Theorem 2.5.3] that

∞⋂

k=1

[ak, bk] = {t0}

for some t0 ∈ R. On the other hand, since
⋂∞

k=1[ak, bk] = {t0} and

δ(t0) > 0, it follows from property (iii) that there exists N ∈ N such

that {(t0, [aN , bN ])} is a δ-fine Perron partition of [aN , bN ], a contradiction

to (ii). This contradiction completes the proof. �

Let C[a, b] denote the space of real-valued continuous functions on [a, b].

A simple application of Theorem 1.1.5 gives the following classical result.

Theorem 1.1.6. If f ∈ C[a, b], then f is uniformly continuous on [a, b].

Proof. Let ε > 0 be given. Using the continuity of f on [a, b], for each

x0 ∈ [a, b] there exists δ0(x0) > 0 such that

|f(x)− f(x0)| <
ε

2

whenever x ∈ (x0−δ0(x0), x0+δ0(x0))∩ [a, b]. We want to prove that there

exists η > 0 with the following property:

s, t ∈ [a, b] with |s− t| < η =⇒ |f(s)− f(t)| < ε.

Define a gauge δ on [a, b] by setting δ = 1
2δ0. In view of

Cousin’s Lemma, we may select and fix a δ-fine Perron partition

{(t1, [u1, v1]), . . . , (tp, [up, vp])} of [a, b]. If s, t ∈ [a, b] with |t− s| < η :=

min{δ(ti) : i = 1, . . . , p}, then there exists j ∈ {1, . . . , p} such that

|t− tj| < δ(tj) and so |s− tj | ≤ |s− t|+ |t− tj | < 2δ(tj) = δ0(tj). Thus

|f(t)− f(s)| ≤ |f(t)− f(tj)|+ |f(tj)− f(s)| < ε.

Therefore, f is uniformly continuous on [a, b]. �

Following the proof of Theorem 1.1.6, we obtain the following corollary.

Corollary 1.1.7. If f ∈ C[a, b], then f is bounded on [a, b].
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1.2 Definition of the Henstock-Kurzweil integral

Let P = {(t1, [u1, v1]), . . . , (tp, [up, vp])} be a Perron partition of [a, b]. If f

is a real-valued function defined on {t1, . . . , tp}, we write

S(f, P ) =

p∑

i=1

f(ti)(vi − ui).

We first define the Riemann integral.

Definition 1.2.1. A function f : [a, b] −→ R is said to be Riemann

integrable on [a, b] if there exists A0 ∈ R with the following property: given

ε > 0 there exists a constant gauge δ on [a, b] such that

|S(f, P )−A0| < ε (1.2.1)

for each δ-fine Perron partition P of [a, b].

The collection of all functions that are Riemann integrable on [a, b] will

be denoted by R[a, b].

Once we omit the word “constant” from Definition 1.2.1, we obtain the

following modification of the Riemann integral.

Definition 1.2.2. A function f : [a, b] −→ R is said to be Henstock-

Kurzweil integrable on [a, b] if there exists A ∈ R with the following

property: given ε > 0 there exists a gauge δ on [a, b] such that

|S(f, P )−A| < ε (1.2.2)

for each δ-fine Perron partition P of [a, b].

The collection of all functions that are Henstock-Kurzweil integrable on

[a, b] will be denoted by HK[a, b].

It is easy to deduce from Definitions 1.2.1 and 1.2.2 that if f ∈ R[a, b],

then f ∈ HK[a, b]. In this case, Cousin’s Lemma shows that there is a

unique number satisfying Definitions 1.2.1 and 1.2.2.

Theorem 1.2.3. There is at most one number A satisfying Definition

1.2.2.

Proof. Suppose that A1 and A2 satisfy Definition 1.2.2. We claim that

A1 = A2.

Let ε > 0 be given. Since A1 satisfies Definition 1.2.2, there exists a

gauge δ1 on [a, b] such that

|S(f, P1)−A1| <
ε

2
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for each δ1-fine Perron partition P1 of [a, b]. Similarly, there exists a gauge

δ2 on [a, b] such that

|S(f, P2)−A2| <
ε

2

for each δ2-fine Perron partition P2 of [a, b].

Define a gauge δ on [a, b] by setting

δ(x) = min{δ1(x), δ2(x)}. (1.2.3)

According to Cousin’s Lemma (Theorem 1.1.5), we may fix a δ-fine Perron

partition P of [a, b]. Since (1.2.3) implies that the δ-fine Perron partition

P is both δ1-fine and δ2-fine, it follows from the triangle inequality that

|A1 −A2| ≤ |S(f, P )−A1|+ |S(f, P )−A2| < ε.

Since ε > 0 is arbitrary, we conclude that A1 = A2. �

Theorem 1.2.3 tells us that if f ∈ HK[a, b], then there is a unique

number A satisfying Definition 1.2.2. In this case the number A, denoted by

(HK)
∫ b

a
f , (HK)

∫ b

a
f(x) dx or (HK)

∫ b

a
f(t) dt, is known as the Henstock-

Kurzweil integral of f over [a, b].

It is clear that if f ∈ R[a, b], then f ∈ HK[a, b] and the num-

ber (HK)
∫ b

a
f satisfies Definition 1.2.1. In this case the unique number

(HK)
∫ b

a
f , denoted by

∫ b

a
f ,

∫ b

a
f(x) dx or

∫ b

a
f(t) dt, is known as the

Riemann integral of f over [a, b]. The following example shows that the

inclusion R[a, b] ⊆ HK[a, b] is proper.

Example 1.2.4. Let Q be the set of all rational numbers, and define the

function f : [0, 1] −→ R by setting

f(x) =





1 if x ∈ [0, 1] ∩Q,

0 otherwise.

Then f ∈ HK[0, 1]\R[0, 1].

Proof. Let (rn)
∞
n=1 be an enumeration of [0, 1] ∩ Q and let ε > 0. We

define a gauge δ on [0, 1] by setting

δ(x) =





ε
2n+1 if x = rn for some n ∈ N,

1 if x ∈ [0, 1]\Q.
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If P is a δ-fine Perron partition of [0, 1], then

|S(f, P )− 0| =

∣∣∣∣∣∣∣∣

∑

(t,[u,v])∈P
t∈Q∩[0,1]

f(t)(v − u) +
∑

(t,[u,v])∈P
t∈[0,1]\Q

f(t)(v − u)

∣∣∣∣∣∣∣∣

=
∑

(t,[u,v])∈P
t∈Q∩[0,1]

f(t)(v − u)

<
∞∑

k=1

ε

2k

= ε.

Since ε > 0 is arbitrary, we conclude that f ∈ HK[0, 1] and (HK)
∫ 1

0
f = 0.

It remains to prove that f 6∈ R[0, 1]. Proceeding towards a

contradiction, suppose that f ∈ R[0, 1]. Since f ∈ R[0, 1] ⊆ HK[0, 1] and

(HK)
∫ 1

0 f = 0, we have
∫ 1

0 f = 0. Hence for ε = 1 there exists a constant

gauge δ1 on [0, 1] such that

|S(f, P1)| < 1

for each δ1-fine Perron partition P1 of [0, 1]. If q is a positive integer satis-

fying q−1 < δ1, then

P2 :=
{(

(k1 − 1)q−1, [(k1 − 1)q−1, k1q
−1]

)
: k1 = 1, . . . , q

}

is a δ1-fine Perron partition of [0, 1]. A contradiction follows:

1 > S(f, P2) =

q∑

k=1

(kq−1 − (k − 1)q−1) = 1.

�

The following theorem shows that the one-dimensional Henstock-

Kurzweil integral is useful for formulating a Fundamental Theorem of

Calculus.

Theorem 1.2.5. Let f : [a, b] −→ R and let F ∈ C[a, b]. If F is

differentiable on (a, b) and F ′(x) = f(x) for all x ∈ (a, b), then

f ∈ HK[a, b] and

(HK)

∫ b

a

f = F (b)− F (a).
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Proof. Let ε > 0 be given. Since F is continuous on [a, b], for each

x ∈ [a, b] there exists δ1(x) > 0 such that

|F (x) − F (y)| < ε

6
whenever y ∈ [a, b] ∩ (x− δ1(x), x + δ1(x)).

Since F is differentiable on (a, b), for each x ∈ (a, b) there exists

δ2(x) > 0 such that

|F ′(x)(v − u)− (F (v) − F (u))| ≤ ε(v − u)

3(b− a)
whenever x ∈ [u, v] ⊆ (a, b) ∩ (x− δ2(x), x+ δ2(x)).

Define a gauge δ on [a, b] by the formula

δ(x) =





min

{
δ1(x), δ2(x),

1
2 (x− a), 12 (b− x)

}
if a < x < b,

ε

6(|f(a)|+ |f(b)|+ 1)
if x ∈ {a, b}.

If P is a δ-fine Perron partition of [a, b], then

|S(f, P )− (F (b)− F (a))|

=

∣∣∣∣∣∣

∑

(t,[u,v])∈P

{
f(t)(v − u)−

(
F (v)− F (u)

)}
∣∣∣∣∣∣

≤
∑

(t,[u,v])∈P
t∈{a,b}

|f(t)(v − u)− (F (v)− F (u))|

+
∑

(t,[u,v])∈P
a<t<b

|f(t)(v − u)− (F (v)− F (u))|

≤
∑

(t,[u,v])∈P
t∈{a,b}

(
|f(t)| (v − u) + |F (v)− F (u)|

)
+

∑

(t,[u,v])∈P
a<t<b

ε(v − u)

3(b − a)

≤
∑

(t,[u,v])∈P
t∈{a,b}

|f(t)| (v − u) +
∑

(t,[u,v])∈P
t∈{a,b}

|F (v)− F (u)|+
∑

(t,[u,v])∈P
a<t<b

ε(v − u)

3(b− a)

<
ε(|f(a)|+ |f(b)|)

6(|f(a)|+ |f(b)|+ 1)
+

2ε

6
+

∑

(t,[u,v])∈P
a<t<b

ε(v − u)

3(b− a)

< ε.

Since ε > 0 is arbitrary, we conclude that f ∈ HK[a, b] and

(HK)

∫ b

a

f = F (b)− F (a).
�
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The following examples are special cases of Theorem 1.2.5.

Example 1.2.6. Let

F (x) =






x2 sin
1

x2
if 0 < x ≤ 1,

0 if x = 0.

Then F is differentiable on [0, 1]. In particular, F ′ ∈ HK[0, 1] and

(HK)

∫ 1

0

F ′ = sin 1.

Example 1.2.7. Let

f(x) =





2

x3
− 2 cosx

sin3 x
if 0 < x ≤ π

2 ,

0 if x = 0.

Then f ∈ HK[0, π2 ] and

(HK)

∫ π
2

0

f =
2

3
− 4

π2
.

The following theorem is a consequence of Theorem 1.2.5.

Theorem 1.2.8. If f : [a, b] −→ R is a derivative on [a, b], then

f ∈ HK[a, b].

We remark that the converse of Theorem 1.2.8 is not true. More details

will be given in Section 4.5.

1.3 Simple properties

The aim of this section is to prove some basic properties of the Henstock-

Kurzweil integral via Definition 1.2.2.

Theorem 1.3.1. If f, g ∈ HK[a, b], then f + g ∈ HK[a, b] and

(HK)

∫ b

a

(f + g) = (HK)

∫ b

a

f + (HK)

∫ b

a

g.
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Proof. Let ε > 0 be given. Since f ∈ HK[a, b], there exists a gauge δ1
on [a, b] such that

∣∣∣∣∣S(f, P1)− (HK)

∫ b

a

f

∣∣∣∣∣ <
ε

2

for each δ1-fine Perron partition P1 of [a, b]. Similarly, there exists a gauge

δ2 on [a, b] such that
∣∣∣∣∣S(g, P2)− (HK)

∫ b

a

g

∣∣∣∣∣ <
ε

2

for each δ2-fine Perron partition P2 of [a, b].

Define a gauge δ on [a, b] by setting

δ(x) = min{δ1(x), δ2(x)}, (1.3.1)

and let P be a δ-fine Perron partition of [a, b]. Since (1.3.1) implies that

the δ-fine Perron partition P is both δ1-fine and δ2-fine, the identity

S(f + g, P ) = S(f, P ) + S(g, P )

and the triangle inequality yield
∣∣∣∣∣S(f + g, P )−

{
(HK)

∫ b

a

f + (HK)

∫ b

a

g

}∣∣∣∣∣

≤
∣∣∣∣∣S(f, P )− (HK)

∫ b

a

f

∣∣∣∣∣+
∣∣∣∣∣S(g, P )− (HK)

∫ b

a

g

∣∣∣∣∣
< ε.

Since ε > 0 is arbitrary, we conclude that f + g ∈ HK[a, b] and

(HK)

∫ b

a

(f + g) = (HK)

∫ b

a

f + (HK)

∫ b

a

g.
�

Theorem 1.3.2. If f ∈ HK[a, b] and c ∈ R, then cf ∈ HK[a, b] and

(HK)

∫ b

a

cf = c

{
(HK)

∫ b

a

f

}
.

Proof. Let ε > 0 be given. Since f ∈ HK[a, b], there exists a gauge δ on

[a, b] such that
∣∣∣∣∣S(f, P1)− (HK)

∫ b

a

f

∣∣∣∣∣ <
ε

|c|+ 1
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for each δ-fine Perron partition P1 of [a, b]. If P is a δ-fine Perron partition

of [a, b], then
∣∣∣∣∣S(cf, P )− c

{
(HK)

∫ b

a

f

}∣∣∣∣∣ = |c|
∣∣∣∣∣S(f, P )− (HK)

∫ b

a

f

∣∣∣∣∣ <
|c| ε

|c|+ 1
< ε.

Since ε > 0 is arbitrary, we conclude that cf ∈ HK[a, b] and

(HK)

∫ b

a

cf = c

{
(HK)

∫ b

a

f

}
.

�

Theorem 1.3.3. If f, g ∈ HK[a, b] and f(x) ≤ g(x) for all x ∈ [a, b], then

(HK)

∫ b

a

f ≤ (HK)

∫ b

a

g.

Proof. Let ε > 0 be given. Since f ∈ HK[a, b], there exists a gauge δ1
on [a, b] such that

∣∣∣∣∣S(f, P1)− (HK)

∫ b

a

f

∣∣∣∣∣ <
ε

2

for each δ1-fine Perron partition P1 of [a, b]. Similarly, there exists a gauge

δ2 on [a, b] such that
∣∣∣∣∣S(g, P2)− (HK)

∫ b

a

g

∣∣∣∣∣ <
ε

2

for each δ2-fine Perron partition P2 of [a, b].

Define a gauge δ on [a, b] by setting

δ(x) = min{δ1(x), δ2(x)}, (1.3.2)

and we apply Cousin’s Lemma to fix a δ-fine Perron partition P0 of [a, b].

Since (1.3.2) implies that the δ-fine Perron partition P0 is both δ1-fine and

δ2-fine, it follows from the inequality S(f, P0) ≤ S(g, P0) that

(HK)

∫ b

a

f < S(f, P0) +
ε

2
≤ S(g, P0) +

ε

2
< (HK)

∫ b

a

g + ε,

and the desired inequality follows from the arbitrariness of ε. �

The following theorem gives a useful necessary and sufficient condition

for a function f to be Henstock-Kurzweil integrable on [a, b].
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Theorem 1.3.4 (Cauchy Criterion). A function f : [a, b] −→ R is

Henstock-Kurzweil integrable on [a, b] if and only if given ε > 0 there exists

a gauge δ on [a, b] such that

|S(f, P )− S(f,Q)| < ε (1.3.3)

for each pair of δ-fine Perron partitions P and Q of [a, b].

Proof. (=⇒) Let ε > 0 be given. Since f ∈ HK[a, b], there exists a

gauge δ on [a, b] such that∣∣∣∣∣S(f, P0)− (HK)

∫ b

a

f

∣∣∣∣∣ <
ε

2
(1.3.4)

for each δ-fine Perron partition P0 of [a, b]. If P and Q are two δ-fine Perron

partitions of [a, b], the triangle inequality and (1.3.4) yield

|S(f, P )− S(f,Q)| ≤
∣∣∣∣∣S(f, P )− (HK)

∫ b

a

f

∣∣∣∣∣+
∣∣∣∣∣S(f,Q)− (HK)

∫ b

a

f

∣∣∣∣∣ < ε.

(⇐=) For each n ∈ N we let δn be a gauge on [a, b] so that

|S(f,Qn)− S(f,Rn)| <
1

n
for each pair of δn-fine Perron partitions Qn and Rn of [a, b]. Next we define

a gauge ∆n on [a, b] by setting

∆n(x) = min{δ1(x), . . . , δn(x)},
and apply Cousin’s Lemma to fix a ∆n-fine Perron partition Pn of [a, b].

We claim that (S(f, Pn))
∞
n=1 is a Cauchy sequence of real numbers. Let

ε > 0 be given and choose a positive integer N so that 1
N
< ε. If n1 and

n2 are positive integers such that min{n1, n2} ≥ N , then Pn1 and Pn2 are

both ∆min{n1,n2}-fine Perron partitions of [a, b] and so

|S(f, Pn1)− S(f, Pn2)| <
1

min{n1, n2}
≤ 1

N
< ε.

Consequently, (S(f, Pn))
∞
n=1 is a Cauchy sequence of real numbers. Since

R is complete, the sequence (S(f, Pn))
∞
n=1 converges to some real number

A.

It remains to prove that f ∈ HK[a, b] and A = (HK)
∫ b

a
f . Let P be

a ∆N -fine Perron partition of [a, b]. Since our construction implies that

the sequence (∆n)
∞
n=1 of gauges is non-increasing, we see that the ∆n-fine

Perron partition Pn is ∆N -fine for every integers n ≥ N . Thus

|S(f, P )− A| = lim
n→∞

|S(f, P )− S(f, Pn)| ≤
1

N
< ε.

Since ε > 0 is arbitrary, we conclude that f ∈ HK[a, b] and A = (HK)
∫ b

a
f .

�
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We are now ready to give an important class of Henstock-Kurzweil in-

tegrable functions.

Theorem 1.3.5. If f ∈ C[a, b], then f ∈ HK[a, b].

Proof. Let ε > 0 be given. Since f is continuous on [a, b], for each

x ∈ [a, b] there exists δ(x) > 0 such that

|f(y)− f(x)| < ε

2(b− a)

whenever y ∈ [a, b] ∩ (x− δ(x), x + δ(x)).

Clearly, the function x 7→ δ(x) is a gauge on [a, b]. Let P =

{(t1, [u1, v1]), . . . , (tp, [up, vp])} and Q = {(w1, [x1, y1]), . . . , (wq, [xq, yq])}
be two δ-fine Perron partitions of [a, b]. If [uj, vj ] ∩ [xk, yk] is non-empty

for some j ∈ {1, . . . , p} and k ∈ {1, . . . , q}, we select and fix a point

zj,k ∈ [uj , vj ] ∩ [xk, yk]. On the other hand, if [ur, vr] ∩ [xs, ys] is empty

for some r ∈ {1, . . . , p} and s ∈ {1, . . . , q}, we set zr,s = a. Let µ1(∅) = 0

and let µ1([α, β]) = β − α for each pair of real numbers α and β satisfying

α ≤ β. By the triangle inequality,

|S(f, P )− S(f,Q)|

=

∣∣∣∣∣∣

p∑

j=1

f(tj)(vj − uj)−
q∑

k=1

f(wk)(yk − xk)

∣∣∣∣∣∣

=

∣∣∣∣∣∣

p∑

j=1

q∑

k=1

f(tj)µ1([uj , vj ] ∩ [xk, yk])−
q∑

k=1

p∑

j=1

f(wk)µ1([uj , vj ] ∩ [xk, yk])

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

p∑

j=1

q∑

k=1

(
f(tj)− f(zj,k)

)
µ1([uj , vj ] ∩ [xk, yk])

∣∣∣∣∣∣

+

∣∣∣∣∣∣

p∑

j=1

q∑

k=1

(
f(wk)− f(zj,k)

)
µ1([uj , vj ] ∩ [xk, yk])

∣∣∣∣∣∣
< ε.

An application of Theorem 1.3.4 completes the proof. �

The following theorem is also a consequence of Theorem 1.3.4.

Theorem 1.3.6. If f ∈ HK[a, b], then f ∈ HK[c, d] for each interval

[c, d] ⊂ [a, b].
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Proof. Let [c, d] be a proper subinterval of [a, b]. For each ε > 0 we use

Theorem 1.3.4 to select a gauge δ on [a, b] such that

|S(f, P )− S(f,Q)| < ε

for each pair of δ-fine Perron partitions P and Q of [a, b]. Since

[c, d] is a proper subinterval of [a, b], there exists a finite collection

{[u1, v1], . . . , [uN , vN ]} of pairwise non-overlapping subintervals of [a, b] such
that [c, d] 6∈ {[u1, v1], . . . , [uN , vN ]} and

[a, b] = [c, d] ∪
N⋃

k=1

[uk, vk].

For each k ∈ {1, . . . , N} we fix a δ-fine Perron partition Pk of [uk, vk]. If

P[c,d] and Q[c,d] are δ-fine Perron partitions of [c, d], then it is clear that

P[c,d] ∪
⋃N

k=1 Pk and Q[c,d] ∪
⋃N

k=1 Pk are δ-fine Perron partitions of [a, b].

Thus
∣∣S(f, P[c,d])− S(f,Q[c,d])

∣∣

=

∣∣∣∣∣S(f, P[c,d]) +
N∑

k=1

S(f, Pk)− S(f,Q[c,d])−
N∑

k=1

S(f, Pk)

∣∣∣∣∣

=

∣∣∣∣∣S(f, P[c,d] ∪
N⋃

k=1

Pk)− S(f,Q[c,d] ∪
N⋃

k=1

Pk)

∣∣∣∣∣
< ε.

By Theorem 1.3.4, f ∈ HK[c, d]. �

Remark 1.3.7. If f ∈ HK[a, b] and c ∈ [a, b], we define the Henstock-

Kurzweil integral of f over {c} to be zero.

Theorem 1.3.8. Let f : [a, b] −→ R and let a < c < b. If

f ∈ HK[a, c] ∩HK[c, b], then f ∈ HK[a, b] and

(HK)

∫ b

a

f = (HK)

∫ c

a

f + (HK)

∫ b

c

f.

Proof. Given ε > 0 there exists a gauge δa on [a, c] such that∣∣∣∣S(f, Pa)− (HK)

∫ c

a

f

∣∣∣∣ <
ε

2

whenever Pa is a δa-fine Perron partition of [a, c]. A similar argument shows

that there exists a gauge δb on [c, b] such that∣∣∣∣∣S(f, Pb)− (HK)

∫ b

c

f

∣∣∣∣∣ <
ε

2
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for each δb-fine Perron partition Pb of [c, b].

Define a gauge δ on [a, b] by setting

δ(x) =





min{δa(x), c− x} if a ≤ x < c,

min{δa(x), δb(x)} if x = c,

min{δb(x), x − c} if c < x ≤ b,

and let P = {(t1, [u1, v1]), . . . , (tp, [up, vp])} be a δ-fine Perron partition

of [a, b]. Since our choice of δ implies that c = uj = vk for some

j, k ∈ {1, . . . , p}, we conclude that P = P1 ∪ P2 for some δ-fine Perron

partitions P1, P2 of [a, c] and [c, b] respectively. Consequently,
∣∣∣∣∣S(f, P )−

{
(HK)

∫ c

a

f + (HK)

∫ b

c

f

}∣∣∣∣∣

≤
∣∣∣∣S(f, P1)− (HK)

∫ c

a

f

∣∣∣∣+
∣∣∣∣∣S(f, P2)− (HK)

∫ b

c

f

∣∣∣∣∣
< ε.

Since ε > 0 is arbitrary, the theorem follows. �

Exercise 1.3.9.

(i) Prove that if f, g ∈ R[a, b], then f + g ∈ R[a, b] and
∫ b

a

(f + g) =

∫ b

a

f +

∫ b

a

g.

(ii) Prove that if f ∈ R[a, b] and c ∈ R, then cf ∈ R[a, b] and
∫ b

a

cf = c

∫ b

a

f.

(iii) Let f : [a, b] −→ R and let a < c < b. Prove that if f ∈ R[a, c]∩R[c, b],
then f ∈ R[a, b] and

∫ b

a

f =

∫ c

a

f +

∫ b

c

f.

1.4 Saks-Henstock Lemma

The aim of this section is to establish the important Saks-Henstock Lemma

(Theorem 1.4.4) for the Henstock-Kurzweil integral. As a result, we deduce

that there are no improper Henstock-Kurzweil integrals (Theorems 1.4.6

and 1.4.8). We begin with the following definitions.
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Definition 1.4.1. A finite collection {(t1, [u1, v1]), . . . , (tp, [up, vp])} of

point-interval pairs is said to be a Perron subpartition of [a, b] if ti ∈ [ui, vi]

for i = 1, . . . , p, and {[u1, v1], . . . , [up, vp]} is a finite collection of non-

overlapping subintervals of [a, b].

Definition 1.4.2. Let {(t1, [u1, v1]), . . . , (tp, [up, vp])} be a Perron sub-

partition of [a, b] and let δ be a gauge on {t1, . . . , tp}. The

Perron subpartition {(t1, [u1, v1]), . . . , (tp, [up, vp])} is said to be δ-fine if

[ui, vi] ⊂ (ti − δ(ti), ti + δ(ti)) for i = 1, . . . , p.

By replacing δ-fine Perron partitions by δ-fine Perron subpartitions in

Definition 1.2.2, we obtain the following

Lemma 1.4.3. Let f ∈ HK[a, b] and let ε > 0. If δ is a gauge on [a, b]

such that ∣∣∣∣∣∣

∑

(x,[y,z])∈Q

f(x)(z − y)− (HK)

∫ b

a

f

∣∣∣∣∣∣
< ε

for each δ-fine Perron partition Q of [a, b], then
∣∣∣∣∣∣

∑

(t,[u,v])∈P

{
f(t)(v − u)− (HK)

∫ v

u

f

}∣∣∣∣∣∣
≤ ε (1.4.1)

for each δ-fine Perron subpartition P of [a, b].

Proof. Let P be a δ-fine Perron subpartition of [a, b]. If⋃
(t,[u,v])∈P [u, v] = [a, b], then (1.4.1) follows from Theorem 1.3.8. Hence-

forth we assume that
⋃

(t,[u,v])∈P [u, v] ⊂ [a, b]; in this case, we choose non-

overlapping intervals [x1, y1], . . . , [xq, yq] such that

[a, b] \
⋃

(t,[u,v])∈P

(u, v) =

q⋃

k=1

[xk, yk].

For each k ∈ {1, . . . , q} we infer from Theorem 1.3.6 that

f ∈ HK[xk, yk]. Hence for each η > 0 there exists a gauge δk on [xk, yk]

such that ∣∣∣∣S(f, Pk)− (HK)

∫ yk

xk

f

∣∣∣∣ <
η

q

for each δk-fine Perron partition Pk of [xk, yk]. Since δ and δk are gauges

on [uk, vk], we can apply Cousin’s Lemma to select and fix a min{δ, δk}-fine
Perron partition Qk of [xk, yk].
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Following the proof of Lemma 1.1.4, we conclude that

Q := P ∪⋃q
k=1Qk is a δ-fine Perron partition of [a, b] such that

S(f,Q) = S(f, P ) +

q∑

k=1

S(f,Qk)

and

(HK)

∫ b

a

f =
∑

(t,[u,v])∈P

(HK)

∫ v

u

f +

q∑

k=1

(HK)

∫ yk

xk

f.

Consequently,∣∣∣∣∣∣

∑

(t,[u,v])∈P

{
f(t)(v − u)− (HK)

∫ v

u

f

}∣∣∣∣∣∣

=

∣∣∣∣∣

{
S(f,Q)−

q∑

k=1

S(f,Qk)

}
−
{
(HK)

∫ b

a

f −
q∑

k=1

(HK)

∫ vk

xk

f

}∣∣∣∣∣

≤
∣∣∣∣∣S(f,Q)− (HK)

∫ b

a

f

∣∣∣∣∣+
q∑

k=1

∣∣∣∣S(f,Qk)− (HK)

∫ vk

xk

f

∣∣∣∣

< ε+ η.

Since η > 0 is arbitrary, the lemma is proved. �

We are now ready to state and prove the following crucial Saks-Henstock

Lemma, which plays an important role for the rest of this chapter.

Theorem 1.4.4 (Saks-Henstock). If f ∈ HK[a, b], then for each ε > 0

there exists a gauge on δ on [a, b] such that
∑

(t,[u,v])∈P

∣∣∣∣f(t)(v − u)− (HK)

∫ v

u

f

∣∣∣∣ < ε (1.4.2)

for each δ-fine Perron subpartition P of [a, b].

Proof. Since f is Henstock-Kurzweil integrable on [a, b], it follows from

Lemma 1.4.3 that there exists a gauge δ on [a, b] such that
∣∣∣∣∣∣

∑

(z,[x,y])∈Q

{
f(z)(y − x)− (HK)

∫ y

x

f

}∣∣∣∣∣∣
<
ε

2
(1.4.3)

for each δ-fine Perron subpartition Q of [a, b]. Let P be a δ-fine Perron

subpartition of [a, b], let

P+ =

{
(t, [u, v]) ∈ P : f(t)(v − u)− (HK)

∫ v

u

f ≥ 0

}
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and let P− = P\P+. Then P+∪P− is a δ-fine Perron subpartition of [a, b]

and hence the desired result follows from (1.4.3):

∑

(t,[u,v])∈P

∣∣∣∣f(t)(v − u)− (HK)

∫ v

u

f

∣∣∣∣

=
∑

(t,[u,v])∈P+

{
f(t)(v − u)− (HK)

∫ v

u

f

}

−
∑

(t,[u,v])∈P−

{
f(t)(v − u)− (HK)

∫ v

u

f

}

< ε.
�

Theorem 1.4.5. Let f ∈ HK[a, b] and let F (x) = (HK)
∫ x

a
f for each

x ∈ [a, b]. Then F is continuous on [a, b].

Proof. For each ε > 0 we apply the Saks-Henstock Lemma to select a

gauge δ on [a, b] such that

∑

(t,[u,v])∈P

∣∣∣∣f(t)(v − u)− (HK)

∫ v

u

f

∣∣∣∣ <
ε

2

for each δ-fine Perron subpartition P of [a, b]. By making δ smaller, we

may assume that δ(t) ≤ ε
2(1+|f(t)|) for all t ∈ [a, b]. If x ∈ [a, b], then

|F (y)− F (x)| ≤ |f(x)(y − x)− (F (y)− F (x))| + |f(x)(y − x)| < ε

whenever y ∈ (x − δ(x), x + δ(x)) ∩ [a, b]. Since x ∈ [a, b] is arbitrary, we

conclude that F is continuous on [a, b]. �

Theorem 1.4.6 (Cauchy extension). A function f : [a, b] −→ R is

Henstock-Kurzweil integrable on [a, b] if and only if for each c ∈ (a, b) the

function f |[a,c] is Henstock-Kurzweil integrable on [a, c] and

lim
c→b−

(HK)

∫ c

a

f exists. (1.4.4)

In this case, (HK)
∫ b

a
f = limc→b−(HK)

∫ c

a
f .

Proof. (=⇒) This follows from Theorem 1.4.5.

(⇐=) Let ε > 0 and let (cn)
∞
n=0 be a strictly increasing sequence of real

numbers such that c0 = a and supn∈N cn = b. Since (1.4.4) holds, there

exists a positive integer N such that∣∣∣∣(HK)

∫ x

a

f − lim
c→b−

(HK)

∫ c

a

f

∣∣∣∣ <
ε

4
(1.4.5)
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whenever x ∈ [cN , b).

For each k ∈ N we let δk be a gauge on [ck−1, ck] so that the inequality
∑

(z,[x,y])∈Qk

∣∣∣∣f(z)(y − x)− (HK)

∫ y

x

f

∣∣∣∣ <
ε

4(2k)
(1.4.6)

holds for each δk-fine Perron subpartition Qk of [ck−1, ck].

Define a gauge δ on [a, b] by setting

δ(x) =





1
2 (c1 − c0) if x = c0,

min{δk(ck), δk+1(ck),
1
2 (ck − ck−1),

1
2 (ck+1 − ck)}

if x = ck for some k ∈ N,

min{δk(x), 12 (x− ck−1),
1
2 (ck − x)}

if x ∈ (ck−1, ck) for some k ∈ N,

min{b− cN ,
ε

4(|f(b)|+1)} if x = b,

and let P = {(t1, [x0, x1]), . . . , (tp, [xp−1, xp])} be a δ-fine Perron partition

of [a, b]. After a suitable reordering, we may assume that a = x0 < x1 <

· · · < xp = b. Since b 6∈ ⋃∞
k=1[ck−1, ck], our choice of δ implies that tp = b

and xp−1 ∈ (cr, cr+1] for some unique positive integer r. We also observe

that if k ∈ {1, . . . , r}, our choice of δ implies that

{(t, [u, v]) ∈ P : [u, v] ⊆ [ck−1, ck]}
is a δk-fine Perron partition of [ck−1, ck]. Thus∣∣∣∣S(f, P )− lim

c→b−
(HK)

∫ c

a

f

∣∣∣∣

≤

∣∣∣∣∣∣∣∣

r∑

k=1

{ ∑

(t,[u,v])∈P
[u,v]⊆[ck−1,ck]

f(t)(v − u)− (HK)

∫ ck

ck−1

f

}
∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣

∑

(t,[u,v])∈P
[u,v]⊆[cr,xp−1]

f(t)(v − u)− (HK)

∫ xp−1

cr

f

∣∣∣∣∣∣∣∣
+ |f(b)| (b− xp−1)

+

∣∣∣∣(HK)

∫ xp−1

a

f − lim
c→b−

(HK)

∫ c

a

f

∣∣∣∣
< ε. �
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Corollary 1.4.7. Let f : [a, b] −→ R and suppose that f |[a,c] is Riemann

integrable on [a, c] for every c ∈ (a, b). If limc→b−
∫ c

a
f(t) dt exists, then

f ∈ HK[a, b] and

lim
c→b−

∫ c

a

f = (HK)

∫ b

a

f.

Likewise, we have the following modification of Theorem 1.4.6.

Theorem 1.4.8 (Cauchy extension). A function f : [a, b] −→ R is

Henstock-Kurzweil integrable on [a, b] if and only if for each c ∈ (a, b) the

function f |[c,b] is Henstock-Kurzweil integrable on [c, b] and

lim
c→a+

(HK)

∫ b

c

f exists.

In this case, (HK)
∫ b

a
f = limc→a+(HK)

∫ b

c
f .

The following corollary is an immediate consequence of Theorem 1.4.8.

Corollary 1.4.9. Let f : [a, b] −→ R and suppose that f |[c,b] is Riemann

integrable on [c, b] for every c ∈ (a, b). If limc→a+

∫ b

c
f(t) dt exists, then

f ∈ HK[a, b] and

lim
c→b−

∫ c

a

f = (HK)

∫ b

a

f.

Example 1.4.10. Let

f(x) =






1√
1−x

if 0 ≤ x < 1,

0 if x = 0.

Since f is Henstock-Kurzweil integrable on [0, c] for all c ∈ [0, 1) and

lim
c→1−

(HK)

∫ c

0

1√
1− t

dt = lim
c→1−

(
2− 2

√
1− c

)
= 2,

it follows from Theorem 1.4.6 that f ∈ HK[0, 1] and

(HK)

∫ 1

0

f = 2.
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Example 1.4.11. Let

h(x) =






1
x2 sin

1
x

if 0 < x ≤ 1,

0 if x = 0.

It is clear that h is Henstock-Kurzweil integrable on [c, 1] for all

c ∈ (0, 1). On the other hand, since the limit

lim
c→0+

(HK)

∫ 1

c

1

x2
sin

1

x
dx = lim

c→0+

(
cos 1− cos

1

c

)

does not exist, an application of Theorem 1.4.8 shows that h is not

Henstock-Kurzweil integrable on [0, 1].

Exercise 1.4.12. Show that the Saks-Henstock Lemma remains true for

the Riemann integral.

Further applications of the Saks-Henstock Lemma will be given in the

subsequent chapters.

1.5 Notes and Remarks

Cousin’s Lemma has been used by Gordon [46] to prove some classical

results in analysis. Theorem 1.1.6 is also due to Gordon [46].

It is known that R[a, b] is a linear space. Further properties of the

Riemann integral can be found in [88, Sections 1.3-1.5] or [6, Chapter 7].

1n 1957, Kurzweil [71] gave a slight but ingenious modification of the

classical Riemann integral and used it in his work on differential equations.

Later, Henstock [55] discovered the integral independently and developed

the theory further. This integral, which is now commonly known as the

Henstock-Kurzweil integral, is also known as the Henstock integral, the

Kurzweil-Henstock integral, or the generalized Riemann integral; see, for

example, [4–6, 85, 88]. In dimension one, this integral is equivalent to the

Perron integral in the following sense: a function which is integrable in one

sense is integrable in the other sense and both integrals coincide; a proof of

this result is given in [44, Chapter 11]. A good overall view of the theory

can be found in Bongiorno [10] and Lee [86]. See also [133].
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Chapter 2

The multiple Henstock-Kurzweil

integral

The goal of this chapter is to prove some basic properties of the

m-dimensional Henstock-Kurzweil integral, where m is a positive integer.

While most results are similar to that of Chapter 1, certain proofs require

different techniques.

2.1 Preliminaries

Let Rm be the m-dimensional Euclidean space. A typical element

(x1, . . . , xm) in Rm will be denoted by x.

An interval in Rm is a set of the form [u,v] :=
∏m

i=1[ui, vi], where

−∞ < ui < vi < ∞ for i = 1, . . . ,m. On the other hand, the set∏m
i=1[si, ti] ⊂ Rm is known as a degenerate interval if si = ti for some

i ∈ {1, . . . ,m}. The aim of this section is to establish some basic properties

of intervals in Rm.

Definition 2.1.1. Two intervals [s, t], [u,v] in Rm are said to be

non-overlapping if
∏m

i=1(si, ti) ∩
∏m

i=1(ui, vi) is empty.

We remark that it is not difficult to check that if [s, t] and [u, v] are

non-overlapping intervals in R, then [s, t] ∪ [u, v] is an interval in R if and

only if s = v or t = u. The following lemma, which is equivalent to

[73, 1.5 Lemma], gives a necessary and sufficient condition for a union of

two intervals in Rm to be an interval in Rm.

Lemma 2.1.2. Let [s, t] and [u,v] be non-overlapping intervals in Rm.

Then [s, t] ∪ [u,v] is an interval in Rm if and only if there exists

j ∈ {1, . . . ,m} with the following properties:

21
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(i) (sj , tj) ∩ (uj , vj) is empty;

(ii) [sj , tj] ∩ [uj, vj ] is non-empty;

(iii) [si, ti] = [ui, vi] for all i ∈ {1, . . . ,m}\{j}.

Proof. (=⇒) Suppose that [s, t]∪ [u,v] is an interval in Rm. Since [s, t]

and [u,v] are assumed to be non-overlapping intervals in Rm, there exists

j ∈ {1, . . . ,m} such that (sj , tj) ∩ (uj , vj) is empty; that is, (i) holds.

To prove (ii), it suffices to prove that

[s1, t1] ∪ [u1, v1], . . . , [sm, tm] ∪ [um, vm]

are intervals in R, which is equivalent to the condition that∏m
i=1([si, ti] ∪ [ui, vi]) is an interval in Rm. Since [s, t] ∪ [u,v] is assumed

to be an interval in Rm, we get

[s, t] ∪ [u,v] =

m∏

i=1

([si, ti] ∪ [ui, vi]). (2.1.1)

It remains to prove that (iii) holds. To do this, we use (i) and (ii) to fix

xj ∈ [uj, vj ]\[sj, tj ]. If xi ∈ [si, ti] for all i ∈ {1, . . . ,m}\{j}, then it follows

from our choice of xj and (2.1.1) that x ∈ [u,v]. Hence [si, ti] ⊆ [ui, vi] for

all i ∈ {1, . . . ,m}\{j}. Since a similar argument shows that [ui, vi] ⊆ [si, ti]

for all i ∈ {1, . . . ,m}\{j}, we get (iii).

(⇐=) Conversely, suppose that (i), (ii) and (iii) are satisfied. In this

case, it is not difficult to check that (2.1.1) holds. �

In the proof of Theorem 1.3.5, µ1(∅) := 0, and µ1([u, v]) := v − u

whenever −∞ < u ≤ v <∞. Similarly, we let µm(∅) := 0, and

µm(

m∏

k=1

[uk, vk]) :=

m∏

i=1

(vi − ui)

whenever −∞ < ui ≤ vi < ∞ for i = 1, . . . ,m. The following theorem is

obvious.

Theorem 2.1.3. If I and J are intervals in Rm and J ⊆ I, then

µm(J) ≤ µm(I).

For the rest of this section, we fix an interval [a, b] in Rm. A division

of [a, b] is a finite collection of pairwise non-overlapping intervals in Rm

whose union is [a, b]. Our goal is to show that if D is a division of [a, b],

then

µm([a, b]) =
∑

I∈D

µm(I).
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Example 2.1.4. The collection

{[0, 1]× [0, 2], [1, 2]× [0, 1], [1, 2]× [1, 2]}

is a division of [0, 2]× [0, 2].

We begin a special kind of division. A division D of [a, b] is a net if for

each k ∈ {1, . . . ,m} there exists a division Dk of [ak, bk] such that

D =

{ m∏

k=1

[sk, tk] : [sk, tk] ∈ Dk for k = 1, . . . ,m

}
.

Example 2.1.5. The collection

{[0, 1]× [0, 1], [0, 1]× [1, 2], [1, 2]× [0, 1], [1, 2]× [1, 2]}

is a net of [0, 2]× [0, 2].

Let Im([a, b]) be the collection of all subintervals of [a, b]. The following

lemma is obvious.

Lemma 2.1.6. If I ∈ Im([a, b]), then there exists a net D of [a, b] such

that I ∈ D and the cardinality of D is not more than 3m.

The following lemma is a consequence of Lemma 2.1.6.

Lemma 2.1.7. If {I1, . . . , Ip} ⊂ Im([a, b]) is a finite collection of non-

overlapping intervals in Rm, then there exists a net D0 of [a, b] with the fol-

lowing property: if J ∈ D0 and J ∩ Ir ∈ Im([a, b]) for some r ∈ {1, . . . , p},
then J ⊆ Ir.

Proof. For each k ∈ {1, . . . , p} we apply Lemma 2.1.6 to select a net Dk

of [a, b] such that Ik ∈ Dk. Then

D0 :=

{ p⋂

k=1

Jk ∈ Im([a, b]) : Jk ∈ Dk for k = 1, . . . , p

}

is a net of [a, b] with the desired property. �
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The following lemma is a consequence of Lemma 2.1.2.

Lemma 2.1.8. If [s, t] and [u, v] are non-overlapping subintervals of [a, b]

such that [s, t] ∪ [u, v] ∈ Im([a, b]), then

µm([s, t] ∪ [u, v]) = µm([s, t]) + µm([u, v]).

Proof. Let j ∈ {1, . . . ,m} be given as in Lemma 2.1.2. Then

µm([s, t] ∪ [u, v])

= µm(

m∏

i=1

([si, ti] ∪ [ui, vi]))

= (tj − sj + vj − uj)

m∏

i=1
i6=j

(ti − si)

= µm([s, t]) + µm([u, v]).
�

The following theorem is a consequence of Lemmas 2.1.7 and 2.1.8.

Theorem 2.1.9. If {I1, . . . , Ip} is a division of [a, b], then

µm([a, b]) =

p∑

k=1

µm(Ik).

Proof. If {I1, . . . , Ip} is a net of [a, b], then the result is a consequence

of Lemma 2.1.8.

On the other hand, suppose that {I1, . . . , Ip} is not a net of [a, b]. In

this case, we let D0 be given as in Lemma 2.1.7. Thus
p∑

k=1

µm(Ik)

=

p∑

k=1

∑

J∈D0

µm(J ∩ Ik)

=
∑

J∈D0

p∑

k=1

µm(J ∩ Ik)

=
∑

J∈D0

µm(J)

= µm(I).
�

Some generalizations of µm will be given in Chapters 3 and 5.
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2.2 The Henstock-Kurzweil integral

Unless specified otherwise, for the rest of this book the space Rm will be

equipped with the maximum norm |||·|||, where

|||x||| = max{|xi| : i = 1, . . . ,m},

and [a, b] denotes a fixed interval in Rm. Given x ∈ Rm and r > 0, we set

B(x, r) := {y ∈ Rm : |||x− y||| < r},

where x − y := (x1 − y1, . . . , xm − ym) (y ∈ Rm).

Definition 2.2.1.

(i) A point-interval pair (t, I) consists of a point t ∈ Rm and an interval I

in Rm. Here t is known as the tag of I.

(ii) A Perron partition of [a, b] is a finite collection

{(t1, [u1,v1]), . . . , (tp, [up,vp])} of point-interval pairs, where

{[u1,v 1], . . . , [up,vp]} is a division of [a, b], and tk ∈ [uk,vk] for

k = 1, . . . , p.

(iii) Let P = {(t1, [u1,v1]), . . . , (tp, [up,vp])} be a Perron partition of [a, b]

and let δ be a gauge (i.e. positive function) defined on {t1, . . . , tp}.
The Perron partition P is said to be δ-fine if [uk,vk] ⊂ B(tk, δ(tk)) for

k = 1, . . . , p.

We are now ready to state and prove the following crucial result.

Theorem 2.2.2 (Cousin’s Lemma). If δ is a gauge on [a, b], then there

exists a δ-fine Perron partition of [a, b].

Proof. Proceeding towards a contradiction, suppose that [a, b] does not

have a δ-fine Perron partition. For each k ∈ {1, . . . ,m}, we divide [ak, bk]

into [ak,
ak+bk

2 ] and [ak+bk
2 , bk] so that [a, b] is a union of 2m pairwise non-

overlapping intervals in Rm. Since [a, b] does not have a δ-fine Perron

partition, we can select an interval I1 from the above-mentioned 2m inter-

vals so that there is no δ-fine Perron partition of I1. Using induction, we

construct a sequence (In)
∞
n=1 of subintervals of [a, b] so that the following

conditions hold for every n ∈ N:

(i) In ⊃ In+1;

(ii) no δ-fine Perron partition of In exists;

(iii) max{|||t− s||| : s, t ∈ In} = 1
2n |||b− a|||.
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Since properties (i) and (iii) hold for every n ∈ N, it follows from the

Nested Interval Theorem that
∞⋂

k=1

Ik = {t0}

for some t0 ∈ Rm. On the other hand, since
∞⋂
k=1

Ik = {t0} and δ(x0) > 0, it

follows from property (iii) that there exists N ∈ N such that {(t0, IN )} is a

δ-fine Perron partition of IN . But this contradicts property (ii). Therefore

a δ-fine Perron partition of [a, b] exists. �

Let C[a, b] be the space of continuous functions on [a, b]. A simple

application of Cousin’s Lemma gives the following result.

Theorem 2.2.3. If f ∈ C[a, b], then f is uniformly continuous on [a, b].

Proof. Exercise. �

Following the proof of Theorem 2.2.3, we get the following corollary.

Corollary 2.2.4. If f ∈ C[a, b], then f is bounded on [a, b].

Let {(t1, [u1,v1]), . . . , (tp, [up,vp])} be a Perron partition of [a, b]. For

any function f defined on {t1, . . . , tp}, we set

S(f, P ) =

p∑

k=1

f(tk)µm([uk,vk]).

We begin with the definition of the Riemann integral.

Definition 2.2.5. A function f : [a, b] −→ R is said to be Riemann in-

tegrable on [a, b] if there exists A0 ∈ R with the following property: given

ε > 0 there exists a constant gauge δ on [a, b] such that

|S(f, P )−A0| < ε (2.2.1)

for each δ-fine Perron partition P of [a, b].

The collection of all functions that are Riemann integrable on [a, b] will

be denoted by R[a, b].

Once we omit the word “constant” from Definition 2.2.5, we obtain the

following modification of Definition 2.2.5.

Definition 2.2.6. A function f : [a, b] −→ R is said to be Henstock-

Kurzweil integrable on [a, b] if there exists A ∈ R with the following prop-

erty: given ε > 0 there exists a gauge δ on [a, b] such that

|S(f, P )−A| < ε (2.2.2)

for each δ-fine Perron partition P of [a, b].
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The collection of all functions that are Henstock-Kurzweil integrable on

[a, b] will be denoted by HK[a, b].. It is easy to deduce from Definitions

2.2.5 and 2.2.6 that if f ∈ R[a, b], then f ∈ HK[a, b]. In this case, Cousin’s

Lemma shows that there is a unique number satisfying Definitions 2.2.5 and

2.2.6.

Theorem 2.2.7. There is at most one number A satisfying Definition

2.2.6.

Proof. Suppose that both numbers A1 and A2 satisfy Definition 2.2.6.

We claim that A1 = A2.

Let ε > 0 be given. Since A1 satisfies Definition 2.2.6, there exists a

gauge δ1 on [a, b] such that

|S(f, P1)−A1| <
ε

2
for each δ1-fine Perron partition P1 of [a, b]. Similarly, there exists a gauge

δ2 on [a, b] such that

|S(f, P2)−A2| <
ε

2
for each δ2-fine Perron partition P2 of [a, b].

Define a gauge δ on [a, b] by setting

δ(x) = min{δ1(x), δ2(x)}.
In view of Cousin’s Lemma, we may fix a δ-fine Perron partition P of [a, b].

Using our definition of δ, it is not difficult to check that P is both δ1-fine

and δ2-fine. Thus

|A1 −A2| ≤ |S(f, P )−A1|+ |S(f, P )−A2| < ε.

Since ε > 0 is arbitrary, we conclude that A1 = A2. �

The above theorem shows that if f ∈ HK[a, b], then there is a

unique number A satisfying Definition 2.2.6. In this case, we write A

as (HK)
∫
[a,b] f , (HK)

∫
[a,b] f(x) dx or (HK)

∫
[a,b] f(t) dt, which is

known as the Henstock-Kurzweil integral of f over [a, b]. If, in addition,

f ∈ R[a, b], the Riemann integral of f over [a, b] will be denoted by
∫
[a,b]

f ,∫
[a,b] f(x) dx or

∫
[a,b] f(t) dt.

Example 2.2.8. Let f be a constant real-valued function defined on [a, b].

Then f is Riemann and hence Henstock-Kurzweil integrable on [a, b].

Further examples of Henstock-Kurzweil integrable functions will be

given in Section 2.3.
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2.3 Simple properties

The aim of this section is to prove some basic properties of the Henstock-

Kurzweil integral via Definition 2.2.6.

Theorem 2.3.1. If f, g ∈ HK[a, b], then f + g ∈ HK[a, b] and

(HK)

∫

[a,b]

(f + g) = (HK)

∫

[a,b]

f + (HK)

∫

[a,b]

g.

Proof. Let ε > 0 be given. Since f ∈ HK[a, b], there exists a gauge δ1
on [a, b] such that

∣∣∣∣∣S(f, P1)− (HK)

∫

[a,b]

f

∣∣∣∣∣ <
ε

2

for each δ1-fine Perron partition P1 of [a, b]. Similarly, there exists a gauge

δ2 on [a, b] such that
∣∣∣∣∣S(g, P2)− (HK)

∫

[a,b]

g

∣∣∣∣∣ <
ε

2

for each δ2-fine Perron partition P2 of [a, b].

Define a gauge δ on [a, b] by setting

δ(x) = min{δ1(x), δ2(x)}, (2.3.1)

and let P be a δ-fine Perron partition of [a, b]. Since (2.3.1) implies that

the δ-fine Perron partition P is both δ1-fine and δ2-fine, the identity

S(f + g, P ) = S(f, P ) + S(g, P )

and the triangle inequality yield
∣∣∣∣∣S(f + g, P )−

{
(HK)

∫

[a,b]

f + (HK)

∫

[a,b]

g

}∣∣∣∣∣

≤
∣∣∣∣∣S(f, P )− (HK)

∫

[a,b]

f

∣∣∣∣∣+
∣∣∣∣∣S(g, P )− (HK)

∫

[a,b]

g

∣∣∣∣∣
< ε.

Since ε > 0 is arbitrary, we conclude that f + g ∈ HK[a, b] and

(HK)

∫

[a,b]

(f + g) = (HK)

∫

[a,b]

f + (HK)

∫

[a,b]

g.
�
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Theorem 2.3.2. If f ∈ HK[a, b] and c ∈ R, then cf ∈ HK[a, b] and

(HK)

∫

[a,b]

cf = c

{
(HK)

∫

[a,b]

f

}
.

Proof. Let ε > 0 be given. Since f ∈ HK[a, b], there exists a gauge δ

on [a, b] such that
∣∣∣∣∣S(f, P1)− (HK)

∫

[a,b]

f

∣∣∣∣∣ <
ε

|c|+ 1

for each δ-fine Perron partition P1 of [a, b]. If P is a δ-fine Perron partition

of [a, b], then
∣∣∣∣∣S(cf, P )− c

{
(HK)

∫

[a,b]

f

}∣∣∣∣∣ = |c|
∣∣∣∣∣S(f, P )− (HK)

∫

[a,b]

f

∣∣∣∣∣ < ε.

Since ε > 0 is arbitrary, the theorem is proved. �

Theorem 2.3.3. If f, g ∈ HK[a, b] and f(x) ≤ g(x) for all x ∈ [a, b],

then

(HK)

∫

[a,b]

f ≤ (HK)

∫

[a,b]

g.

Proof. Let ε > 0 be given. Since f ∈ HK[a, b], there exists a gauge δ1
on [a, b] such that

∣∣∣∣∣S(f, P1)− (HK)

∫

[a,b]

f

∣∣∣∣∣ <
ε

2

for each δ1-fine Perron partition P1 of [a, b]. Similarly, there exists a gauge

δ2 on [a, b] such that
∣∣∣∣∣S(g, P2)− (HK)

∫

[a,b]

g

∣∣∣∣∣ <
ε

2

for each δ2-fine Perron partition P2 of [a, b].

Define a gauge δ on [a, b] by setting

δ(x) = min{δ1(x), δ2(x)}, (2.3.2)

and we apply Cousin’s Lemma to fix a δ-fine Perron partition P0 of [a, b].

Since (2.3.2) implies that P0 is both δ1-fine and δ2-fine, we conclude that

(HK)

∫

[a,b]

f < S(f, P0) +
ε

2
≤ S(g, P0) +

ε

2
< (HK)

∫

[a,b]

g + ε,

and the desired inequality follows from the arbitrariness of ε. �



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

30 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

The following theorem gives a necessary and sufficient condition for a

function f to be Henstock-Kurzweil integrable on [a, b].

Theorem 2.3.4 (Cauchy Criterion). A function f : [a, b] −→ R

belongs to HK[a, b] if and only if given ε > 0 there exists a gauge δ on

[a, b] such that

|S(f, P )− S(f,Q)| < ε

for each pair of δ-fine Perron partitions P and Q of [a, b].

Proof. (=⇒) Let ε > 0 be given. Since f ∈ HK[a, b], there exists a

gauge δ on [a, b] such that
∣∣∣∣∣S(f, P0)− (HK)

∫

[a,b]

f

∣∣∣∣∣ <
ε

2

for each δ-fine Perron partition P0 of [a, b]. Hence, for each pair of δ-fine

Perron partitions P and Q of [a, b], we have

|S(f, P )− S(f,Q)| ≤
∣∣∣∣∣S(f, P )− (HK)

∫

[a,b]

f

∣∣∣∣∣+
∣∣∣∣∣S(f,Q)− (HK)

∫

[a,b]

f

∣∣∣∣∣
< ε.

(⇐=) For each n ∈ N we let δn be a gauge on [a, b] such that

|S(f,Qn)− S(f,Rn)| <
1

n

for each pair of δn-fine Perron partitions Qn and Rn of [a, b]. Next we

define a gauge ∆n on [a, b] by setting

∆n(x) = min{δ1(x), . . . , δn(x)},
and apply Cousin’s Lemma to fix a ∆n-fine Perron partition of [a, b].

We claim that (S(f, Pn))
∞
n=1 is a Cauchy sequence of real numbers. Let

ε > 0 be given and choose a positive integer N so that 1
N
< ε. If n1 and

n2 are positive integers satisfying min{n1, n2} ≥ N , then Pn1 and Pn2 are

both ∆min{n1,n2}-fine Perron partitions of [a, b] and so

|S(f, Pn1)− S(f, Pn2)| <
1

min{n1, n2}
≤ 1

N
< ε.

Consequently, (S(f, Pn))
∞
n=1 is a Cauchy sequence of real numbers. Since R

is complete, the sequence (S(f, Pn))
∞
n=1 of real numbers converges to some

real number A.
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It remains to prove that f ∈ HK[a, b] and A = (HK)
∫
[a,b] f . Let P

be a ∆N -fine Perron partition P of [a, b]. Since the sequence (∆n)
∞
n=1 of

gauges is non-increasing, we see that the Perron partition Pn is ∆N -fine for

every integers n ≥ N . Thus

|S(f, P )−A| = lim
n→∞

|S(f, P )− S(f, Pn)| ≤
1

N
< ε.

Since ε > 0 is arbitrary, we conclude that f ∈ HK[a, b] and

A = (HK)
∫
[a,b]

f . �

We are now ready to give an important class of Henstock-Kurzweil in-

tegrable functions.

Theorem 2.3.5. If f ∈ C[a, b], then f ∈ HK[a, b].

Proof. Let ε > 0 be given. Since f is continuous on [a, b], for each

x ∈ [a, b] there exists δ(x) > 0 such that

|f(y)− f(x)| < ε

2
∏m

i=1(bi − ai)

whenever y ∈ [a, b] ∩ (x− δ(x),x+ δ(x)).

Clearly, the function x 7→ δ(x) is a gauge on [a, b]. To this end we let

P = {(t1, I1), . . . , (tp, Ip)} and Q = {(w1, J1), . . . , (wq, Jq)} be two δ-fine

Perron partitions of [a, b]. If Ir ∩ Jk is non-empty for some r ∈ {1, . . . , p}
and k ∈ {1, . . . , q}, we select and fix a point zr,k ∈ Ir ∩ Jk. On the other

hand, if Ir ∩ Js is empty for some r ∈ {1, . . . , p} and s ∈ {1, . . . , q}, we set

zr,s = a. Thus

|S(f, P )− S(f,Q)|

=

∣∣∣∣∣∣

p∑

j=1

f(tj)µm(Ij)−
q∑

k=1

f(wk)µm(Jk)

∣∣∣∣∣∣

=

∣∣∣∣∣∣

p∑

j=1

q∑

k=1

f(tj)µm(Ij ∩ Jk)−
q∑

k=1

p∑

j=1

f(wk)µm(Ij ∩ Jk)

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

p∑

j=1

q∑

k=1

f(tj)µm(Ij ∩ Jk)−
p∑

j=1

q∑

k=1

f(zj,k)µm(Ij ∩ Jk)

∣∣∣∣∣∣

+

∣∣∣∣∣∣

q∑

k=1

p∑

j=1

f(wk)µm(Ij ∩ Jk)−
p∑

j=1

q∑

k=1

f(zj,k)µm(Ij ∩ Jk)

∣∣∣∣∣∣
< ε.

An application of Theorem 2.3.4 completes the proof. �
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The proof of Theorem 2.3.6 is slightly more complicated than that of

Theorem 1.3.6.

Theorem 2.3.6. If f ∈ HK[a, b], then f ∈ HK(I) for each

I ∈ Im([a, b]).

Proof. Let ε > 0 be given. According to Theorem 2.3.4, there is a gauge

δ on [a, b] such that

|S(f, P )− S(f,Q)| < ε

for each pair of δ-fine Perron partitions P and Q of [a, b].

Suppose that I ∈ Im([a, b]). If I = [a, b], then the theorem is true.

Henceforth we assume that I 6= [a, b]; in this case, we apply Lemma 2.1.6

to select a finite collection C of intervals so that I 6∈ C and C ∪ {I} is a net

of [a, b]. For each J ∈ C ∪ {I}, we apply Cousin’s Lemma to fix a δ-fine

Perron partition PJ of J . If PI and QI are δ-fine Perron partitions of I,

then

P = PI ∪
⋃

J∈C
PJ and Q = QI ∪

⋃

J∈C
PJ

are δ-fine Perron partitions of [a, b] such that

S(f, PI) = S(f, P )−
∑

J∈C
S(f, PJ )

and

S(f,QI) = S(f,Q)−
∑

J∈C
S(f, PJ ).

Thus

|S(f, PI)− S(f,QI)| = |S(f, P )− S(f,Q)| < ε,

and the theorem follows from Theorem 2.3.4. �

Remark 2.3.7. If f ∈ HK[a, b] and I is a degenerate subinterval of [a, b],

we define the Henstock-Kurzweil integral of f over I to be zero.

Before we state and prove the next theorem, we need the following

Definition 2.3.8. For any x ∈ Rm and non-empty set X ⊆ Rm, we define

dist(x, X) := inf
{
|||x− s||| : s ∈ X

}
.
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The proof of Theorem 2.3.9 is more involved than that of Theorem

1.3.8. Indeed, if m ≥ 2 and {[s, t], [u, v]} is a division of [a, b], then the

intersection [s, t] ∩ [u, v] contains more than one point.

Theorem 2.3.9. Let {[s, t], [u, v]} be a division of [a, b]. If

f ∈ HK[s, t] ∩HK[u, v], then f ∈ HK[a, b] and

(HK)

∫

[a,b]

f = (HK)

∫

[s,t]

f + (HK)

∫

[u,v]

f.

Proof. Given ε > 0 we select a gauge δ1 on [s, t] such that
∣∣∣∣∣S(f, P1)− (HK)

∫

[s,t]

f

∣∣∣∣∣ <
ε

2

for each δ1-fine Perron partition P1 of [s, t]. Similarly, there exists a gauge

δ2 on [u, v] such that
∣∣∣∣∣S(f, P2)− (HK)

∫

[u,v]

f

∣∣∣∣∣ <
ε

2

for each δ2-fine Perron partition P2 of [u, v].

Define a gauge δ on [a, b] by setting

δ(x) =





min{δ1(x), δ2(x)} if x ∈ [s, t] ∩ [u, v],

min{dist(x, [u, v]), δ1(x)} if x ∈ [s, t]\[u, v],
min{dist(x, [u, v]), δ2(x)} if x ∈ [u, v]\[s, t],

and let P be a δ-fine Perron partition of [a, b]. Then

{(x, I) ∈ P : x ∈ [s, t] and µm(I ∩ [s, t]) > 0}
is a δ-fine Perron partition of [s, t], and

{(x, I) ∈ P : x ∈ [u, v] and µm(I ∩ [u, v]) > 0}
is a δ-fine Perron partition of [u, v]. Thus
∣∣∣∣∣S(f, P )−

{
(HK)

∫

[s,t]

f + (HK)

∫

[u,v]

f

}∣∣∣∣∣

≤
∣∣∣∣∣
∑{

f(x)µm(I ∩ [s, t]) : (x, I) ∈ P and x ∈ [s, t]
}
− (HK)

∫

[s,t]

f

∣∣∣∣∣

+

∣∣∣∣∣
∑{

f(x)µm(I ∩ [u, v]) : (x, I) ∈ P and x ∈ [u, v]
}
− (HK)

∫

[u,v]

f

∣∣∣∣∣
< ε.

Since ε > 0 is arbitrary, the theorem is proved. �
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Theorem 2.3.10. Let f : [a, b] −→ R and let D be a division of [a, b]. If

f ∈ HK(J) for all J ∈ D, then f ∈ HK[a, b] and

(HK)

∫

[a,b]

f =
∑

J∈D

(HK)

∫

J

f.

Proof. In view of Theorem 2.3.6 and Lemma 2.1.7 we may assume that

D is a net of [a, b]. In this case, we apply Theorem 2.3.9 repeatedly to get

the result. �

For each f ∈ HK[a, b], it follows from Theorem 2.3.6 that f ∈ HK(I)

for each I ∈ Im([a, b]). In this case, we can define an interval function

F : Im([a, b]) −→ R by setting

F (I) = (HK)

∫

I

f. (2.3.3)

Here F is known as the indefinite Henstock-Kurzweil integral, or in short the

indefinite HK-integral, of f . Theorem 2.3.10 tells us that F is an additive

interval function; that is, if D is a division of some I ∈ Im([a, b]), then

F (I) =
∑

J∈D

F (J).

Definition 2.3.11. Let x ∈ [a, b] and let F : Im([a, b]) −→ R. The

interval function F is said to be strongly derivable at x if the following

limit

DsF (x) := lim
|||v−u|||→0

x∈[u,v]∈Im([a,b])

F ([u, v])

|||v − u||| exists.

The following theorem is an m-dimensional analogue of Theorem 1.2.8.

Theorem 2.3.12. Let F : Im([a, b]) −→ R be an additive interval func-

tion. If F is strongly derivable at every point x ∈ [a, b], then DsF is

Henstock-Kurzweil integrable on [a, b] and

(HK)

∫

[a,b]

DsF = F ([a, b]).

Proof. Let ε > 0 be given. Since F is strongly derivable at every point

of [a, b], for each x ∈ [a, b] there exists δ(x) > 0 such that

|DsF (x)µm(I)− F (I)| < εµm(I)

1 +
∏m

i=1(bi − ai)
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for each I ∈ Im([a, b]) satisfying x ∈ I ⊂ B(x, δ(x)). It follows that δ is a

gauge on [a, b]. If P is any δ-fine Perron partition of [a, b], then

|S(DsF, P )− F ([a, b])|

=

∣∣∣∣∣∣

∑

(t,I)∈P

DsF (t)µm(I)− F ([a, b])

∣∣∣∣∣∣

=

∣∣∣∣∣∣

∑

(t,I)∈P

{
DsF (t)µm(I)− F (I)

}
∣∣∣∣∣∣

≤
∑

(t,I)∈P

|DsF (t)µm(I)− F (I)|

<
∑

(t,I)∈P

εµm(I)

1 +
∏m

i=1(bi − ai)

< ε.

Since ε > 0 is arbitrary, we conclude that DsF ∈ HK[a, b] and

(HK)

∫

[a,b]

DsF = F ([a, b]).

�

2.4 Saks-Henstock Lemma

The aim of this section is to establish the important Saks-Henstock Lemma

for the Henstock-Kurzweil integral (Theorem 2.4.4). We begin with some

definitions.

Definition 2.4.1. A finite collection {(t1, [u1,v1]), . . . , (tp, [up,vp])} of

point-interval pair is said to be a Perron subpartition of [a, b] if

tk ∈ [uk,vk] for k = 1, . . . , p, and {[u1,v1], . . . , [up,vp]} is a finite col-

lection of non-overlapping intervals in [a, b].

Definition 2.4.2. Let {(t1, [u1,v1]), . . . , (tp, [up,vp])} be a Perron subpar-

tition of [a, b] and let δ be a gauge on {t1, . . . , tp}. The Perron subpartition

{(t1, [u1,v1]), . . . , (tp, [up,vp])} is said to be δ-fine if [uk,vk] ⊂ B(tk, δ(tk))

for k = 1, . . . , p.

By replacing δ-fine Perron partitions by δ-fine Perron subpartitions in

Definition 2.2.6, we obtain the following lemma.
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Lemma 2.4.3. Let f ∈ HK[a, b] and let ε > 0. If δ is a gauge on [a, b]

such that ∣∣∣∣∣∣

∑

(x,J)∈Q

f(x)µm(J)− (HK)

∫

[a,b]

f

∣∣∣∣∣∣
< ε

for each δ-fine Perron partition Q of [a, b], then∣∣∣∣∣∣

∑

(t,I)∈P

{
f(t)µm(I)− (HK)

∫

I

f

}∣∣∣∣∣∣
≤ ε (2.4.1)

for each δ-fine Perron subpartition P of [a, b].

Proof. Let P be a δ-fine Perron subpartition of [a, b]. If⋃
(t,I)∈P I = [a, b], then (2.4.1) follows from Theorem 2.3.10. Henceforth

we assume that
⋃

(t,I)∈P I ⊂ [a, b]; in this case, we choose non-overlapping

intervals J1, . . . , Jq such that {Jk : k = 1, . . . , q} ∪ ⋃
(t,I)∈P {I} is a divi-

sion of [a, b]. For each k ∈ {1, . . . , q} we infer from Theorem 2.3.6 that

f ∈ HK(Jk). Thus for each η > 0 there exists a gauge δk on Jk such that∣∣∣∣S(f, Pk)− (HK)

∫

Jk

f

∣∣∣∣ <
η

q

for each δk-fine Perron partition Pk of Jk. Since δ and δk are gauges on

Jk, we can apply Cousin’s Lemma (Theorem 2.2.2) to select and fix a

min{δ, δk}-fine Perron partition Qk of Jk. Then Q := P ∪ ⋃q
k=1Qk is a

δ-fine Perron partition of [a, b] such that

S(f,Q) = S(f, P ) +

q∑

k=1

S(f,Qk)

and

(HK)

∫

[a,b]

f =
∑

(t,I)∈P

(HK)

∫

I

f +

q∑

k=1

(HK)

∫

Jk

f.

Therefore∣∣∣∣∣∣

∑

(t,I)∈P

{
f(t)µm(I)− (HK)

∫

I

f

}∣∣∣∣∣∣

=

∣∣∣∣∣

{
S(f,Q)−

q∑

k=1

S(f,Qk)

}
−
{
(HK)

∫

[a,b]

f −
q∑

k=1

(HK)

∫

Jk

f

}∣∣∣∣∣

≤
∣∣∣∣∣S(f,Q)− (HK)

∫

[a,b]

f

∣∣∣∣∣+
q∑

k=1

∣∣∣∣S(f,Qk)− (HK)

∫

Jk

f

∣∣∣∣

< ε+ η.

Since η > 0 is arbitrary, the lemma is proved. �
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We are now ready to state and prove the following crucial result, which

plays an important role for the rest of this monograph.

Theorem 2.4.4 (Saks-Henstock). If f ∈ HK[a, b], then for each ε > 0

there exists a gauge δ on [a, b] such that

∑

(t,[u,v])∈P

∣∣∣∣∣f(t)µm([u, v])− (HK)

∫

[u,v]

f

∣∣∣∣∣ < ε (2.4.2)

for each δ-fine Perron subpartition P of [a, b].

Proof. Since f is Henstock-Kurzweil integrable on [a, b], it follows from

Lemma 2.4.3 that there exists a gauge δ on [a, b] such that

∣∣∣∣∣∣

∑

(x,J)∈Q

{
f(x)µm(J) − (HK)

∫

J

f

}∣∣∣∣∣∣
<
ε

2
(2.4.3)

for each δ-fine Perron subpartition Q of [a, b]. Let P be a δ-fine Perron

subpartition of [a, b], let

P+ =

{
(t, I) ∈ P : f(t)µm(I)− (HK)

∫

I

f ≥ 0

}

and let P− = P\P+. By (2.4.3),

∑

(t,I)∈P

∣∣∣∣f(t)µm(I)− (HK)

∫

I

f

∣∣∣∣

=
∑

(t,I)∈P+

{
f(t)µm(I)−(HK)

∫

I

f

}
−

∑

(t,I)∈P−

{
f(t)µm(I)− (HK)

∫

I

f

}

<
ε

2
+
ε

2
= ε.

�

Our next goal is to establish a higher-dimensional analogue of Theorem

1.4.5; see Theorem 2.4.10. However, this result does not appear to be an

immediate consequence of the Saks-Henstock Lemma. We will show that

it is a corollary of the Strong Saks-Henstock Lemma (Theorem 2.4.7). We

begin with the following observation.
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Observation 2.4.5. Let F : I1([a, b]) −→ R be an additive interval func-

tion, and let t ∈ [a, b]. Define the function F̃t : [a, b] −→ R by

F̃t(x) =





F ([t, x]) if t ≤ x ≤ b,

−F ([x, t]) if a ≤ x < t.

Then F ([u, v]) = F̃ (v)− F̃ (u) for all [u, v] ∈ I1([a, b]).
In order to formulate an m-dimensional analogue of Observation 2.4.5

(cf. Lemma 2.4.6), we need to fix some notations.

For each t,x ∈ [a, b], let < t,x >=
∏m

k=1[αk, βk], where

[αk, βk] =





[tk, xk] if tk ≤ xk ≤ βk,

[xk, tk] if αk ≤ xk < tk
for k = 1, . . . ,m.

For each [u, v] ∈ Im([a, b]) we let V [u, v] be the collection all vertices

of [u, v]:

V [u, v]
=
{
(u1 + ε1(v1 − u1), . . . , um + εm(vm − um)) : εi ∈ {0, 1}
for i = 1, . . . ,m

}
.

Recall the the signum function on R is defined by sgn(0) := 0 and

sgn(x) := x
|x| (x ∈ R\{0}). The following lemma is an m-dimensional

analogue of Observation 2.4.5.

Lemma 2.4.6. Let H : Im([a, b]) −→ R be an additive interval function,

and let t ∈ [a, b]. Define the function H̃t : [a, b] −→ R by

H̃t(x) = H(< t,x >)

m∏

i=1

sgn(xi − ti).

Then the inequality

|H([u, v])| ≤
∑

x∈V[u,v]

∣∣∣H̃t(x)
∣∣∣

holds for every [u, v] ∈ Im([a, b]).

Proof. Using Observation 2.4.5 repeatedly, we get

H([u, v])

=
1∑

ε1=0

· · ·
1∑

εm=0

(−1)
∑m

i=1(1−εi)H̃t(u1 + ε1(v1 − u1), . . . , um + εm(vm − um))

and the lemma follows. �
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The following theorem is a consequence of Lemma 2.4.6 and Theorem

2.4.4.

Theorem 2.4.7 (Strong version of Saks-Henstock Lemma). If f ∈
HK[a, b], then for each ε > 0 there exists a gauge δ on [a, b] such that

∑

(t,I)∈P

sup
J∈Im(I)

∣∣∣∣f(t)µm(J) − (HK)

∫

J

f

∣∣∣∣ < ε

for each δ-fine Perron subpartition P of [a, b].

Proof. For each ε > 0 we use the Saks-Henstock Lemma to select a gauge

δ on [a, b] so that
∑

(x,I′)∈Q

∣∣∣∣f(x)µm(I ′)− (HK)

∫

I′

f

∣∣∣∣ <
ε

2m+1
(2.4.4)

for each δ-fine Perron subpartition Q of [a, b].

Let {(t1, I1), . . . , (tp, Ip)} be a δ-fine Perron subpartition of [a, b]. With-

out loss of generality, we may assume that t is a vertex of I whenever the

point-interval pair (t, I) belongs to P . For k = 1, . . . ,m, we let Jk ∈ Im(Ik)

and write

V(Ik) = {wk,1, . . . ,wk,2m}.
According Lemma 2.4.6 and Remark 2.3.7,

p∑

k=1

∣∣∣∣f(tk)µm(Jk)− (HK)

∫

Jk

f

∣∣∣∣

≤
p∑

k=1

2m∑

j=1

∣∣∣∣∣f(tk)µm(< tk,wk,j >)− (HK)

∫

<tk,wk,j>

f

∣∣∣∣∣

=

2m∑

j=1

p∑

k=1

∣∣∣∣∣f(tk)µm(< tk,wk,j >)− (HK)

∫

<tk,wk,j>

f

∣∣∣∣∣

<
2mε

2m+1

< ε. �

Theorem 2.4.8. If f ∈ HK[a, b], then given ε > 0 there exists η > 0 such

that ∣∣∣∣∣(HK)

∫

[u,v]

f

∣∣∣∣∣ < ε

whenever [u, v] ∈ Im([a, b]) with µm([u, v]) < η.
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Proof. For each ε > 0 we use Theorem 2.4.7 to select a gauge δ on [a, b]

such that
p∑

k=1

sup
Jk∈Im(Ik)

∣∣∣∣f(tk)µm(Jk)− (HK)

∫

Jk

f

∣∣∣∣ <
ε

2

for each δ-fine Perron subpartition {(t1, I1), . . . , (tp, Ip)} of [a, b]. Ac-

cording to Cousin’s Lemma (Theorem 2.2.2), we may fix a δ-fine

Perron partition P of [a, b], and let η = ε
2max{|f(t)|:(t,I)∈P}+1 . If

[u, v] ∈ Im([a, b]) with µm([u, v]) < η, then∣∣∣∣∣(HK)

∫

[u,v]

f

∣∣∣∣∣ ≤
∑

(t,I)∈P

∣∣∣∣∣(HK)

∫

I∩[u,v]

f

∣∣∣∣∣

≤
∑

(t,I)∈P

|f(t)µm(I ∩ [u, v])|

+
∑

(t,I)∈P

∣∣∣∣∣f(t)µm(I ∩ [u, v])− (HK)

∫

[u,v]∩I

f

∣∣∣∣∣

< ε.
�

For any subsets X and Y of [a, b], we write X∆Y = (X\Y ) ∪ (Y \X).

For any I, J ∈ Im([a, b]), we put µm(I∆J) := µm(I)+µm(J)−µm(I ∩J).
We are now ready to state and prove a refinement of Theorem 2.4.8.

Theorem 2.4.9. Let f ∈ HK[a, b] and let F be the indefinite Henstock-

Kurzweil integral of f . Then for each ε > 0 there exists η0 > 0 such that

|F (I)− F (J)| < ε

for each I, J ∈ Im([a, b]) with µm(I∆J) < η0.

Proof. For each ε > 0 we choose η0 > 0 corresponding to ε
3m+1 in Theo-

rem 2.4.8.

Suppose that I, J ∈ Im([a, b]) with µm(I∆J) < η0. If µm(I ∩ J) = 0,

then I and J are non-overlapping intervals with µm(I) + µm(J) < η0. In

this case, our choice of η0 yields

|F (I)− F (J)| < 2ε

3m+1
< ε.

On the other hand, suppose that µm(I ∩ J) > 0. Since F is additive

(Theorem 2.3.10), it follows from the triangle inequality, Lemma 2.1.6 and

our choice of η0 that

|F (I)− F (J)| ≤ |F (I)− F (I ∩ J)|+ |F (J)− F (I ∩ J)| < 2(3m)ε

3m+1
< ε.

�
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Let (a, b] :=
∏m

i=1(ai, bi]. The following theorem is an m-dimensional

analogue of Theorem 1.4.5.

Theorem 2.4.10. Let f ∈ HK[a, b] and let

F̃ (x) =

{
(HK)

∫
[a,x] f if x ∈ (a, b],

0 if x ∈ [a, b]\(a, b].
Then F̃ is continuous on [a, b].

Proof. For each ε > 0 we select η0 > 0 associated to ε according to

Theorem 2.4.9. Next we pick δ > 0 so that µm([a,x]∆[a,y]) < η0 whenever

x, y ∈ [a, b] with |||x − y||| < δ. An application of Theorem 2.4.9 yields

the result. �

The following theorem is an m-dimensional analogue of Theorem 1.4.6.

Theorem 2.4.11. Let f : [a, b] −→ R. If f ∈ HK[c, d] for every

[c, d] ∈ Im([a, b]) disjoint from {b}, then f ∈ HK[a, b] if and only if

lim
x→b

x∈[a,b]

(HK)

∫

[a,x]

f exists. (2.4.5)

In this case,

lim
x→b

x∈[a,b]

(HK)

∫

[a,x]

f = (HK)

∫

[a,b]

f.

Proof. (=⇒) This follows from Theorem 2.4.10.

(⇐=) Conversely, suppose that (2.4.5) holds. In this case, it is easy to

check that the limit

lim
x→b

x∈[u,b]

(HK)

∫

[u,x]

f

exists whenever [u, b] ∈ Im([a, b]). Now we define the interval function

F : Im([a, b]) −→ R by setting

F ([u, v]) =






(HK)
∫
[u,v] f if [u, v] ∈ Im([a, b]) and b 6∈ [u, v],

lim x→b
x∈[u,b]

(HK)
∫
[u,x]

f if [u, v] ∈ Im([a, b]) and v = b.

Then F is an additive interval function on Im([a, b]). Next we let

F̃ (x) =





(HK)
∫
[a,x]

f if x ∈ [a, b]\{a},

lim x→b
x∈[a,b]

(HK)
∫
[a,x] f if x = b
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so that we can apply Lemma 2.4.6 with H = F and t = a to conclude that

|F ([u, v])| ≤
∑

x∈V([u,v])

∣∣∣F̃ (x)
∣∣∣ whenever [u, v] ∈ Im([a, b]). (2.4.6)

It remains to prove that f ∈ HK[a, b]. For each ε > 0 we use (2.4.6)

and (2.4.5) to choose η ∈ (0, 12 mink=1,...,m(bk − ak)) so that

|F ([x, b])| < ε

3
whenever x ∈

m∏

i=1

(bi − η, bi]. (2.4.7)

For any given n ∈ N ∪ {0}, we observe that the set

Un :=

( m∏

i=1

[
bi −

bi − ai
n+ 1

, bi

])∖( m∏

i=1

(
bi −

bi − ai
n+ 2

, bi

])

can be written as a union of 2m − 1 pairwise non-overlapping intervals in

Rm. Hence we infer from the definition of F and Saks-Henstock Lemma

that there exists a gauge δn on (
∏m

i=1[bi − bi−ai

n+1 , bi])\(
∏m

i=1[bi − bi−ai

n+2 , bi])

such that

∑

(w,J)∈Qn

|f(w)µm(J)− F (J)| < ε

3(2n+1)
(2.4.8)

for each δn-fine Perron subpartition Qn of Un.

Define a gauge δ on [a, b] by setting

δ(x) =






min{δn(x), dist(x,
∏m

i=1[bi − bi−ai

n+2 , bi])}
if x ∈ (

∏m
i=1[bi − bi−ai

n+1 , bi])\(
∏m

i=1[bi − bi−ai

n+2 , bi])

for some n ∈ N ∪ {0},
min{η, ε

3(1+|f(b)|)} if x = b
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and choose a δ-fine Perron partition P of [a, b]. According to our choice of

δ(b), (2.4.7) and (2.4.8), we have

|S(f, P )− F ([a, b])|

≤

∣∣∣∣∣∣∣∣

∑

(t,I)∈P
t 6=b

{
f(t)µm(I)− F (I)

}
∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣

∑

(t,I)∈P
t=b

{
f(t)µm(I)− F (I)

}
∣∣∣∣∣∣∣∣

<

∣∣∣∣∣∣∣∣

∑

(t,I)∈P
t 6=b

{
f(t)µm(I)− F (I)

}
∣∣∣∣∣∣∣∣
+
ε

3
+
ε

3

≤
∞∑

n=0

∑

(t,I)∈P

t∈(
∏m

i=1[bi−
bi−ai
n+1 ,bi])\(

∏m
i=1[bi−

bi−ai
n+2 ,bi])

|f(t)µm(I)− F (I)|+ 2ε

3

< ε.

Since ε > 0 is arbitrary, f ∈ HK[a, b]. �

A similar reasoning yields the following result.

Theorem 2.4.12. Let f : [a, b] −→ R and suppose that f ∈ HK[c, d] for

every [c, d] ∈ Im([a, b]) disjoint from {a}. Then f ∈ HK[a, b] if and only

if

lim
x→a

x∈[a,b]

(HK)

∫

[x,b]

f exists.

In this case,

lim
x→a

x∈[a,b]

(HK)

∫

[x,b]

f = (HK)

∫

[a,b]

f.

Further extensions of Theorems 2.4.11 and 2.4.12 will be given in Chap-

ters 4 and 5.

2.5 Fubini’s Theorem

The aim of this section is to show that Fubini’s Theorem holds for the

multiple Henstock-Kurzweil integral (Theorem 2.5.5). We begin with the

following definition.
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Definition 2.5.1. If X ⊆ [a, b] is any set, the characteristic function χX

of X is defined by

χX(x) =

{
1 if x ∈ X ,

0 otherwise.

We need four lemmas in order to prove Theorem 2.5.5 below.

Lemma 2.5.2. Let f : [a, b] −→ R and suppose that Z ⊂ [a, b]. Then the

following assertions hold.

(i) If χZ ∈ HK[a, b] and (HK)
∫
[a,b]

χZ = 0, then fχZ and |fχZ | belong
to HK[a, b] and

(HK)

∫

[a,b]

fχZ = (HK)

∫

[a,b]

|fχZ | = 0.

(ii) If f(x) > 0 for all x ∈ [a, b], then the converse of (i) holds.

Proof. (i) Let ε > 0 be given. For each k ∈ N ∪ {0} there exists a gauge

δk on [a, b] such that
∑

(x,J)∈Pk

χZ(x)µm(J) <
ε

(k + 1)2k+1

for each δk-fine Perron subpartition Pk of [a, b].

Define a gauge δ on [a, b] so that

δ(x) = δk(x)

whenever k ∈ N ∪ {0} and x ∈ [a, b] with k ≤ |f(x)| < k + 1. If P is a

δ-fine Perron partition of [a, b], then

|S(fχZ , P )| ≤
∞∑

k=0

∑

(t,I)∈P
k≤|f(t)|<k+1

|f(t)χZ(t)|µm(I) < ε.

Since ε > 0 is arbitrary, we conclude that fχZ ∈ HK[a, b] and

(HK)
∫
[a,b] fχZ = 0. Similarly, we have |fχZ | ∈ HK[a, b] and

(HK)
∫
[a,b]

|fχZ | = 0. This completes the proof of (i).

Since the proof of (ii) is similar to that of (i), the lemma is proved. �

For the rest of this section, we let r and s be positive integers so that

r + s = m. We also fix an interval Er (resp. Es) in Rr (resp. Rs).

Lemma 2.5.3. Let f ∈ HK(Er × Es), let Zr = {ξ ∈ Er : f(ξ, ·) 6∈
HK(Es)}, and let Zs = {η ∈ Es : f(·, η) 6∈ HK(Er)}. Then the following

assertions hold.
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(i) (HK)
∫
Er
χZr (ξ) dξ = 0.

(ii) (HK)
∫
Es
χZs(η) dη = 0.

Proof. (i) Using the definition of Zr together with Theorem 2.3.4, for

each ξ ∈ Zr there exists g(ξ) > 0 with the following property: for each

gauge δs on Es there exist δs-fine Perron partitions Q1,ξ, Q2,ξ of Es such

that
∑

(η1,J1)∈Q1,ξ

f(ξ, η1)µs(J1)−
∑

(η2,J2)∈Q2,ξ

f(ξ, η2)µs(J2) ≥ g(ξ). (2.5.1)

We will first prove that (HK)
∫
Er
g(ξ) dξ = 0, where g(ξ) := 0 whenever

ξ ∈ Er\Zr.

Let ε > 0 and select a gauge ∆ on Er × Es so that

|S(f,Q1)− S(f,Q2)| < ε (2.5.2)

for each pair of ∆-fine Perron partitions Q1, Q2 of Er × Es. In particular,

for each ξ ∈ Zr the function ∆(ξ, ·) is a gauge on Es; hence (2.5.1) implies

that there exist two ∆(ξ, ·)-fine Perron partitions T1,ξ, T2,ξ of Es such that
∑

(η3,J3)∈T1,ξ

f(ξ, η3)µs(J3)−
∑

(η4,J4)∈T2,ξ

f(ξ, η4)µs(J4) ≥ g(ξ). (2.5.3)

On the other hand, for each ξ ∈ Er\Zr we fix a ∆(ξ, ·)-fine Perron partition

Tξ of Es; in this case, we set T1,ξ = T2,ξ = Tξ.

Define a gauge δr on Er by setting

δr(ξ) = min{∆(ξ, η) : (η, J) ∈ T1,ξ ∪ T2,ξ},
and let P be a δr-fine Perron partition of Er. Since

P1 = {((ξ, η), I × J) : (ξ, I) ∈ P and (η, J) ∈ T1,ξ}
and

P2 = {((ξ, η), I × J) : (ξ, I) ∈ P and (η, J) ∈ T2,ξ}
are ∆-fine Perron partitions of Er × Es, we infer from (2.5.3) and (2.5.2)

that
∑

(ξ,I)∈P

g(ξ) µr(I)

≤
∑

(ξ,I)∈P

( ∑

(η5,J5)∈T1,ξ

f(ξ, η5)µs(J5)−
∑

(η6,J6)∈T2,ξ

f(ξ, η6)µs(J6)

)
µr(I)

= S(f, P1)− S(f, P2)

< ε.
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Since ε > 0 is arbitrary, we conclude that (HK)
∫
Er
g(ξ) dξ = 0. Now we

apply Lemma 2.5.2(ii) with m = r and f = gχZr + χEr\Zr to conclude

that (HK)
∫
Er
χZr (ξ) dξ = 0.

Since the proof of (ii) is similar to that of (i), the lemma follows. �

If f and g are real functions defined on Er and Es respectively, we define

the function f ⊗ g : Er × Es −→ R by setting

(f ⊗ g)(ξ, η) = f(ξ)g(η).

Lemma 2.5.4. Let f , Zr and Zs be given as in Lemma 2.5.3. Then the

following assertions hold.

(i) χZr ⊗ χZs ∈ HK(Er × Es) and

(HK)

∫

Er×Es

(χZr ⊗ χZs)(ξ, η) d(ξ, η) = 0.

(ii) fχZr×Zs ∈ HK(Er × Es) and

(HK)

∫

Er×Es

f(ξ, η)χZr×Zs(ξ, η) d(ξ, η) = 0.

Proof. (i) Let ε > 0 and select a gauge ∆r on Er so that∑

(ξ′,I′)∈P ′

χZr (ξ
′)µr(I

′) <
ε

1 + µs(Es)

for each ∆r-fine Perron subpartition P ′ of Er.

Define a gauge δ on Er × Es by setting δ(ξ, η) = ∆r(ξ). For each δ-

fine Perron partition P of Er × Es, we fix a net Ds = {J1, . . . , JN} of Es

so that the following condition is met: if J ∈ Ds, then J ⊆ J ′ for some

((ξ′, η′), I ′ × J ′) ∈ P . Then

{(ξ, I) : ((ξ, η), I × J) ∈ P and Jk ⊆ J} (k = 1, . . . , N)

are ∆r-fine Perron subpartitions P ′ of Er; hence

S(χZr ⊗ χZs , P ) ≤
N∑

k=1

∑

((ξ,η),I×J)∈P

χZr (ξ)µr(I)µs(J ∩ Jk)

≤
N∑

k=1

∑

((ξ,η),I×J)∈P
Jk⊆J

χZr (ξ)µr(I)µs(J ∩ Jk)

<

N∑

k=1

ε

1 + µs(Es)
µs(Jk)

< ε.



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

The multiple Henstock-Kurzweil integral 47

Since ε > 0 is arbitrary, assertion (i) holds.

Using (i) and Lemma 2.5.2(i) withm = r+s, we get (ii). This completes

the proof of the lemma. �

Theorem 2.5.5 (Fubini). Let f ∈ HK(Er × Es), let Zr = {ξ ∈ Er :

f(ξ, ·) 6∈ HK(Es)}, and let Zs = {η ∈ Es : f(·, η) 6∈ HK(Er)}. Then the

following statements are true.

(i) (HK)
∫
Er
χZr (ξ) dξ = 0.

(ii) (HK)
∫
Es
χZs(η) dη = 0.

(iii) There exists f0 ∈ HK(Er × Es) with the following properties:

(a) f0(ξ, η) = f(ξ, η) whenever (ξ, η) ∈ (Er × Es)\(Zr × Zs);

(b) the Henstock-Kurzweil integrals

(HK)

∫

Er

{
(HK)

∫

Es

f0(ξ, η) dη

}
dξ,

(HK)

∫

Es

{
(HK)

∫

Er

f0(ξ, η) dξ

}
dη

exist;

(c)

(HK)

∫

Er×Es

f = (HK)

∫

Er

{
(HK)

∫

Es

f0(ξ, η) dη

}
dξ

= (HK)

∫

Es

{
(HK)

∫

Er

f0(ξ, η) dξ

}
dη.

Proof. Statements (i) and (ii) follow from Lemma 2.5.3. To prove part

(a) of (iii), we define the function f0 : Er × Es −→ R by setting f0 =

fχ(Er×Es)\(Zr×Zs). By Lemma 2.5.4 and Theorem 2.3.1, f0 ∈ HK(Er×Es)

and

(HK)

∫

Er×Es

f0 = (HK)

∫

Er×Es

f. (2.5.4)

Now we prove part (b) of (iii). For each ε > 0 we use (2.5.4) to select a

gauge ∆ on Er × Es such that∣∣∣∣S(f0, P )− (HK)

∫

Er×Es

f

∣∣∣∣ <
ε

2
(2.5.5)

for each ∆-fine Perron partition P of Er × Es. Since the definition of f0
implies that the function η 7→ f0(ξ, η) belongs toHK(Es) whenever ξ ∈ Er,

for each ξ ∈ Er we select a ∆(ξ, ·)-fine Perron partition Tξ of Es so that∣∣∣∣S(f0(ξ, ·))− (HK)

∫

Es

f0(ξ, η) dη

∣∣∣∣ <
ε

2(1 + µr(Er))
. (2.5.6)
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Define a gauge δr on Er by setting

δr(ξ) = min{∆(ξ, η) : (η, J) ∈ Tξ},
and let Qr be any δr-fine Perron partition of Er. Then

P0 = {((ξ, η), I × J) : (ξ, I) ∈ Qr and (η, J) ∈ Tξ}
is a ∆-fine Perron partition of Er × Es. Therefore the triangle inequality,

(2.5.5) and (2.5.6) yield∣∣∣∣∣∣

∑

(ξ,I)∈Qr

(
(HK)

∫

Es

f0(ξ, η) dη

)
µr(I)− (HK)

∫

Er×Es

f

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

∑

(ξ,I)∈Qr

(
(HK)

∫

Es

f0(ξ, η) dη

)
µr(I)− S(f0, P0)

∣∣∣∣∣∣

+

∣∣∣∣S(f0, P0)− (HK)

∫

Er×Es

f

∣∣∣∣

<

∣∣∣∣∣∣

∑

(ξ,I)∈Qr

{(
(HK)

∫

Es

f0(ξ, η) dη

)
µr(I)−

∑

(η,J)∈Tξ

f0(ξ, η)µr(I)µs(J)

}∣∣∣∣∣∣

+
ε

2

≤
∑

(ξ,I)∈Qr

∣∣∣∣∣∣

(
(HK)

∫

Es

f0(ξ, η) dη

)
µr(I)−

∑

(η,J)∈Tξ

f0(ξ, η)µr(I)µs(J)

∣∣∣∣∣∣
+
ε

2

< ε.

Since ε > 0 is arbitrary, we conclude that the function

ξ 7→ (HK)
∫
Es
f0(ξ, η) dη belongs to HK(Er) and

(HK)

∫

Er

{
(HK)

∫

Es

f0(ξ, η) dη

}
dξ = (HK)

∫

Er×Es

f.

Similarly, we get

(HK)

∫

Es

{
(HK)

∫

Er

f0(ξ, η) dξ

}
dη = (HK)

∫

Er×Es

f.

This completes the proof of the theorem. �

Example 2.5.6. Let m = 2 and define the function f : [0, 1]2 −→ R by

f(ξ, η) =

∞∑

k=0

24k

k + 1
χ[2−k−1,2−k]2(ξ, η) sin(2

2kπξ) sin(22kπη).

Then f ∈ HK([0, 1]2) and (HK)
∫
[0,1]2 f = 0.
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Proof. First, we observe that f is continuous on [0, 1]2\{(0, 0)}. Hence,
by Theorem 2.3.5, f ∈ HK(I) for every interval I ∈ I2([0, 1]2) satisfying

I ∩ {(0, 0)} = ∅. In view of Theorem 2.4.12, it remains to prove that

sup
(x1,x2)∈[0,1)2\[0,2−n−1]2

∣∣∣∣∣(HK)

∫

[x1,1]×[x2,1]

f

∣∣∣∣∣ ≤
4

n+ 1
(2.5.7)

for all n ∈ N.

A direct computation shows that

(HK)

∫

[x1,1]×[x2,1]

f = 0

whenever (x1, x2) ∈ [0, 1]2\
(
{(0, 0)} ∪ ⋃∞

k=1[2
−k−1, 2−k]2

)
. On the other

hand, suppose that (x1, x2) ∈ [2−n−1, 2−n]× [2−n−1, 2−n] for some n ∈ N.

By Fubini’s Theorem,

∣∣∣∣∣(HK)

∫

[x1,2−n]×[x2,2−n]

f

∣∣∣∣∣ =

∣∣∣∣
(−1 + cos(22nπx1))(−1 + cos(22nπx2))

n+ 1

∣∣∣∣

≤ 4

n+ 1
.

Combining the above cases yields (2.5.7) to be proved. �

The following example shows that the implication

f ∈ HK[a, b] =⇒ |f | ∈ HK[a, b]

is false.

Example 2.5.7. If f is given as in Example 2.5.6, then |f | 6∈ HK([0, 1]2).

Proof. For each n ∈ N, we have

(HK)

∫

[2−n−1,1]2
|f |

=

n∑

k=0

(HK)

∫

[2−k−1,2−k]2

24k

k + 1

∣∣ sin(22kπξ) sin(22kπη)
∣∣ d(ξ, η)

=
n∑

k=0

24k

k + 1

(∫ 2−k

2−k−1

∣∣ sin(22kπx)
∣∣ dx

)2

=
1

π2

n∑

k=0

22k

k + 1
.

Since the series
∑∞

k=0
22k

k+1 diverges, it follows from Theorem 2.4.12 that

|f | 6∈ HK([0, 1]2). �
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The next example shows that the implication

f ∈ HK[a, b] and g ∈ C[a, b] =⇒ fg ∈ HK[a, b]

is false.

Example 2.5.8. Let m = 2 and define the function g : [0, 1]2 −→ R by

g(ξ, η) =

∞∑

k=0

1

22k
sin3(22kπξ) sin3(22kπη).

If f is given as in Example 2.5.6, fg 6∈ HK([0, 1]2).

Proof. Proceeding towards a contradiction, suppose that

fg ∈ HK([0, 1]2). Then for each n ∈ N we have

(HK)

∫

[0, 1
2n ]2

fg − (HK)

∫

[0, 1
22n

]2
fg

=

2n−1∑

k=n

{
(HK)

∫

[0, 1

2k
]2
fg − (HK)

∫

[0, 1

2k+1 ]2
fg

}

=

2n−1∑

k=n

22k

k + 1

(∫ 2−k

2−k−1

sin4(22kπx) dx

)2

≥ 9

128
.

This is a contradiction, since Theorem 2.4.9 implies

lim
n→∞

{
(HK)

∫

[0, 1
2n ]2

fg − (HK)

∫

[0, 1
22n

]2
fg

}
= 0.

This contradiction completes the proof. �

The following example shows that ifm ≥ 2, the hypotheses of Theorems

2.4.11 and 2.4.12 cannot be relaxed.

Example 2.5.9. Let m = 2 and let

h(x1, x2) =





1
x2
1

if (x1, x2) ∈ (0, 1]× (23 , 1],

− 1
x2
1
if (x1, x2) ∈ (0, 1]× (13 ,

2
3 ],

0 otherwise.

Then

lim
(x1,x2)→(0,0)

(x1,x2)∈(0,1)2

(HK)

∫

[x1,1]×[x2,1]

h (2.5.8)

exists but h 6∈ HK([0, 1]2).
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Proof. It is easy to check that the limit (2.5.8) exists. If h ∈ HK([0, 1]2),

then h
∣∣
[0,1]×[ 23 ,1]

∈ HK([0, 1]× [ 2
3 , 1]), a contradiction to Fubini’s Theorem.

The proof is complete. �

The following example shows that the converse of Theorem 2.5.5 is false.

Example 2.5.10. Define f : [0, π]2 −→ R by

f(x1, x2) =






22n+3 sin(2n+1(x1 − π
2n )) sin(2

n+2x2)

if (x1, x2) ∈ [ π
2n ,

π
2n−1 ]× [0, π

2n+1 ] for some n ∈ N,

0 otherwise.

Direct computations show that the following iterated integrals

∫ b

a

(∫ d

c

f(x1, x2) dx2

)
dx1,

∫ d

c

(∫ b

a

f(x1, x2) dx1

)
dx2

exist and coincide for every interval [a, b] × [c, d] ⊆ [0, π]2. On the other

hand, since limn→∞ µ2([
π
2n ,

3π
2n+1 ]× [0, π

2n+2 ]) = 0 and

sup
n∈N

(HK)

∫

[ π
2n , 3π

2n+1 ]×[0, π

2n+2 ]

f = 4,

it follows from Theorem 2.4.8 that f 6∈ HK([0, π]2).

2.6 Notes and Remarks

It is known that R[a, b] is a linear space. Further properties of multiple

Riemann integrals can be found in [1, Chapter 14].

The multiple Henstock-Kurzweil integral is equivalent to the multiple

Perron integral in the following sense: a function which is integrable in one

sense is integrable in the other sense and both integrals coincide; see also

Schwab́ık [147] or Ostaszewski [134].

The proof of Theorem 2.4.7 is similar to that of [93, Theorem 3.4]. For

other results concerning interval functions, see Aversa and Laczkovich [3],

and Laczkovich [83, 84].
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K. Karták [68] proved Theorems 2.4.11 and 2.4.12 in the context of

Perron integration. For a more general version of such results, see Faure

and J. Mawhin [37].

A Fubini’s Theorem holds for multiple Perron integrals (cf. [118]).

For further results concerning Fubini’s Theorem, see Kurzweil [72] or Os-

taszewski [134].

Examples 2.5.6 and 2.5.8 are due to Kurzweil [73].
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Chapter 3

Lebesgue integrable functions

3.1 Introduction

It is known that if f ∈ HK[a, b], then |f | need not belong to HK[a, b];

see, for instance, Example 2.5.7. Moreover, Example 2.5.8 shows that if

f ∈ HK([0, 1]2) and g ∈ C([0, 1]2), then fg need not belong to HK([0, 1]2).

In this chapter, we study a subclass of Henstock-Kurzweil integrable func-

tions that removes the above “undesirable” properties.

Definition 3.1.1. A function f : [a, b] −→ R is said to be Lebesgue inte-

grable on [a, b] if both f and |f | belong to HK[a, b].

The collection of all functions that are Lebesgue integrable on [a, b]

will be denoted by L1[a, b]. If f ∈ L1[a, b], we write (HK)
∫
[a,b]

f as∫
[a,b] f dµm,

∫
[a,b] f(x) dµm(x) or

∫
[a,b] f(t) dµm(t). According to Defini-

tion 3.1.1 and Example 2.5.7, L1[a, b] ⊂ HK[a, b].

The following simple lemma gives a necessary condition for a function

to be Lebesgue integrable on [a, b].

Lemma 3.1.2. If f ∈ L1[a, b], then

sup

{∑

I∈D

∣∣∣∣
∫

I

f dµm

∣∣∣∣ : D is a division of [a, b]

}
≤

∫

[a,b]

|f | dµm.

Proof. Let D be a division of [a, b]. According to Theorems 2.3.3 and

2.3.10, we have

∑

I∈D

∣∣∣∣
∫

I

f dµm

∣∣∣∣ ≤
∑

I∈D

∫

I

|f | dµm =

∫

[a,b]

|f | dµm.

Since D is an arbitrary division of [a, b], the lemma follows. �

53
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The above necessary condition turns out to be a sufficient condition for

f to be Lebesgue integrable there.

Theorem 3.1.3. If f ∈ HK[a, b], then f ∈ L1[a, b] if and only if

sup

{ ∑

I∈D

∣∣∣∣(HK)

∫

I

f

∣∣∣∣ : D is a division of [a, b]

}
<∞. (3.1.1)

In this case,

∫

[a,b]

|f | dµm = sup

{∑

I∈D

∣∣∣∣(HK)

∫

I

f

∣∣∣∣ : D is a division of [a, b]

}
.

(3.1.2)

Proof. (=⇒) This follows from Lemma 3.1.2.

(⇐=) Conversely, suppose that (3.1.1) holds. Let V denote the left-hand

side of (3.1.1). Since f ∈ HK[a, b], it suffices to prove that |f | ∈ HK[a, b]

and

(HK)

∫

[a,b]

|f | = V. (3.1.3)

For each ε > 0 we fix a division D0 of [a, b] so that

V <
∑

J∈D0

∣∣∣∣(HK)

∫

J

f

∣∣∣∣+
ε

2
. (3.1.4)

By the Saks-Henstock Lemma there exists a gauge δ on [a, b] such that

∑

(w,I′)∈Q

∣∣∣∣f(w)µm(I ′)− (HK)

∫

I′

f

∣∣∣∣ <
ε

2

for each δ-fine Perron subpartition Q of [a, b]. By making δ smaller, if

necessary, we may assume that if (w, I ′) ∈ Q and µm(I ′ ∩K) > 0 for some

K ∈ D0, then I
′ ⊆ K. Thus

(HK)

∫

J

f =
∑

(w,I′)∈Q

I′⊆J

(HK)

∫

I′

f for all J ∈ D0. (3.1.5)
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To this end, we consider any δ-fine Perron partition P of [a, b]. According

to our choice of δ, (3.1.4) and (3.1.5), we have∣∣∣∣∣∣

∑

(t,I)∈P

|f(t)|µm(I)− V

∣∣∣∣∣∣

≤
∑

(t,I)∈P

∣∣∣∣
{
|f(t)| µm(I)−

∣∣∣∣(HK)

∫

I

f

∣∣∣∣
}∣∣∣∣+ V −

∑

(t,I)∈P

∣∣∣∣(HK)

∫

I

f

∣∣∣∣

≤
∑

(t,I)∈P

∣∣∣∣f(t)µm(I)− (HK)

∫

I

f

∣∣∣∣+ V −
∑

J∈D0

∣∣∣∣(HK)

∫

J

f

∣∣∣∣

< ε.

Since ε > 0 is arbitrary, we conclude that |f | ∈ HK[a, b] and (3.1.3) holds.

�

The following theorem is a consequence of Theorems 2.3.3 and 3.1.3.

Theorem 3.1.4. If f, g ∈ HK[a, b] and |f(x)| ≤ g(x) for all x ∈ [a, b],

then f ∈ L1[a, b].

The proof of the following theorem is left to the reader.

Theorem 3.1.5. L1[a, b] is a linear space.

Definition 3.1.6. Let f and g be real-valued functions defined on [a, b].

(i) We define the maximum of f and g, denoted by max{f, g} or f ∨ g,
by

(max{f, g})(x) := max{f(x), g(x)} for all x ∈ [a, b].

(ii) We define the minimum of f and g, denoted by min{f, g} or f ∧g, by
(min{f, g})(x) := min{f(x), g(x)} for all x ∈ [a, b].

The proofs of the following theorems are left to the reader.

Theorem 3.1.7. If f, g ∈ L1[a, b], then max{f, g} and min{f, g} also

belong to L1[a, b].

Theorem 3.1.8. If f ∈ L1[a, b], then |f | ∈ L1[a, b] and∣∣∣∣∣

∫

[a,b]

f dµm

∣∣∣∣∣ ≤
∫

[a,b]

|f | dµm.

Exercise 3.1.9. Let m = 1 and let F be given as in Example 1.2.6. Show

that F ′ ∈ HK[0, 1]\L1[0, 1].
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3.2 Some convergence theorems for Lebesgue integrals

In this section we use the Saks Henstock Lemma to prove some convergence

theorems for the Lebesgue integral. The first convergence theorem is the

following version of the Monotone Convergence Theorem.

Theorem 3.2.1. Let f : [a, b] −→ R and let (fn)
∞
n=1 be a sequence in

L1[a, b]. If (fn(x))
∞
n=1 is monotone and f(x) = limn→∞ fn(x) for all

x ∈ [a, b], then f ∈ L1[a, b] if and only if the sequence
( ∫

[a,b] fn dµm

)∞
n=1

is bounded. In this case,

lim
n→∞

∫

[a,b]

fn dµm =

∫

[a,b]

f dµm.

Proof. We may assume that 0 ≤ fn(x) ≤ fn+1(x) ≤ f(x) for

all x ∈ [a, b] and n ∈ N.

(=⇒) Suppose that f ∈ L1[a, b]. Since f ∈ L1[a, b] and

fn(x) ≤ fn+1(x) ≤ f(x) for all x ∈ [a, b] and n ∈ N, it follows from

Theorem 2.3.3 that the sequence
( ∫

[a,b] fn dµm

)∞
n=1

is bounded.

(⇐=) Suppose that the sequence
( ∫

[a,b] fn dµm

)∞
n=1

is increasing and

bounded. In this case, this sequence converges to a real number A, where

A = sup
n∈N

∫

[a,b]

fn dµm.

We claim that f ∈ HK[a, b] and (HK)
∫
[a,b] f = A. Let ε > 0 be given

and select a positive integer N so that

A−
∫

[a,b]

fN dµm <
ε

3
.

For each n ∈ N we use the Saks-Henstock Lemma to select a gauge δn
on [a, b] such that

∑

(x,J)∈Qn

∣∣∣∣fn(x)µm(J)−
∫

J

fn dµm

∣∣∣∣ <
ε

3(2n)

for each δn-fine Perron subpartition Qn of [a, b].

For each x ∈ [a, b] the increasing sequence (fn(x))
∞
n=1 converges to

f(x); hence there exists a positive integer r(x) > N such that

f(x)− fn(x) <
ε

3µm([a, b])
(3.2.1)
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for all integers n ≥ r(x).

Define a gauge δ on [a, b] by setting

δ(x) = δr(x)(x),

and let P be a δ-fine Perron partition of [a, b]. Next for each k ∈ N we let

Pk = {(t, I) ∈ P : r(t) = k}
and use Cousin’s Lemma to choose positive integers k1, . . . , ks so that

k1 < · · · < ks, P =
⋃s

i=1 Pki
and Pki

6= ∅ for i = 1, . . . , s. It follows

that

|S(f, P )−A|

=

∣∣∣∣∣∣

∑

(t,I)∈P

f(t)µm(I)−A

∣∣∣∣∣∣

=

∣∣∣∣∣∣

s∑

i=1

∑

(t,I)∈Pki

f(t)µm(I)−A

∣∣∣∣∣∣
(by our choice of Pk1 , . . . , Pks

)

≤

∣∣∣∣∣∣

s∑

i=1

∑

(t,I)∈Pki

(f(t)− fr(t)(t))µm(I)

∣∣∣∣∣∣

+

∣∣∣∣∣∣

s∑

i=1

∑

(t,I)∈Pki

{
fr(t)(t)µm(I)−

∫

I

fr(t) dµm

}∣∣∣∣∣∣

+

∣∣∣∣∣∣
A−

s∑

i=1

∑

(t,I)∈Pki

∫

I

fr(t) dµm

∣∣∣∣∣∣

= S1 + S2 + S3, (3.2.2)

say.

We claim that max{S1, S2, S3} < ε
3 .

(i) Using (3.2.1), we get S1 <
ε
3 :

S1 ≤
s∑

i=1

∑

(t,I)∈Pki

∣∣f(t)− fr(t)(t)
∣∣µm(I) <

ε

3
.

(ii) For each i = 1, . . . , s we note that Pki
is a δki

-fine Perron subparti-

tion of [a, b]. Hence, by the triangle inequality and our choice of gauge δ,

we have S2 <
ε
3 :

S2 ≤
s∑

i=1

∑

(t,I)∈Pki

∣∣∣∣fr(t)(t)µm(I)−
∫

I

fr(t) dµm

∣∣∣∣ <
s∑

i=1

ε

3(2ki)
<
ε

3
.
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(iii) We have S3 <
ε
3 :

∫

[a,b]

fN dµm

=
∑

(t,I)∈P

∫

I

fN dµm (since P is a partition of [a, b])

=
s∑

i=1

∑

(t,I)∈Pki

∫

I

fN dµm (by our choice of Pk1 , . . . , Pks
)

≤
s∑

i=1

∑

(t,I)∈Pki

∫

I

fr(t) dµm (since r(t) ≥ N)

≤ A (by the definition of A)

<

∫

[a,b]

fN dµm +
ε

3
(by our choice of N).

Combining the above inequalities, we get

|S(f, P )−A| < ε.

Since ε > 0 is arbitrary and f(x) = lim
n→∞

fn(x) ≥ 0 for all x ∈ [a, b], we

conclude that f ∈ L1[a, b] and
∫

[a,b]

f dµm = lim
n→∞

∫

[a,b]

fn dµm.
�

Example 3.2.2. Let m = 2 and let

f(x1, x2) =





22n

n2 if (x1, x2) ∈ ( 1
2n ,

1
2n−1 )

2 for some n ∈ N,

0 otherwise.

Then f ∈ L1([0, 1]2) and

∫

[0,1]2
f dµ2 =

∞∑

k=1

1

k2
.

Proof. For each n ∈ N we let

fn(x1, x2) =

n∑

k=1

22k

k2
χ( 1

2k
, 1

2k−1 )2(x1, x2).
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Then (fn)
∞
n=1 is a sequence in L1([0, 1]2). For each (x1, x2) ∈ [0, 1]2, the

sequence (fn(x1, x2))
∞
n=1 is increasing and limn→∞ fn(x1, x2) = f(x1, x2).

Since we also have
∫

[0,1]2
fn dµ2 =

n∑

k=1

(
22k

k2

)(
1

22k

)
=

n∑

k=1

1

k2
≤ 2

for all n ∈ N, an application of Theorem 3.2.1 shows that f ∈ L1([0, 1]2)

and
∫

[0,1]2
f dµ2 = lim

n→∞

∫

[0,1]2
fn dµ2 =

∞∑

k=1

1

k2
.

�

Our next aim is to prove a slight improvement of Theorem 3.2.1. We

need the following crucial lemma.

Lemma 3.2.3. Let (fn)
∞
n=1 be an increasing sequence in L1[a, b] and

suppose that supn∈N{
∫
[a,b]

fn dµm} is finite. If Z = {x ∈ [a, b] :

limn→∞ fn(x) = ∞}, then χZ ∈ L1[a, b] and
∫
[a,b]

χZ dµm = 0.

Proof. Without loss of generality, we may assume that fn ≥ 0 for all

n ∈ N.

We will first construct a decreasing sequence (gn)
∞
n=1 in L1[a, b] such

that limn→∞ gn(x) = χZ(x) for all x ∈ [a, b] and

0 ≤
∫

[a,b]

gn dµm ≤ 1

n
sup
j∈N

{∫

[a,b]

fj dµm

}
for all n ∈ N. (3.2.3)

For each j, n ∈ N, we define a function gj,n on [a, b] by setting

gj,n := min

{
1,
fj
n

}
.

By Theorems 3.1.7 and 2.3.3, (gj,n)(j,n)∈N2 is a double sequence in L1[a, b]

and

0 ≤
∫

[a,b]

gj,n dµm ≤ 1

n
sup
j∈N

{∫

[a,b]

fj dµm

}
for all (j, n) ∈ N2.

(3.2.4)

Since (fn)
∞
n=1 is increasing, for each n ∈ N the sequence (gj,n)

∞
j=1 is in-

creasing and

gn(x) := lim
j→∞

gj,n(x) =






1 if x ∈ Z,

min{1, f(x)
n

} if x ∈ [a, b]\Z.
(3.2.5)
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Hence (3.2.4), (3.2.5) and Theorem 3.2.1 imply that gn ∈ L1[a, b]. It is

now clear that the sequence (gn)
∞
n=1 has the desired properties.

Finally, since (gn)
∞
n=1 is a decreasing sequence of non-negative Lebesgue

integrable functions on [a, b] and limn→∞ gn(x) = χZ(x) for all

x ∈ [a, b], the conclusion follows from Theorem 3.2.1 and (3.2.4). �

In order to formulate an improvement of Theorem 3.2.1, we need the

following definition.

Definition 3.2.4. Let Q(x) be a statement concerning the point x ∈ [a, b].

If the set E ⊂ [a, b] satisfies
∫
[a,b] χE dµm = 0, we say that E is

µm-negligible and Q(x) holds for µm-almost all x ∈ [a, b].

The following result is a refinement of Theorem 3.2.1.

Theorem 3.2.5 (Monotone Convergence Theorem). Let f :[a, b]−→
R and let (fn)

∞
n=1 be a sequence in L1[a, b]. If the sequence (fn(x))

∞
n=1 is

monotone and f(x) = limn→∞ fn(x) for µm-almost all x ∈ [a, b], then

f ∈ L1[a, b] if and only if the sequence
( ∫

[a,b]
fn dµm

)∞
n=1

is bounded. In

this case,

lim
n→∞

∫

[a,b]

fn dµm =

∫

[a,b]

f dµm.

Proof. Let Z be given as in Lemma 3.2.3. Then Z is µm-negligible and

the following conditions are satisfied for every x ∈ [a, b]:

(i)
(
fn(x)χ[a,b]\Z(x)

)∞
n=1

is monotone;

(ii) f(x)χ[a,b]\Z(x) = limn→∞ fn(x)χ[a,b]\Z(x).

Since Z is µm-negligible, it follows from our assumptions and Lemma

2.5.2(i) that
(
fnχ[a,b]\Z

)∞
n=1

is a sequence in L1[a, b]. Hence, by

Theorem 3.2.1, fχ[a,b]\Z ∈ L1[a, b] if and only if the sequence( ∫
[a,b] fnχ[a,b]\Z dµm

)∞
n=1

is bounded. As Z is µm-negligble and f is real-

valued, the theorem follows from Lemma 2.5.2(i).

�

Exercise 3.2.6. Prove that
∑∞

k=0
1

(4k+1)(4k+2) = 1
4 ln 2 +

π
8 .

The following result is a consequence of the Monotone Convergence

Theorem.
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Theorem 3.2.7 (Fatou’s Lemma). Let f : [a, b] −→ R, let (fn)
∞
n=1

be a sequence in L1[a, b], and suppose that fn(x) ≥ 0 for µm-almost all

x ∈ [a, b] and n ∈ N. If lim infn→∞
∫
[a,b] fn dµm is finite and

limn→∞ fn(x) = f(x) for µm-almost all x ∈ [a, b], then f ∈ L1[a, b]

and ∫

[a,b]

f dµm ≤ lim inf
n→∞

∫

[a,b]

fn dµm.

Proof. Define a sequence (φn)
∞
n=1 of non-negative functions on [a, b] by

setting

φn := inf
k≥n

fk

for n = 1, 2, . . . . Then the sequence (φn(x))
∞
n=1 is increasing and

lim
n→∞

φn(x) = f(x)

for µm-almost all x ∈ [a, b]. In view of the Monotone Convergence Theo-

rem, it suffices to prove that (φn)
∞
n=1 is a sequence in L1[a, b] satisfying

sup
n∈N

{∫

[a,b]

φn dµm

}
<∞.

For each n ∈ N we consider the decreasing sequence

(
min

i=n,...,k
fi(x)

)∞

k=n

.

By Theorem 3.1.7, this particular sequence is in L1[a, b]. Since we also have

lim
k→∞

min
i=n,...,k

fi(x) = φn(x)

for µm-almost all x ∈ [a, b], the Monotone Convergence Theorem implies

that φn ∈ L1[a, b]. Finally, the sequence
( ∫

[a,b] φn dµm

)∞
n=1

is bounded

because the sequence (φn(x))
∞
n=1 of non-negative functions is increasing for

µm-almost all x ∈ [a, b] and

0 ≤
∫

[a,b]

φn dµm ≤ lim inf
n→∞

∫

[a,b]

fn dµm <∞ for n = 1, 2, . . . .
�

Theorem 3.2.8 (Lebesgue’s Dominated Convergence Theorem).

Let f : [a, b] −→ R and let (fn)
∞
n=1 be a sequence in L1[a, b] such that

limn→∞ fn(x) = f(x) for µm-almost all x ∈ [a, b]. Suppose that there

exists g ∈ L1[a, b] such that

|fn(x)| ≤ g(x) for µm-almost all x ∈ [a, b] and n ∈ N. (3.2.6)

Then f ∈ L1[a, b] and

lim
n→∞

∫

[a,b]

fn dµm =

∫

[a,b]

f dµm. (3.2.7)



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

62 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Proof. According to our assumptions and Theorem 2.3.3, (fn + g)∞n=1 is

a sequence of non-negative functions in L1[a, b] satisfying

lim inf
n→∞

∫

[a,b]

(fn + g) dµm <∞.

Hence, by Fatou’s Lemma, f + g ∈ L1[a, b] and

∫

[a,b]

(f + g) dµm ≤ lim inf
n→∞

∫

[a,b]

(fn + g) dµm. (3.2.8)

Since g ∈ L1[a, b], we infer from (3.2.8) that f ∈ L1[a, b] and

∫

[a,b]

f dµm ≤ lim inf
n→∞

∫

[a,b]

fn dµm. (3.2.9)

We will next prove that the equality (3.2.7) holds. Following the proof

of (3.2.8), we apply Fatou’s Lemma to the sequence (g − fn)
∞
n=1 of non-

negative functions to conclude that g − f ∈ L1[a, b] and

∫

[a,b]

(g − f) dµm ≤ lim inf
n→∞

∫

[a,b]

(g − fn) dµm (3.2.10)

Since g ∈ L1[a, b], we infer from (3.2.10) that

∫

[a,b]

g dµm −
∫

[a,b]

f dµm ≤
∫

[a,b]

g dµm − lim sup
n→∞

∫

[a,b]

fn dµm;

that is,

lim sup
n→∞

∫

[a,b]

fn dµm ≤
∫

[a,b]

f dµm. (3.2.11)

The proof is now complete since (3.2.7) follows from (3.2.9), (3.2.11) and

the following inequality

lim inf
n→∞

∫

[a,b]

fn dµm ≤ lim sup
n→∞

∫

[a,b]

fn dµm.

�

Exercise 3.2.9. Show that we can have strict inequality in Fatou’s Lemma.

Exercise 3.2.10. Show that π = 4
∑∞

k=1
(−1)k−1

2k−1 .
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3.3 µm-measurable sets

The aim of this section is to give some examples of bounded Lebesgue

integrable functions. We begin with the study of closed sets.

Definition 3.3.1. A set Y ⊆ [a, b] is said to be closed if every convergent

sequence in Y has its limit in Y .

Example 3.3.2. [0, 1]m is a closed set.

We need the following lemma in order to prove Theorem 3.3.4 below.

Lemma 3.3.3. If a set Y ⊆ [a, b] is closed, then

Y =

∞⋂

n=1

⋃

y∈Y

B

(
y,

1

n

)
.

Proof. We may assume that Y is non-empty. Since the obvious inclusion

Y ⊆ ⋂∞
n=1

⋃
y∈Y B(y, 1

n
) implies that the set

⋂∞
n=1

⋃
y∈Y B(y, 1

n
) is also

non-empty, it remains to prove that

Y ⊇
∞⋂

n=1

⋃

y∈Y

B

(
y,

1

n

)
.

Let x ∈ ⋂∞
n=1

⋃
y∈Y B(y, 1

n
). For each n ∈ N there exists xn ∈ Y such

that |||xn − x||| < 1
n
. It follows that the sequence (xn)

∞
n=1 in Y converges

to x. Since Y is closed, x ∈ Y . �

The following theorem gives a useful characterization of non-empty

closed sets.

Theorem 3.3.4. A non-empty set Y ⊆ [a, b] is closed if and only if

Y = {x ∈ [a, b] : dist(x, Y ) = 0}.

Proof. Since it is obvious that

Y ⊆ {x ∈ [a, b] : dist(x, Y ) = 0},
it suffices to prove that the reverse inclusion holds. To this end, we let

y ∈ [a, b] with dist(y, Y ) = 0. Then there exists a sequence (yn)
∞
n=1 in Y

such that limn→∞ |||yn − y||| = 0. Since Y is closed, y ∈ Y . �

Exercise 3.3.5. Prove the following properties of closed sets:

(i) The union of any finite collection of closed sets is closed.
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(ii) The intersection of any collection of closed sets is closed.

Exercise 3.3.6. Show that a countable union of closed sets need not be

closed.

Theorem 3.3.7. Suppose that the set W ⊆ [a, b] is non-empty. Then the

function x 7→ dist(x,W ) is continuous on [a, b].

Proof. Since

| dist(s,W )− dist(t,W ) | ≤ |||s− t|||
for all s, t ∈ [a, b], the result follows. �

Corollary 3.3.8. Suppose that the set W ⊆ [a, b] is non-empty. Then the

function x 7→ dist(x,W ) is bounded on [a, b].

Proof. This follows from Theorem 3.3.7 and Corollary 2.2.4. �

For any non-empty subsets X and Y of Rm, we write

dist(X,Y ) := inf
{
|||t− s||| : s ∈ X, t ∈ Y

}
.

Theorem 3.3.9. Suppose that X and Y are non-empty closed subsets of

[a, b]. Then there exists z ∈ X such that

dist(z, Y ) = dist(X,Y ).

Proof. If X and Y are not disjoint, then the result follows from Theorem

3.3.4. Henceforth, we will assume that X and Y are disjoint.

Proceeding towards a contradiction, suppose that

dist(z, Y ) > dist(X,Y ) for all z ∈ X. (3.3.1)

According to Theorem 3.3.7, for each t ∈ [a, b] there exists δ(t) > 0 such

that

dist(x, Y ) > dist(t, Y )− 1

2
(dist(t, Y )− dist(X,Y )) (3.3.2)

whenever x ∈ B(t, δ(t))∩ [a, b]. Thanks to Theorem 3.3.4, we may assume

that δ(t) < dist(t, X) for all t ∈ [a, b]\X . In view of our construction of δ

and Cousin’s Lemma, there exists a δ-fine Perron partition P of [a, b] such

that

X ⊆
⋃

(t,I)∈P
t∈X

I;
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hence (3.3.2) and (3.3.1) imply

dist(z, Y ) ≥ ρ > dist(X,Y ) for all z ∈ X,

where

ρ =
1

2
min

(t,I)∈P
t∈X

{
dist(X,Y ) + dist(t, Y )

}
.

Since z ∈ X is arbitrary, we conclude that dist(X,Y ) is not the greatest

lower bound of the function x 7→ dist(x, Y ) on X . This contradiction

proves the theorem. �

We can now state and prove the following useful result.

Theorem 3.3.10. Let X and Y be non-empty closed subsets of [a, b]. Then

X and Y are disjoint if and only if dist(X,Y ) > 0.

Proof. (=⇒) This follows from Theorems 3.3.9 and 3.3.4.

(⇐=) Exercise. �

Definition 3.3.11. A set X ⊆ [a, b] is said to be µm-measurable if

χX ∈ L1[a, b]. In this case, we write
∫
[a,b]

χX dµm as µm(X).

The following theorem is a consequence of Theorem 3.3.4 and Lebesgue’s

Dominated Convergence Theorem.

Theorem 3.3.12. If a set Y ⊆ [a, b] is closed, then Y is µm-measurable.

Proof. We may assume that Y is non-empty. By Lemma 3.3.3,

Y =

∞⋂

k=1

Gk,

where

Gn =
⋃

y∈Y

B(y,
1

n
) for n = 1, 2, . . . .

We will next construct an appropriate sequence (fn)
∞
n=1 of uniformly

bounded continuous functions on [a, b] such that

limn→∞ fn(x) = χY (x) for all x ∈ [a, b]. Let n ∈ N be given. Since

both sets Y and [a, b]\Gn are closed and disjoint, Theorem 3.3.4 implies

that dist(x, Y ) + dist(x, [a, b]\Gn) > 0 for all x ∈ [a, b]. Now we define

the function fn : [a, b] −→ R by setting

fn(x) =
dist(x, [a, b]\Gn)

dist(x, Y ) + dist(x, [a, b]\Gn)
.
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According to Theorems 3.3.7 and 2.3.5, (fn)
∞
n=1 is a sequence in L1[a, b].

Since we also have supn∈N |fn(x)| ≤ 1 and limn→∞ fn(x) = χY (x) for

all x ∈ [a, b], the result follows from Lebesgue’s Dominated Convergence

Theorem. �

Our next goal is to obtain a modification of Theorem 3.3.12. We need

the following definition.

Definition 3.3.13. A set O ⊆ Rm is open if for each x ∈ O there exists

δ(x) > 0 such that B(x, δ(x)) ⊂ O.

Example 3.3.14. The set (0, 1)m is open.

Exercise 3.3.15. Prove the following properties of open sets:

(i) The intersection of any finite collection of open sets is open.

(ii) The union of any collection of open sets is open.

Exercise 3.3.16. Show that a countable intersection of open sets need not

be open.

Theorem 3.3.17. A set Y ⊆ [a, b] is closed if and only if Rm\Y is open.

Proof. We may suppose that Y is non-empty and Y 6= Rm.

(=⇒) Suppose that Y is closed. To show that Rm\Y is open, we

let z ∈ Rm\Y . Since Theorem 3.3.4 implies that dist(z, Y ) > 0, we

use the continuity of the function x 7→ dist(x, Y ) to choose δ(z) > 0 so

that dist(x, Y ) > 0 whenever x ∈ B(z, δ(z)). By Theorem 3.3.4 again,

B(z, δ(z)) ⊂ Rm\Y . Since z ∈ Rm\Y is arbitrary, Rm\Y is open.

Conversely, suppose that Rm\Y is open. To prove that Y is closed, we

let (xn)
∞
n=1 be a sequence in Y converging to some x ∈ Rm. Proceeding

towards a contradiction, suppose that x ∈ Rm\Y . Since Rm\Y is open,

there exists δ(x) > 0 such that B(x, δ(x)) ⊂ Rm\Y ; hence our choice of

(xn)
∞
n=1 implies that xn ∈ Rm\Y for all sufficiently large integers n, a

contradiction. This contradiction shows that x ∈ Y . �

The technique used in the proof of Theorem 3.3.18 is important.

Theorem 3.3.18. If a set O ⊂ [a, b] is open and non-empty, then O can be

written as a countable union of pairwise non-overlapping intervals in Rm.

Proof. We will use Cousin’s Lemma to construct a desired sequence of

pairwise non-overlapping intervals in Rm. Using Theorems 3.3.17 and 3.3.4
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with Y = [a, b]\O, we define a gauge δ1 on [a, b] by setting

δ1(x) =

{
1 if x ∈ [a, b]\O,
dist(x, [a, b]\O) if x ∈ O.

Hence, by Cousin’s Lemma, there exists δ1-fine Perron partition P1 of [a, b].

Since our choice of δ1 implies that the following closed sets
⋃

(t,I)∈P1

t∈O

I and [a, b]\O

are disjoint, we infer from Theorem 3.3.10 that

dist

( ⋃

(t,I)∈P1

t∈O

I, [a, b]\O
)
> 0.

Set P1 := P , O1 := O, O2 := O \
⋃

(t,I)∈P1

t∈O1

I, and define a gauge δ2 on [a, b]

by setting

δ2(x) =






min

{
1
2 , dist

(
[a, b]\O,

⋃

(t,I)∈P1

t∈O1

I

)}
if x ∈ [a, b]\O1,

dist(x, [a, b]\O1) if x ∈ O1.

Again, Cousin’s Lemma enables us to fix a δ2-fine Perron partition P2 of

[a, b].

Proceeding inductively, we construct a decreasing sequence (On)
∞
n=1 of

open sets, a sequence (δn)
∞
n=1 of gauges on [a, b], and a sequence (Pk)

∞
k=1 of

Perron partitions of [a, b] such that the following conditions hold for every

n ∈ N\{1}:

(a) If k ∈ {1, . . . , n− 1}, then Pk is a δk-fine Perron partition of [a, b];

(b) On = O \
n−1⋃

k=1

⋃

(t,I)∈Pk

t∈Ok

I;

(c)

δn(x) =






min

{
1
n
, dist

(
[a, b]\O,

n−1⋃

k=1

⋃

(t,I)∈Pk

t∈Ok

I

)}
if x ∈ [a, b]\On,

dist(x, [a, b]\On) if x ∈ On.
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According to our construction of (Pn)
∞
n=1, we have

[a, b]\O ⊆
∞⋂

n=1

⋃

(t,I)∈Pn

t∈[a,b]\O

I.

Next we follow the proof of Lemma 3.3.3 to conclude that

[a, b]\O =
∞⋂

n=1

⋃

(t,I)∈Pn

t∈[a,b]\O

I.

Finally, since
n⋃

k=1

⋃

(t,I)∈Pk

t∈Ok

I ∪
⋃

(t,I)∈Pn

t∈[a,b]\O

I = [a, b]

for all n ∈ N, we get

O =

∞⋃

n=1

n⋃

k=1

⋃

(t,I)∈Pk

t∈Ok

I =

∞⋃

n=1

⋃

(t,I)∈Pn

t∈On

I.

�

The following theorem is a consequence of Theorem 3.3.18 and the

Monotone Convergence Theorem.

Theorem 3.3.19. If O ⊆ [a, b] is open and non-empty, then O is µm-

measurable.

There are µm-measurable sets that are neither open nor closed sets.

Example 3.3.20. The µ1-measurable set Q ∩ [0, 1] is neither open nor

closed.

The following result is a consequence of the Monotone Convergence

Theorem.

Theorem 3.3.21. If (Xn)
∞
n=1 is an increasing sequence of µm-measurable

subsets of [a, b], then
⋃∞

k=1Xk is µm-measurable and

µm

( ∞⋃

k=1

Xk

)
= lim

n→∞
µm(Xn).

Proof. Since (χXn
)∞n=1 is an increasing sequence in L1[a, b] converging

pointwise to χ⋃∞
k=1 Xk

on [a, b], an application of the Monotone Conver-

gence Theorem completes the proof. �
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The next theorem shows that µm is countably additive.

Theorem 3.3.22. If (Yn)
∞
n=1 is a sequence of pairwise disjoint µm-

measurable subsets of [a, b], then
⋃∞

k=1 Yk is µm-measurable and

µm

( ∞⋃

k=1

Yk

)
=

∞∑

k=1

µm(Yk).

Proof. Since (
⋃n

k=1 Yk)
∞
n=1 is an increasing sequence of µm-measurable

subsets of [a, b], the theorem follows from Theorem 3.3.21. �

The next theorem shows that µm is countably subadditive.

Theorem 3.3.23. If (Xn)
∞
n=1 is a sequence of µm-measurable subsets of

[a, b], then
⋃∞

k=1Xk is µm-measurable and

µm

( ∞⋃

k=1

Xk

)
≤

∞∑

k=1

µm(Xk).

Proof. Set Y0 := ∅ and Yn := Xn\
⋃n−1

k=1 Xk for every n ∈ N. Then

(Yn)
∞
n=1 is a sequence of pairwise disjoint µm-measurable subsets of [a, b]

such that
⋃∞

k=1 Yk =
⋃∞

k=1Xk and µm(Yn) ≤ µm(Xn) for n = 1, 2, . . . . By

Theorem 3.3.22,

µm

( ∞⋃

k=1

Xk

)
= µm

( ∞⋃

k=1

Yk

)
=

∞∑

k=1

µm(Yk) ≤
∞∑

k=1

µm(Xk).
�

Theorem 3.3.24. If (Xn)
∞
n=1 is a decreasing sequence of µm-measurable

subsets of [a, b], then
⋂∞

k=1Xk is µm-measurable and

µm

( ∞⋂

k=1

Xk

)
= lim

n→∞
µm(Xn).

Proof. Since Theorem 3.3.21 implies that [a, b]\⋂∞
k=1Xk is µm-

measurable and

µm

(
[a, b]\

∞⋂

k=1

Xk

)
= lim

n→∞
µm([a, b]\Xn),

we conclude that

µm

( ∞⋂

k=1

Xk

)
= µm([a, b])− µm

(
[a, b]\

∞⋂

k=1

Xk

)

= lim
n→∞

(µm([a, b])− µm([a, b]\Xn))

= lim
n→∞

µm(Xn).
�
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Theorem 3.3.25. Let (Xn)
∞
n=1 be a sequence of µm-measurable subsets of

[a, b]. If µm(Xi ∩ Xj) = 0 for every (i, j) ∈ N2 satisfying i 6= j, then⋃∞
k=1Xk is µm-measurable and

µm

( ∞⋃

k=1

Xk

)
=

∞∑

k=1

µm(Xk). (3.3.3)

Proof. According to Theorem 3.3.23,
⋃∞

k=1Xk is µm-measurable. Since

our hypotheses imply that

µm

( n⋃

k=1

Xk

)
=

n∑

k=1

µm(Xk)

for n = 1, 2, . . . , and (
⋃n

k=1Xk)
∞
n=1 is an increasing sequence of µm-

measurable sets, an application of Theorem 3.3.21 completes the proof. �

3.4 A characterization of µm-measurable sets

In this section we characterize µm-measurable sets in terms open (or closed)

sets. We begin with the following result.

Lemma 3.4.1. If a set Y ⊆ [a, b] is closed, then for each ε > 0 there exists

a bounded open set Gε such that Y ⊂ Gε and

µm(Gε\Y ) < ε.

Proof. This is a consequence of Lemma 3.3.3 and Theorem 3.3.24. �

In view of Theorem 3.3.12, the following result is a refinement of Lemma

3.4.1.

The technique used in the proof of Theorem 3.4.2 is important.

Theorem 3.4.2. If a set X ⊆ [a, b] is µm-measurable, then for each ε > 0

there exists a bounded open set Gε such that X ⊆ Gε and

µm(Gε) < µm(X) + ε.

Proof. Let ε > 0 and pick a gauge δ on [a, b] such that

∑

(y,J)∈Q

χX(y)µm(J) < µm(X) +
ε

4

for each δ-fine Perron subpartition Q of [a, b].
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For each n ∈ N, let

Zn :=

{
x ∈ X : δ(x) >

1

n

}
,

and let Yn = Zn := {x : dist(x, Zn) = 0}. We claim that Yn is closed. If

Yn is empty, then Yn is closed. On the other hand, suppose that Yn is non-

empty. Since Theorem 3.3.4 implies that Yn is also closed, it follows from

Lemma 3.4.1 that there exists a bounded open set Gn such that Gn ⊃ Yn
and

µm(Gn\Yn) <
ε

8(2n)
.

Put Y0 = ∅ and set Gε :=
⋃∞

k=1(Gk\Yk−1). Then Gε is an open set

containing X :

X =

∞⋃

k=1

Zk ⊆
∞⋃

k=1

Yk =

∞⋃

k=1

(Yk\Yk−1) ⊆ Gε.

Since Y0 = ∅, it follows from Theorem 3.3.23 that

µm(Gε) ≤
∞∑

k=1

(µm(Gk\Yk) + µm(Yk\Yk−1)) ≤
ε

8
+ lim

n→∞
µm(Yn).

It remains to prove that

lim
n→∞

µm(Yn) < µm(X) +
ε

2
. (3.4.1)

If Yn is empty for all n ∈ N, then (3.4.1) holds. On the other hand,

suppose that YN is non-empty for some positive integer N . According to

our construction of the sequence (Yn)
∞
n=1 of closed sets, we may assume

that N is so large that

lim
n→∞

µm(Yn) < µm(YN ) +
ε

8
. (3.4.2)

Since GN is a bounded open set containing YN , there exists an interval

EN in Rm such that YN ⊂ GN ⊂ EN ; in particular, YN and EN\GN

are disjoint non-empty closed sets. Hence, by Theorem 3.3.10 and Cousin’s

Lemma, there exists a min
{

1
N
, dist(YN , EN\GN )

}
-fine Perron subpartition

P = {(t1, [u1,v1]), . . . , (tp, [up,vp])} of [a, b] such that

{t : (t, [u,v]) ∈ P} ⊆ YN ⊆
⋃

(t,[u,v])∈P

[u,v] ⊆ GN .
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By Theorem 3.3.23 again,

µm(YN )

≤
p∑

i=1

µm([ui,vi])

=

p∑

i=1
(ui,vi)∩YN 6=∅

µm([ui,vi]) +

p∑

i=1
(ui,vi)∩YN=∅

µm([ui,vi]). (3.4.3)

We will next obtain an upper bound for the right-hand side of (3.4.3).

For each i ∈ {1, . . . , p} satisfying (ui,vi) ∩ YN 6= ∅, we select and fix a

ξi ∈ ZN ∩ (ui,vi) so that our choice δ yields
p∑

i=1
(ui,vi)∩YN 6=∅

µm([ui,vi]) < µm(X) +
ε

4
. (3.4.4)

Also, our choice of GN yields
p∑

i=1
(ui,vi)∩YN=∅

µm([ui,vi]) <
ε

8
. (3.4.5)

Finally, we combine (3.4.2), (3.4.3), (3.4.4) and (3.4.5) to get (3.4.1):

lim
n→∞

µm(Yn)

< µm(YN ) +
ε

8

≤
p∑

i=1
(ui,vi)∩YN 6=∅

µm([ui,vi]) +

p∑

i=1
(ui,vi)∩YN=∅

µm([ui,vi]) +
ε

8

< µm(X) +
ε

2
.

�

The following theorem is the main result of this section.

Theorem 3.4.3. A set X ⊆ [a, b] is µm-measurable if and only if for each

ε > 0 there exist a bounded open set Gε and a closed set Yε ⊆ [a, b] such

that Yε ⊆ X ⊆ Gε and

µm(Gε\Yε) < ε. (3.4.6)

Proof. Suppose first that X is µm-measurable. By Theorem 3.4.2, for

each ε > 0 there exists a bounded open set O1 such that X ⊆ O1 and

µm(O1)− µm(X) <
ε

2
.



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

Lebesgue integrable functions 73

Since the µm-measurability ofX implies that of [a, b]\X , we apply Theorem

3.4.2 to choose a bounded open set O2 such that [a, b]\X ⊆ O2 and

µm(O2)− µm([a, b]\X) <
ε

2
.

Set Gε = O1 and Yε = [a, b]\O2. We have constructed a bounded open

set Gε and a closed set Yε ⊆ [a, b] such that Yε ⊆ X ⊆ Gε and

µm(Gε\Yε) = µm(Gε\X) + µm(X\Yε)
= µm(O1\X) + µm(O2\([a, b]\X))

< ε.

Conversely, suppose that for each ε > 0 there exist a bounded open set

Gε and a closed set Yε ⊆ [a, b] such that Yε ⊆ X ⊆ Gε and (3.4.6) holds. In

particular, for each n ∈ N there exists a bounded open set Gn and a closed

set Yn ⊆ [a, b] such that Yn ⊆ X ⊆ Gn and µm(Gn\Yn) < 1
n
. Since it is

now clear that the uniformly bounded sequence (χGn
)∞n=1 converges µm-

almost everywhere to χX on [a, b], an application of Lebesgue’s Dominated

Convergence Theorem completes the proof. �

3.5 µm-measurable functions

In this section we study an important class of functions arising from µm-

measurable sets. We begin with the following definition.

Definition 3.5.1. A real-valued function s defined on [a, b] is a step func-

tion if there exists a division {[u1,v1], . . . , [up,vp]} of [a, b] such that s is

constant on each (ui,vi).

Lemma 3.5.2. Let X ⊆ [a, b] be a µm-measurable set. Then there exists

a sequence (sn)
∞
n=1 of step functions on [a, b] such that limn→∞ sn(x) =

χX(x) for µm-almost all x ∈ [a, b].

Proof. Let n ∈ N be given. Since X ⊆ [a, b] is µm-measurable, we apply

Theorem 3.4.3 to pick a bounded open set Gn ⊇ X such that

µm(Gn)− µm(X) <
1

2n
. (3.5.1)

Next we apply Theorem 3.3.18 and the Monotone Convergence Theorem

to choose a step function sn on [a, b] so that

0 ≤
∫

[a,b]

(χGn
− sn) dµm <

1

2n
. (3.5.2)
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Therefore (3.5.1), (3.5.2) and the triangle inequality yield
∫

[a,b]

|sn − χX | dµm <
1

2n−1
. (3.5.3)

Since (3.5.3) holds for all n ∈ N, we conclude that

∞∑

k=1

∫

[a,b]

|sk − χX | dµm <∞;

whence Lemma 3.2.3 implies that the series
∑∞

k=1(sk(x) − χX(x))

converges absolutely for µm-almost all x ∈ [a, b]; in particular,

limn→∞ sn(x) = χX(x) for µm-almost all x ∈ [a, b]. �

Lemma 3.5.2 leads us to the following definition.

Definition 3.5.3. A function f : [a, b] −→ R ∪ {−∞,∞} is said to be

µm-measurable if there exists a sequence (sn)
∞
n=1 of step functions on [a, b]

such that

lim
n→∞

sn(x) = f(x)

for µm-almost all x ∈ [a, b].

Lemma 3.5.4. If a set X ⊆ [a, b] is µm-measurable, then χX is a µm-

measurable function.

Proof. This is a consequence of Lemma 3.5.2 and Definition 3.5.3. �

Example 3.5.5. If φ : [a, b] −→ R is a step function, then φ is µm-

measurable.

Theorem 3.5.6. If f ∈ C[a, b], then f is µm-measurable.

Proof. Exercise. �

Theorem 3.5.7. Let f and g be two real-valued µm-measurable functions

defined on [a, b], and let c ∈ R. Then the following functions cf , |f |, f ± g

and fg are also µm-measurable.

Proof. Since f is a real-valued µm-measurable function defined on [a, b],

there exist a µm-negligible set Z ⊂ [a, b] and a sequence (sn)
∞
n=1 of step

functions on [a, b] such that

lim
n→∞

sn(x) = f(x) for all x ∈ [a, b]\Z.
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Since each |sn| is a step function on [a, b], and

lim
n→∞

|sn(x)| = |f(x)|

for all x ∈ [a, b] satisfying limn→∞ sn(x) = f(x), we conclude that |f | is
µm-measurable.

Finally, since the sum and product of step functions are step functions,

and the union of two µm-negligible sets is µm-negligible, the remaining

assertions are obvious. �

Corollary 3.5.8. Let f and g be two real-valued functions defined on [a, b].

If f = g µm-almost everywhere on [a, b], then f is µm-measurable if and

only if g is µm-measurable.

Proof. Since f−g is µm-measurable, the corollary follows from Theorem

3.5.7. �

Theorem 3.5.9. If g : R −→ R is continuous on R and f : [a, b] −→ R is

µm-measurable, then g ◦ f is µm-measurable.

Proof. Since f is a real-valued µm-measurable function defined on [a, b],

there exist a µm-negligible set Z ⊂ [a, b] and a sequence (sn)
∞
n=1 of step

functions on [a, b] such that

lim
n→∞

sn(x) = f(x) for all x ∈ [a, b]\Z.

Since (g ◦ sn)∞n=1 is a sequence of step functions, the continuity of g yields

the µm-measurability of g ◦ f :
lim
n→∞

g(sn(x)) = g(f(x)) for all x ∈ [a, b]\Z.
�

Theorem 3.5.10. Let f be a real-valued µm-measurable functions defined

on [a, b]. Then f is µm-measurable if and only if f+ := max{f, 0} and

f− := −min{f, 0} are µm-measurable.

Proof. Exercise. �

The following theorem provides the link between µm-measurable sets

and µm-measurable functions.

Theorem 3.5.11. Let f : [a, b] −→ R. The following conditions are equiv-

alent.

(i) f is µm-measurable.
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(ii) The set {x ∈ [a, b] : f(x) < α} is µm-measurable for each α ∈ R.

(iii) The set {x ∈ [a, b] : f(x) ≥ α} is µm-measurable for each α ∈ R.

(iv) The set {x ∈ [a, b] : f(x) ≤ α} is µm-measurable for each α ∈ R.

(v) The set {x ∈ [a, b] : f(x) > α} is µm-measurable for each α ∈ R.

Proof. In view of Theorem 3.5.10, we may assume that f is non-negative.

(i) =⇒ (ii) Since f is a real-valued µm-measurable function defined on

[a, b], there exist a µm-negligible set Z ⊂ [a, b] and a sequence (sn)
∞
n=1 of

step functions on [a, b] such that

lim
n→∞

sn(x) = f(x) for all x ∈ [a, b]\Z.

Let α ∈ R be given. We claim that

{x ∈ [a, b]\Z : f(x) < α} =

∞⋃

k=1

∞⋃

r=1

∞⋂

n=k

{
x ∈ [a, b]\Z : sn(x) < α− 1

r

}
.

(3.5.4)

We first prove that

{x ∈ [a, b]\Z : f(x) < α} ⊆
∞⋃

k=1

∞⋃

r=1

∞⋂

n=k

{
x ∈ [a, b]\Z : sn(x) < α− 1

r

}
.

(3.5.5)

If x0 ∈ [a, b]\Z with f(x0) < α, then there exists N ∈ N such that

f(x0) < α− 1
N
. Since lim

n→∞
sn(x0) = f(x0), there exists K ∈ N such that

n ≥ K =⇒ sn(x0) < α− 1

N
.

This proves (3.5.5).

Now we prove that

∞⋃

k=1

∞⋃

r=1

∞⋂

n=k

{
x ∈ [a, b]\Z : sn(x) < α− 1

r

}
⊆ {x ∈ [a, b]\Z : f(x) < α}.

(3.5.6)

Let x1 ∈ ⋃∞
k=1

⋃∞
r=1

⋂∞
n=k{x ∈ [a, b]\Z : sn(x) < α− 1

r
}. Then there exist

positive integers k1 and r1 such that sn(x1) < α − 1
r1

for all n ≥ k1. As n

tends to infinity, we get

f(x1) ≤ α− 1

r1
< α
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and so (3.5.6) holds. Since both sets Z and

∞⋃

k=1

∞⋃

r=1

∞⋂

n=k

{
x ∈ [a, b]\Z : sn(x) < α− 1

r

}

are µm-measurable, we infer from (3.5.4), Theorems 3.3.24 and 3.3.23 that

the set

{x ∈ [a, b] : f(x) < α}
is µm-measurable. This proves that (i) implies (ii).

Statements (ii) and (iii) are equivalent because

{x ∈ [a, b] : f(x) ≥ α} = [a, b]\{x ∈ [a, b] : f(x) < α}
and

{x ∈ [a, b] : f(x) < α} = [a, b]\{x ∈ [a, b] : f(x) ≥ α}.
Statements (ii) and (iv) are equivalent because

{x ∈ [a, b] : f(x) ≤ α} =

∞⋂

k=1

{
x ∈ [a, b] : f(x) < α+

1

k

}

and

{x ∈ [a, b] : f(x) < α} =

∞⋃

k=1

{
x ∈ [a, b] : f(x) ≤ α− 1

k

}
.

Statements (iv) and (v) are equivalent because

{x ∈ [a, b] : f(x) > α} = [a, b]\{x ∈ [a, b] : f(x) ≤ α}
and

{x ∈ [a, b] : f(x) ≤ α} = [a, b]\{x ∈ [a, b] : f(x) > α}.

To complete the proof, we need to prove that (ii) implies (i). For each

n ∈ N, we define the function fn : [a, b] −→ R by setting

fn(x) =






k−1
2n if k−1

2n ≤ f(x) < k
2n for some k ∈ {1, . . . , n2n},

n if f(x) ≥ n.

Since our hypothesis implies that the following sets

f−1([0, 2−n)), f−1([2−n, 2−n+1)), . . . , f−1([n− 2−n, n)), f−1([n,∞))
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are µm-measurable, it follows from Lemma 3.5.2 and Lebesgue’s Dominated

Convergence Theorem that there exists a step function sn on [a, b] such that
∫

[a,b]

|fn − sn | dµm <
1

2n
. (3.5.7)

Since (3.5.7) holds for all n ∈ N, and
∑∞

k=1
1
2k

converges, we can apply

Lemma 3.2.3 to conclude that the series
∑∞

k=1 |fk(x)− sk(x)| converges
for µm-almost all x ∈ [a, b]; in particular,

lim
n→∞

(sn(x)− fn(x)) = 0 for µm-almost all x ∈ [a, b].

It remains to prove that limn→∞ fn(x) = f(x) for all x ∈ [a, b]. For

each n ∈ N we deduce from the definition of fn that

0 ≤ f(x)− fn(x) <
1

2n

for all x ∈ [a, b] satisfying |f(x)| < n. Since f is real-valued, the result

follows. �

Theorem 3.5.12. Let (fn)
∞
n=1 be a sequence of real-valued µm-

measurable functions defined on [a, b], and let f : [a, b] −→ R. If

f(x) := limn→∞ fn(x) for µm-almost all x ∈ [a, b], then f is µm-

measurable.

Proof. Exercise. �

A function is said to be simple if it takes on only a finite number of

values.

Theorem 3.5.13. If f : [a, b] −→ R is µm-measurable, then there exists

a sequence (fn)
∞
n=1 of µm-measurable simple functions on [a, b] with the

following properties:

(i) {|fn|}∞n=1 is increasing;

(ii) sup
n∈N

|fn(x)| ≤ |f(x)| for all x ∈ [a, b];

(iii) lim
n→∞

fn(x) = f(x) for all x ∈ [a, b].

Proof. Following the proof of Theorem 3.5.11, there exists an increasing

sequence (f1,n)
∞
n=1 of non-negative µm-measurable simple functions such

that limn→∞ f1,n(x) = f+(x) for all x ∈ [a, b]. Similarly, there exists an

increasing sequence (f2,n)
∞
n=1 of non-negative µm-measurable simple func-

tions such that limn→∞ f2,n(x) = f−(x) for all x ∈ [a, b]. It is now clear

that the result holds. �
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3.6 Vitali Covering Theorem

The main aim of this section is to prove that if f ∈ HK[a, b], then f is

µm-measurable. We begin with some terminologies.

For each [u, v] ∈ Im([a, b]) the regularity of [u, v], denoted by

reg([u, v]), is the ratio of its shortest and longest sides. If I ∈ Im([a, b])

and reg(I) ≥ α for some α ∈ (0, 1], we say that I is α-regular.

Let X ⊆ [a, b] be a given set. A family C ⊂ Im([a, b]) is a Vitali

covering of X if given x ∈ X and ε > 0 there exists I ∈ C such that x ∈ I

and diam(I) < ε, where diam(I) := sup{|||s− t||| : s, t ∈ I}. We can now

state and prove the following important result.

Theorem 3.6.1 (Vitali Covering Theorem). Let X ⊆ [a, b] be a set,

and let α ∈ (0, 1]. If a family Jα ⊂ Im([a, b]) of α-regular intervals covers

X in the sense of Vitali, then there exists a sequence ([sk, tk])
∞
k=1 of pairwise

disjoint intervals in Jα such that

µm

(
X\

∞⋃

k=1

[sk, tk]

)
= 0.

Proof. We will construct the sequence ([sk, tk])
∞
k=1 by induction. Sup-

pose that {[s1, t1], . . . , [sn−1, tn−1]} ⊂ Jα for some integer n ≥ 2. If

X ⊆ ⋃n−1
i=1 [si, ti], then the process stops. Henceforth, we assume that

the process does not terminate at some finite stage. In this case, we can

apply the Vitali condition to select [sn, tn] ∈ Jα such that

1

2
dn ≤ |||tn − sn||| and [sn, tn] ∩

n−1⋃

i=1

[si, ti] = ∅,

where

dn := sup

{
|||v − u||| : [u,v] ∈ Jα and [u,v] ∩

n−1⋃

i=1

[si, ti] = ∅
}
.

It is clear that {[sn, tn]}∞n=1 is a countable collection of non-overlapping

subintervals of [a, b] satisfying
∞∑

k=1

µm([sk, tk]) ≤ µm([a, b]) <∞. (3.6.1)

Since (3.6.1) holds, it suffices to prove that

X\
∞⋃

j=1

[sj , tj ] ⊆
∞⋃

k=n

[5α−1sk, 5α
−1tk] for all n ∈ N\{1}. (3.6.2)
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Since infn∈N reg([sn, tn]) ≥ α, it remains to prove that

X\
∞⋃

j=1

[sj , tj ] ⊆
∞⋃

k=n

B

(
1

2
(sk + tk),

5

2
|||tk − sk|||

)
for all n ∈ N\{1}.

(3.6.3)

We will first prove that limn→∞ dn = 0. According to our construc-

tion of the sequence ([sn, tn])
∞
n=1, it is enough to prove that the series∑∞

k=1 |||tk − sk|||m converges. But this last assertion is a direct conse-

quence of (3.6.1), since infn∈N reg([sn, tn]) ≥ α implies

|||tn − sn|||m ≤ 1

αm
µm([sn, tn]) for all n ∈ N\{1}.

Finally, we prove (3.6.3). Let x ∈ X\⋃∞
j=1[sj , tj ] and let n ∈ N\{1}.

By the Vitali condition there exists [s, t] ∈ Jα such that

x ∈ [s, t] and [s, t] ∩
n−1⋃

j=1

[sj , tj ] = ∅.

Since limn→∞ dn = 0, we let p be the smallest positive integer such that

dp < µm([s, t]). According to our construction,[s, t] ∩ ⋃p−1
k=1[sk, tk] = ∅,

[s, t]∩ [sp, tp] 6= ∅, and |||t− s||| ≤ dp ≤ 2 |||tp − sp|||; hence (3.6.3) follows
from triangle inequality:
∣∣∣∣
∣∣∣∣
∣∣∣∣x− sp + tp

2

∣∣∣∣
∣∣∣∣
∣∣∣∣ ≤

∣∣∣∣
∣∣∣∣
∣∣∣∣x− s+ t

2

∣∣∣∣
∣∣∣∣
∣∣∣∣+

∣∣∣∣
∣∣∣∣
∣∣∣∣
s+ t

2
− y

∣∣∣∣
∣∣∣∣
∣∣∣∣+

∣∣∣∣
∣∣∣∣
∣∣∣∣y − sp + tp

2

∣∣∣∣
∣∣∣∣
∣∣∣∣

(for some y ∈ [s, t] ∩ [sp, tp])

≤ 1

2
(|||t− s|||) + 1

2
(|||t− s|||) + 1

2
(|||tp − sp|||)

≤ 5

2
(|||tp − sp|||).

�

We need the following definition in order to prove Theorem 3.6.6 below.

Definition 3.6.2. Let F : Im([a, b]) −→ R and assume that 0 < α ≤ 1.

We define

Fα(x) = sup
δ>0

inf

{
F (I)

µm(I)
: x ∈ I ∈ Im([a, b]), reg(I) ≥ α and µm(I) < δ

}
.

Fα(x) = inf
δ>0

sup

{
F (I)

µm(I)
: x ∈ I ∈ Im([a, b]), reg(I) ≥ α and µm(I) < δ

}
.
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Remark 3.6.3. Let F and α be given as in Definition 3.6.2. The following

statements are true.

(i) Fα and Fα are extended real-valued functions defined on [a, b]:

−∞ ≤ Fα(x) ≤ Fα(x) ≤ ∞.

(ii) For each x ∈ [a, b], the following limits F (x) := limα→0+ Fα(x) and

F (x) := limα→0+ Fα(x) exist in R ∪ {−∞,∞}.

Definition 3.6.4. An interval function F : Im([a, b]) −→ R is said to be

derivable at x ∈ [a, b] if there exists there is a real number, denoted by

F ′(x), such that

F ′(x) = F (x) = F (x).

The following theorem is a consequence of the Vitali Covering Theorem.

Theorem 3.6.5. Let F : Im([a, b]) −→ R. If 0 < α ≤ 1, then Fα and Fα

are extended real-valued µm-measurable functions. In particular, if F ′(x)
exists for µm-almost all x ∈ [a, b], then F ′ is µm-measurable.

Proof. Exercise. �

The following theorem is a consequence of Theorems 3.6.1 and 3.6.5.

Theorem 3.6.6. Let f ∈ HK[a, b]. If F is the indefinite Henstock-

Kurzweil integral of f , then F ′(x) exists and F ′(x) = f(x) for µm-almost

all x ∈ [a, b]. In particular, f is µm-measurable.

Proof. Let X be the set of all x ∈ [a, b] for which F is not derivable at

x or F ′(x) 6= f(x). In view of Theorem 3.6.5, it is enough to prove that

µm(X) = 0.

For each x ∈ X there exists η(x) > 0 with the following property: for

each δ > 0 there is an interval Ix ∈ Im([a, b]) such that x ∈ Ix ⊂ B(x, δ),

reg(Ix) ≥ η(x) and

|f(x)µm(Ix)− F (Ix)| ≥ η(x)µm(Ix).

For each n ∈ N, let

Xn =

{
x ∈ X : η(x) ≥ 1

n

}
.
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In view of the countable subadditivity of µm, it suffices to prove that

µm(Xn) = 0 for n = 1, 2, . . . .

Fix n ∈ N and let ε > 0 be given. Since F is the indefinite Henstock-

Kurzweil integral of f , there exists a gauge δ on [a, b] corresponding to
ε
n
> 0 in the Saks-Henstock Lemma. Then

{
Ix : x ∈ Xn, x ∈ Ix ⊂ B(x, δ(x)) and reg(Ix) ≥ η(x)

}

coversXn in the Vitali sense. Hence, by the Vitali Covering Theorem, there

is a sequence (Ik)
∞
k=1 of pairwise non-overlapping intervals in Rm such that

{Ik}∞k=1 ⊂
{
Ix : x ∈ Xn, x ∈ Ix ⊂ B(x, δ(x)) and reg(Ix) ≥ η(x)

}

(3.6.4)

and

µm

(
Xn\

∞⋃

k=1

Ik

)
= 0. (3.6.5)

On the other hand, for each k ∈ N we use (3.6.4) to select tk ∈ Ik ∩Xn so

that tk ∈ Ik ⊂ B(tk, δ(tk)). Thus
∞∑

k=1

µm(Ik) ≤ n lim
r→∞

r∑

k=1

|f(tk)µm(Ik)− F (Ik)| ≤ ε. (3.6.6)

Combining (3.6.5), (3.6.6) and the arbitrariness of ε > 0 leads to the desired

result µm(Xn) = 0. �

The proof of Theorem 3.6.6 yields the following result.

Theorem 3.6.7. If f ∈ HK[a, b] and (HK)
∫
I
f = 0 for every I ∈

Im([a, b]), then f = 0 µm-almost everywhere on [a, b].

3.7 Further properties of Lebesgue integrable functions

The aim of this section is to prove that if f ∈ L1[a, b] and g is a bounded

µm-measurable function on [a, b], then fg ∈ L1[a, b]. Moreover, we prove

that this result is, in some sense, the best possible for Lebesgue integrable

functions. We begin with the following useful generalization of Theorem

3.1.4.

Theorem 3.7.1. Let f : [a, b] −→ R be µm-measurable. Then f ∈ L1[a, b]

if and only if there exists g ∈ L1[a, b] such that |f(x)| ≤ g(x) for µm-almost

all x ∈ [a, b].
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Proof. (=⇒) We choose g to be |f |.
(⇐=) This is a consequence of Theorem 3.5.13 and Lebesgue’s Domi-

nated Convergence Theorem. �

Theorem 3.7.2. If f ∈ L1[a, b] and X ⊆ [a, b] is a µm-measurable set,

then fχX belongs to L1[a, b].

Proof. According to Theorem 3.6.6, f is µm-measurable. Since Lemma

3.5.2 implies that χX is also µm-measurable, it follows from Theorem 3.5.7

that fχX is µm-measurable too. An appeal to Theorem 3.7.1 completes

the proof. �

Theorem 3.7.3. If f ∈ L1[a, b] and g is a bounded, µm-measurable func-

tion on [a, b], then fg ∈ L1[a, b].

Proof. This is a consequence of Theorems 3.5.13, 3.7.2 and Lebesgue’s

Dominated Convergence Theorem. �

The following theorem shows that Theorem 3.7.3 is, in some sense,

sharp.

Theorem 3.7.4. Let g : [a, b] −→ R. If fg ∈ L1[a, b] for each

f ∈ L1[a, b], then g is µm-measurable and there exists a µm-negligible set

Z ⊂ [a, b] such that gχ[a,b]\Z is bounded on [a, b].

Proof. It is clear that g ∈ L1[a, b] and so it is µm-measurable (cf. The-

orem 3.6.6).

Suppose that we cannot find a µm-negligible set Z such that gχ[a,b]\Z is

bounded on [a, b]. Then there exist a strictly increasing sequence (αn)
∞
n=1

of positive numbers such that αn ≥ 2n and µm(Xn) > 0 for all n ∈ N,

where

Xn = {x ∈ [a, b] : αn < |g(x)| ≤ αn+1}
for n = 1, 2, . . . .

Define the function f0 : [a, b] −→ R by setting

f0(x) =

∞∑

k=1

1

αkµm(Xk)
χXk

(x).

A simple application of the Monotone Convergence Theorem shows that

f0 ∈ L1[a, b]. Combining this fact with our hypothesis on g, we find that

f0g ∈ L1[a, b]; hence the Monotone Convergence Theorem yields
∫

[a,b]

|f0g| dµm =

∞∑

k=1

1

αkµm(Xk)
αkµm(Xk) <∞,
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a contradiction. This contradiction proves the theorem. �

In the proof of Theorem 3.7.4, the function g : [a, b] −→ R is said to

be essentially bounded on [a, b]; that is, there exists a µm-negligible set Z

such that

sup
x∈[a,b]\Z

|g(x)| <∞.

The collection of all real-valued µm-measurable functions that are essen-

tially bounded on [a, b] will be denoted by L∞[a, b]. For each g ∈ L∞[a, b],

we write

‖g‖L∞[a,b] = inf{M : |g(x)| ≤M for µm-almost all x ∈ [a, b]}.

Also, for each f ∈ L1[a, b] we write ‖f‖L1[a,b] =
∫
[a,b] |f | dµm. We can

now state a stronger version of Theorem 3.7.4.

Theorem 3.7.5. Let g : [a, b] −→ R. Then g ∈ L∞[a, b] if and only if

fg ∈ L1[a, b] for each f ∈ L1[a, b]. In this case,

‖fg‖L1[a,b] ≤ ‖f‖L1[a,b]‖g‖L∞[a,b]

for each f ∈ L1[a, b].

Proof. Exercise. �

Exercise 3.7.6. Prove that if f ∈ L1[a, b], then for each ε > 0 there exists

a step function ψ on [a, b] such that

‖f − ψ‖L1[a,b] < ε.

3.8 The Lp spaces

The aim of this section is to prove a useful modification of Theorem 3.7.3.

We begin with the following definition.

Definition 3.8.1. For any real number p ≥ 1, we let Lp[a, b] be the set of

all real-valued µm-measurable functions for which |f |p ∈ L1[a, b].

The Lp-norm of f is given by

‖f‖Lp[a,b] =

(∫

[a,b]

|f |p dµm

) 1
p

.
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The following theorem is a useful modification of Theorem 3.7.3.

Theorem 3.8.2 (Hölder’s Inequality). Let 1 < p <∞ and let q = p
p−1 .

If f ∈ Lp[a, b] and g ∈ Lq[a, b], then fg ∈ L1[a, b] and

‖fg‖L1[a,b] ≤ ‖f‖Lp[a,b] ‖g‖Lq[a,b].

Proof. If ‖f‖Lp[a,b] = 0 or ‖g‖Lq[a,b] = 0, then it follows from Theorem

3.6.7 that fg = 0 µm-a.e. on [a, b] and so the theorem holds. Henceforth,

we suppose that ‖f‖Lp[a,b]‖g‖Lq[a,b] > 0.

For each x ∈ [a, b] we apply the inequality

αβ ≤ αp

p
+
βq

q
(α, β ≥ 0)

with α =
|f(x)|

‖f‖Lp[a,b]
and β =

|g(x)|
‖g‖Lq[a,b]

to obtain

|f(x)g(x)|
‖f‖Lp[a,b]‖g‖Lq[a,b]

≤ |f(x)|p
p‖f‖p

Lp[a,b]

+
|g(x)|q

q‖g‖q
Lq[a,b]

. (3.8.1)

Since f ∈ Lp[a, b], g ∈ Lq[a, b] and (3.8.1) holds, it follows from Theorems

3.5.9 and 3.7.1 that fg ∈ L1[a, b]. Finally, (3.8.1) gives

‖fg‖L1[a,b]

‖f‖Lp[a,b]‖g‖Lq[a,b]
≤ 1

p
+

1

q
= 1

or ‖fg‖L1[a,b] ≤ ‖f‖Lp[a,b]‖g‖Lq[a,b]. �

We remark that if p = q = 2, then Theorem 3.8.2 is known as Cauchy-

Schwarz inequality.

Theorem 3.8.3 (Minkowski’s Inequality). Let 1 ≤ p < ∞. If

f, g ∈ Lp[a, b], then f + g ∈ Lp[a, b] and

‖f + g‖Lp[a,b] ≤ ‖f‖Lp[a,b] + ‖g‖Lp[a,b]. (3.8.2)

Proof. By Theorems 3.5.7 and 3.5.9, |f + g|p is µm-measurable. Since

we also have

|f(x) + g(x)|p ≤ 2pmax{|f(x)|p , |g(x)|p} ≤ 2p(|f(x)|p + |g(x)|p)

for all x ∈ [a, b], it follows from Theorem 3.7.1 that f + g ∈ Lp[a, b].

It remains to prove the inequality (3.8.2). If p = 1 or ‖f +g‖Lp[a,b] = 0,

then the inequality (3.8.2) holds. On the other hand, we suppose that p > 1
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and ‖f + g‖Lp[a,b] 6= 0. In this case, we infer from Hólder’s inequality that

|f | |f + g|p−1
, |g| |f + g|p−1 ∈ L1[a, b]. Consequently,∫

[a,b]

|f + g|p dµm

≤
∫

[a,b]

|f | |f + g|p−1
dµm +

∫ b

a

|g| |f + g|p−1
dµm

(by triangle inequality)

≤ (‖f‖Lp[a,b] + ‖g‖
Lp[a,b]

)

(∫

[a,b]

|f + g|(p−1)q
dµm

) 1
q

(by Hölder’s inequality)

= (‖f‖Lp[a,b] + ‖g‖Lp[a,b])‖f + g‖
p
q

Lp[a,b],

and the required inequality follows on dividing by the non-zero number

‖f + g‖
p
q

Lp[a,b]. �

We end this section with the following result concerning the complete-

ness of Lp spaces.

Theorem 3.8.4 (Riesz-Fischer). Let 1 ≤ p < ∞ and let (fn)
∞
n=1 be a

sequence in Lp[a, b] such that

‖fn − fN‖Lp[a,b] → 0 as n,N → ∞.

Then there exists f ∈ Lp[a, b] such that

lim
n→∞

‖fn − f‖Lp[a,b] = 0.

The function f is unique in the sense that if h ∈ Lp[a, b] and

limn→∞ ‖fn − h‖Lp[a,b] = 0, then h = f µm-a.e on [a, b].

Proof. We let fn0 = 0 and choose a subsequence (fnk
)∞k=1 of (fn)

∞
n=1

such that

‖fnk+1
− fnk

‖Lp[a,b] <
1

2k+1
(3.8.3)

for k = 1, 2, . . . . For each n ∈ N we put gn =
∑n

j=0

∣∣fnj+1 − fnj

∣∣ so that

Minkowski inequality and (3.8.3) yield gn ∈ Lp[a, b] and

‖gn‖Lp[a,b] < 1 + ‖fn1‖Lp[a,b].

Since n ∈ N is arbitrary, we infer from Hölder’s inequality that

supn∈N ‖gn‖L1[a,b] is finite; therefore Lemma 3.2.3 implies that the series

∞∑

j=0

(fnj+1(x)− fnj
(x)) converges absolutely for µm- almost all x ∈ [a, b].
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Let

f(x) =






∑∞
j=0(fnj+1 (x)− fnj

(x))

if the series
∑∞

j=0

∣∣fnj+1(x)− fnj
(x)

∣∣ converges,

0 otherwise.

Since fn0 = 0, it is not difficult to see that

f(x) = lim
k→∞

fnk
(x) (3.8.4)

for µm-almost all x ∈ [a, b]; in particular, f is µm-measurable.

We will next prove that f ∈ Lp[a, b] and limn→∞ ‖fn − f‖Lp[a,b] = 0.

For each ε > 0 we select a positive integer N so that

‖fn − fr‖Lp[a,b] <
ε

2
for all integers n, r > N . Hence, by Theorem 3.8.3 and Fatou’s Lemma,

f ∈ Lp[a, b]. Another application of Fatou’s Lemma yields

‖fn − f‖Lp[a,b] ≤ lim inf
k→∞

‖fn − fnk
‖Lp[a,b] < ε

for all integers n > N . Since ε > 0 is arbitrary, we conclude that

lim
n→∞

‖fn − f‖Lp[a,b] = 0.

It remains to prove the last assertion of the theorem. Suppose that

there exists h ∈ Lp[a, b] such that ‖h − fn‖Lp[a,b] → 0 as n → ∞. By

Minkowski’s inequality again,

‖f − h‖Lp[a,b] ≤ ‖f − fn‖Lp[a,b] + ‖fn − h‖Lp[a,b] → 0 as n→ ∞;

that is, ‖f − h‖Lp[a,b] = 0. An appeal to Theorem 3.6.7 completes the

proof.
�

Exercise 3.8.5. Let (an)
∞
n=1 and (bn)

∞
n=1 be two sequences of real numbers

such that the series
∑∞

k=1(a
2
k + b2k) converges. Prove that there exists

f ∈ L2([−π, π]) such that

lim
n→∞

∫ π

−π

∣∣∣∣∣

n∑

k=1

(ak cos kt+ bk sinkt)− f(t)

∣∣∣∣∣

2

dµ1(t) = 0

and

‖f‖2L2[−π,π] = π

∞∑

k=1

(a2k + b2k).
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3.9 Lebesgue’s criterion for Riemann integrability

The aim of this section is to give a characterization of Riemann integrable

functions. We first show that such kind of integrable functions must be

bounded.

Theorem 3.9.1. If f ∈ R[a, b], then f is bounded on [a, b].

Proof. For ε = 1 we apply the Saks-Henstock Lemma for the Riemann

integral to select a constant gauge δ on [a, b] so that

∑

(t,I)∈P

∣∣∣∣f(t)µm(I)−
∫

I

f

∣∣∣∣ < 1

for each δ-fine Perron subpartition P of [a, b]. Let N be a fixed

positive integer satisfying maxi=1,...,m
bi−ai

N
< δ, and let x ∈ [a, b]. Since

x ∈ ∏m
i=1[ai + (ki − 1) bi−ai

N
, ai + ki

bi−ai

N
] =: Jk for some k ∈ {1, . . . , N}m,

our choice of N and δ yield
∣∣∣∣∣f(x)

m∏

i=1

bi − ai
N

−
∫

Jk

f

∣∣∣∣∣ < 1,

which implies that

|f(x)| < Nm

µm([a, b])

{
1 + max

I∈Im([a,b])

∣∣∣∣(HK)

∫

I

f

∣∣∣∣
}
.

Since x ∈ [a, b] is arbitrary, f is bounded on [a, b]. �

Corollary 3.9.2. If f ∈ R[a, b], then f ∈ L1[a, b] and both integrals coin-

cide.

Proof. This is a consequence of Theorems 3.6.6, 3.9.1 and 3.7.1. �

Definition 3.9.3. Let f : [a, b] −→ R be a bounded function. The oscil-

lation of f on [a, b] is defined by

ω(f, [a, b]) = sup{f(x) : x ∈ [a, b]} − inf{f(x) : x ∈ [a, b]}.

Theorem 3.9.4. Let f : [a, b] −→ R be a bounded function. Then

f ∈ R[a, b] if and only if for each ε > 0 there exists a division D0 of

[a, b] such that
∑

I∈D0

ω(f, I)µm(I) < ε.
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Proof. (=⇒) For each ε > 0 there exists a constant gauge δ on [a, b]

such that

|S(f, P0)− S(f,Q0)| <
ε

2
for each δ-fine Perron partitions P0 and Q0 of [a, b]. Let N be a fixed

positive integer N such that maxk=1,...,m
bk−ak

N
< δ and consider the net

D0

:=

{ m∏

i=1

[
ai + (ki − 1)

bi − ai
N

, ai + ki
bi − ai
N

]
: {k1, . . . , km} ⊆ {1, . . . , N}

}
.

For each I ∈ D0 we choose sI , tI ∈ I so that

ω(f, I) < f(tI)− f(sI) +
ε

2cardD0
.

Since P1 = {(tI , I) : I ∈ D0} and Q1 = {(sI , I) : I ∈ D0} are δ-fine Perron

partitions of [a, b], our choice of δ gives the desired result:
∑

I∈D0

ω(f, I) µm(I) < S(f, P1)− S(f,Q1) +
ε

2
< ε.

(⇐=) Let ε > 0 be given. By hypothesis, there exists a division D1 of

[a, b] such that
∑

J∈D1

ω(f, J) µm(J) <
ε

4
. (3.9.1)

Let δ = 1
2 min
J∈D1

µm(J). Clearly, it suffices to prove that

|S(f, P )− S(f,Q)| < ε (3.9.2)

whenever P and Q are δ-fine Perron partitions of [a, b]. For each J ∈ D1

we choose zJ ∈ J to obtain

|S(f, P )− S(f,Q)|

≤ 2 max
P0=P,Q

∣∣∣∣∣S(f, P0)−
∑

J∈D1

f(zJ)µm(J)

∣∣∣∣∣

= 2 max
P0=P,Q

∣∣∣∣∣∣

∑

(t,I)∈P0

∑

J∈D1

f(t)µm(I ∩ J)−
∑

J∈D1

∑

(t,I)∈P0

f(zJ)µm(I ∩ J)

∣∣∣∣∣∣

≤ 2 max
P0=P,Q

∑

J∈D1

∑

(t,I)∈P0

( ∣∣f(t)− f(ξI,J)
∣∣+

∣∣f(ξI,J)− f(zJ )
∣∣ )µm(I ∩ J),

(where ξI,J ∈ I ∩ J if I ∩ J is non-empty, and ξI,J = a if I ∩ J = ∅)
≤ 4 max

P0=P,Q

∑

J∈D1

ω(f, J) µm(J)

< ε. �
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We can now state and prove the main result of this section.

Theorem 3.9.5 (Lebesgue). Let f : [a, b] −→ R be a bounded function.

Then f ∈ R[a, b] if and only if f is continuous µm-almost everywhere on

[a, b].

Proof. (=⇒) Let ε > 0 be given. For each k ∈ N we let

Xk :=

{
x ∈ [a, b] : ω(f,x) >

1

2k

}
,

where

ω(f,x) = lim
r→0+

ω

(
f,

m∏

i=1

(xi − r, xi + r)

)
.

We claim that Xk is contained in the union of a finite number of intervals

whose µm-measure is less than ε
2k
. By Theorem 3.9.4, there is a division

Dk of [a, b] such that
∑

I∈Dk

ω(f, I) µm(I) <
ε

4k+1

and so
∑

I∈Dk

Xk∩I 6=∅

µm(I) ≤ 2k
∑

I∈Dk

ω(f, I) µm(I) ≤ ε

2k+1
.

Finally, since D := {x ∈ [a, b] : ω(f,x) > 0} =
⋃∞

k=1Xk, it follows that

the set D of points of discontinuity of f is a set of µm-measure zero.

(⇐=) Conversely, suppose that there exists a positive number M such

that |f(x)| ≤M for all x ∈ [a, b], and the set D of points of discontinuity

of f is µm-negligible. Then for each ε > 0 there exists a gauge δ1 on [a, b]

such that
∑

(t,I)∈P

χD(t)µm(I) <
ε

4M + 1

for each δ1-fine Perron partition P of [a, b]. For each t ∈ [a, b]\D there

exists δ2(t) > 0 such that

|f(x)− f(t)| < ε

4µm([a, b])

whenever x ∈ B(t, δ(t)) ∩ [a, b].
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Define a gauge δ on [a, b] by setting

δ(t) =

{
δ1(t) if t ∈ D,

δ2(t) if t ∈ [a, b]\D,

and consider a δ-fine Perron partition P0 of [a, b]. Then

∑

(t0,I0)∈P0

ω(f, I) µm(I)

=
∑

(t0,I0)∈P0

t0∈[a,b]\D

ω(f, I) µm(I) +
∑

(t0,I0)∈P0

t0∈D

ω(f, I) µm(I)

≤ ε

4µm([a, b])

∑

(t0,I0)∈P0

t0∈[a,b]\D

µm(I) + 2M
∑

(t0,I0)∈P0

t0∈D

µm(I)

<
ε

4µm([a, b])
· µm([a, b]) + 2M · ε

4M + 1
< ε.

Since ε > 0 is arbitrary, an application of Theorem 3.9.4 yields the desired

result. �

Exercise 3.9.6. Let (fn)
∞
n=1 be a sequence of functions in R[a, b]. If

fn → f uniformly on [a, b], prove that f ∈ R[a, b] and

lim
n→∞

∫

[a,b]

fn =

∫

[a,b]

f.

3.10 Some characterizations of Lebesgue integrable func-

tions

If f ∈ L1[a, b], then it follows from Theorem 2.3.10 that the function

F : [u, v] 7→
∫

[u,v]

f dµm : Im([a, b]) −→ R

is additive. This interval function F is known as the indefinite Lebesgue

integral of f . In this section we give a simple characterization of additive

interval functions that are indefinite Lebesgue integrals. As a result, we

deduce a Riemann-type definition of the Lebesgue integral.
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Definition 3.10.1. An additive interval function F : Im([a, b]) −→ R is

said to be absolutely continuous if for each ε > 0 there exists η > 0 such

that
q∑

k=1

|F (Ik)| < ε

whenever {I1, . . . , Iq} is a collection of non-overlapping subintervals of [a, b]

with
∑q

k=1 µm(Ik) < η.

Theorem 3.10.2. Let f ∈ L1[a, b]. If F is the indefinite Lebesgue integral

of f , then F is absolutely continuous.

Proof. For each ε > 0 we apply Theorem 3.5.13 and Lebesgue’s Domi-

nated Convergence Theorem to select a µm-measurable simple function ψ

on [a, b] such that
∫

[a,b]

|ψ − f | dµm <
ε

2
.

If I1, . . . , Ip are non-overlapping subintervals of [a, b] satisfying

p∑

k=1

µm(Ik) <
ε

2

(
1 + sup

x∈[a,b]

|ψ(x)|
)−1

,

then
p∑

k=1

|F (Ik)| ≤
p∑

k=1

∣∣∣∣
∫

Ik

(ψ − f) dµm

∣∣∣∣+
p∑

k=1

∣∣∣∣
∫

Ik

ψ dµm

∣∣∣∣

≤
∫

[a,b]

|ψ − f | dµm +

{
sup

x∈[a,b]

|ψ(x)|
} p∑

k=1

µm(Ik)

< ε.

Since F is additive, we conclude that F is absolutely continuous. �

Our next aim is to prove the converse of Theorem 3.10.2 holds; see

Theorem 3.10.12. We need to prove the following assertions.

(A) If F : Im([a, b]) −→ R is absolutely continuous, then F ′(x) exists for

µm-almost all x ∈ [a, b].

(B) If F : Im([a, b]) −→ R is absolutely continuous, then there exists

f ∈ HK[a, b] such that F is the indefinite Henstock-Kurzweil integral

of f .
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We need a series of lemmas.

Lemma 3.10.3. Let F : Im([a, b]) −→ R be a non-negative additive in-

terval function, let α ∈ (0, 1), and let E ⊆ [a, b] be a µm-measurable set.

If there exists γ ∈ R+ such that Fα(x) > γ > 0 for all x ∈ E, then

F ([u, v]) > γµm(E) whenever [u, v] ∈ Im([a, b]) with E ⊆ [u, v].

Proof. Let [u, v] ∈ Im([a, b]) be any interval containing E. The family

C of all α-regular intervals C ⊂ [u, v] for which F (C) > γµm(C) is a

Vitali cover of E ∩ (u, v). By the Vitali Covering Theorem, there exists a

disjoint family C1 ⊂ C such that
(
E ∩ (u, v)

)
\⋃C∈C1

C is a µm-negligible

set. Therefore

γµm(E) = γµm(E ∩
⋃

C∈C1

C) ≤ γ
∑

C∈C1

µm(C) <
∑

C∈C1

F (C). (3.10.1)

Since F (I) is assumed to be non-negative for all I ∈ Im([a, b]), we conclude

that the right-hand side of (3.10.1) is less than or equal to F ([u, v]).
�

Lemma 3.10.4. Let F : Im([a, b]) −→ R be a non-negative additive in-

terval function. If 0 < β ≤ α < 1, then 0 ≤ Fα(x) = Fα(x) = F β(x) =

F β(x) <∞ for µm-almost all x ∈ [a, b].

Proof. According to our hypothesis on F , we have 0 ≤ Fβ ≤ Fα ≤ Fα ≤
F β . We will next prove that the set

N :=
{
x ∈ [a, b] : F β(x) < F β(x)

}

is µm-negligible. Since

N =
⋃

r<s
r,s∈Q

{
x ∈ [a, b] : Fβ(x) < r < s < F β(x)

}
,

it suffices to prove that the set

Er,s :=
{
x ∈ [a, b] : F β(x) < r < s < F β(x)

}

is µm-negligible whenever (r, s) ∈ Q2 with r < s.

Let (r, s) ∈ Q2 with r < s. By Theorems 3.6.5 and 3.4.3, for

each ε > 0 there exists a bounded open set Or,s ⊇ Er,s such that

µm(Or,s) < µm(Er,s) + ε. The family C of all β-regular intervals C ⊆
[a, b] ∩ Or,s for which F (C) < rµm(C) forms a Vitali cover of Er,s. By

the Vitali Covering Theorem, there is a countable family C1 ⊂ C such
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that Er,s\
⋃

C∈C1
C is a µm-negligible set. Since our definition of Er,s im-

plies that F β(x) > s for all x ∈ Er,s, it follows from Lemma 3.10.3 that

F (K) > sµm(Er,s ∩K) for all K ∈ C1. Thus
sµm(Er,s) = s

∑

C∈C1

µm(Er,s ∩ C)

<
∑

C∈C1

F (C)

< r
∑

C∈C1

µm(C)

= rµm

( ⋃

C∈C1

C

)

≤ rµm(Or,s)

< rµm(Er,s) + rε;

that is µm(Er,s) <
rε

s− r
. Since ε > 0 is arbitrary, µm(Er,s) = 0.

It remains to prove that F β(x) ∈ R for µm-almost all x ∈ [a, b]. Clearly,

it suffices to prove that the set

Z := {x ∈ [a, b] : F β(x) = ∞}
is µm-negligible. Proceeding towards a contradiction, suppose that Z is

not µm-negligible. By Theorems 3.6.5 and 3.4.3, Z is a µm-measurable

set. Since the family G1 of all β-regular intervals J ⊆ [a, b] for which

F (J) > F ([a,b])
µm(Z) µm(J) is a Vitali cover of Z, it follows from the Vitali Cover-

ing Theorem there exists a countable family G2 ⊂ G1 such that Z\⋃J∈G2
J

is a µm-negligible set. A contradiction follows:

F ([a, b]) =
F ([a, b])

µm(Z)

∑

J∈G2

µm(Z ∩ J)

<
∑

J∈G2

F (J)

≤ F ([a, b]).

This contradiction proves the lemma. �

Definition 3.10.5. Let F : Im([a, b]) −→ R be an additive interval func-

tion, and let I ∈ Im([a, b]). The total variation of F over I is the extended

number

VF (I) = sup

{ ∑

J∈D

|F (J)| : D is a division of I

}
.
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Lemma 3.10.6. Let F : Im([a, b]) −→ R be an additive interval function.

If VF ([a, b]) is finite, then VF (I) is finite for all I ∈ Im([a, b]), and the

interval function VF : Im([a, b]) −→ R is additive.

Proof. Exercise. �

Lemma 3.10.7. If F : Im([a, b]) −→ R is absolutely continuous, then

VF ([a, b]) is finite.

Proof. We choose an η > 0 corresponding to ε = 1 in Definition 3.10.1,

and fix a net N0 of [a, b] so that maxI∈N0 diamI < η. We write F (K) = 0

whenever K is a degenerate subinterval of [a, b]. If D is a division of [a, b],

then
∑

J∈D

|F (J)| ≤
∑

J∈D

∑

I∈N0

|F (I ∩ J)| =
∑

I∈N0

∑

J∈D

|F (I ∩ J)| ≤ card(N0).

Consequently, VF ([a, b]) ≤ card(N0) <∞. �

Lemma 3.10.8. If F : Im([a, b]) −→ R is absolutely continuous, so are

VF + F and VF − F .

Proof. This is an easy consequence of Lemmas 3.10.6 and 3.10.7. �

We are now ready to prove assertion (A) stated after Theorem 3.10.2.

Theorem 3.10.9. If F : Im([a, b]) −→ R is absolutely continuous, then

F ′(x) exists for µm-almost all x ∈ [a, b].

Proof. In view of Lemmas 3.10.8, 3.10.7 and 3.10.6, we may suppose that

F (I) ≥ 0 for every I ∈ Im([a, b]). An appeal to Lemma 3.10.4 completes

the argument. �

To proceed further, we need the following simple lemma.

Lemma 3.10.10. If I ∈ Im([a, b]), then I has a net N such that

minJ∈N reg(J) ≥ 1
2 .

Proof. Let [c, d] ∈ Im([a, b]. For each k ∈ {1, . . . ,m} we choose αk ∈ N

so that βk := dk−ck
αk

∈ [mini=1,...,m(di − ci), 2mini=1,...,m(di − ci)). The

collection

N :=

{ m∏

k=1

[ck + (jk − 1)βk, ck + jkβk] : jk ∈ {1, . . . , αk} (k = 1, . . . ,m)

}

of intervals is a net of [c, d] with the desired property. �
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The previous lemma leads us to the next crucial estimate.

Lemma 3.10.11. Let f : [a, b] −→ R and assume that

F : Im([a, b]) −→ R is an additive interval function. If t ∈ [a, b],

I ∈ Im([a, b]) and X ⊆ I, then there exists a net NI of I such that

minJ∈NI
reg(J) ≥ 1

2 and

|f(t)µm(I)− F (I)|

≤ |f(t)|µm

(
I \

⋃

[u,v]∈NI

(u,v)∩X 6=∅

[u, v]

)
+

∑

[u,v]∈NI

(u,v)∩X 6=∅

|f(t)µm([u, v])− F ([u, v])|

+

∣∣∣∣∣∣∣∣

∑

[u,v]∈NI

(u,v)∩X=∅

F ([u, v])

∣∣∣∣∣∣∣∣
. (3.10.2)

Proof. This is an easy consequence of Lemma 3.10.10 and triangle

inequality. �

We are now already to prove assertion (B) stated after Theorem 3.10.2.

Combining this assertion with Theorem 3.1.3 leads to the converse of The-

orem 3.10.2.

Theorem 3.10.12. If F : Im([a, b]) −→ R is absolutely continuous, then

there exists f ∈ L1[a, b] such that F is the indefinite Lebesgue integral of

f .

Proof. By Theorem 3.10.9, F ′(x) exists for µm-almost all x ∈ [a, b].

Define the function f : [a, b] −→ R by setting

f(x) =

{
F ′(x) if F ′(x) exists,

0 otherwise.

We want to prove that f ∈ L1[a, b] and F is the indefinite Lebesgue integral

of f . In view of Theorem 3.1.3, it suffices to prove that f ∈ HK[a, b] and

F is the indefinite Henstock-Kurzweil integral of f .
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According to Theorems 3.10.9 and 3.4.2, there exists a decreasing se-

quence (Un)
∞
n=1 of open sets such that Z :=

⋂∞
k=1 Uk is a µm-negligible

set containing [a, b]\(a, b), and F ′(x) exists for all x ∈ [a, b]\Z. For each
k ∈ N we set Yk := [a, b]\Uk so that (Yk)

∞
k=1 is an increasing sequence of

closed subsets of [a, b].

We claim that there exists an increasing sequence (Xn)
∞
n=1 of closed

sets such that
⋃∞

k=1Xk =
⋃∞

k=1 Yk and f is bounded on each Xk. For each

ε > 0 there exists a gauge δ1 on [a, b]\Z such that

|f(y)µm(J)− F (J)| < ε

16(1 + µm([a, b]))
µm(J) (3.10.3)

for each point-interval pair (y, J) satisfying y ∈ J ∩ ([a, b]\Z),
J ⊂ B(y, δ1(y)) and reg(J) ≥ 1

2 . Since [a, b]\(a, b) ⊆ Z, we may as-

sume that B(x, δ1(x)) ⊂ (a, b) whenever x ∈ [a, b]\Z. For each k ∈ N we

set Xk := {x ∈ Yk : δ1(x) ≥ 1
k
}. Since Yk is closed and δ1 is a gauge on

[a, b]\Z, the sequence (Yn)
∞
n=1 is increasing and

⋃∞
k=1Xk =

⋃∞
k=1 Yk.

Now we prove the boundedness of f on each Xk. From (3.10.3) we get

x1x2 ∈ [a, b]\Z with |||x1 − x2||| < min{δ1(x1), δ1(x2)}

=⇒ |f(x1)− f(x2)| < ε
8 (1 + µm([a, b]))−1.

(3.10.4)

Let k ∈ N be fixed and let x0 ∈ Xk. According to the definition of Xk,

there exists x ∈ Yk such that δ1(x) ≥ 1
k
and |||x− x0||| < min{δ1(x), 1k}.

Thus

|f(x0)| < |f(x)|+ ε

8(1 + µm([a, b]))

≤
∣∣∣∣f(x)−

F (
∏m

i=1[xi +
1
2k ])

µm(
∏m

i=1[xi +
1
2k ])

∣∣∣∣+
∣∣∣∣
F (

∏m
i=1[xi +

1
2k ])

µm(
∏m

i=1[xi +
1
2k ])

∣∣∣∣+
ε

8

≤ kmVF ([a, b]) +
ε

4
.

This proves that f is bounded on Xk.

According to the hypothesis on F , there exists a sufficiently small η > 0

such that
p∑

i=1

|F (Ii)| <
ε

4
(3.10.5)

whenever I1, . . . , Ip are non-overlapping subintervals of [a, b] satisfying∑p
i=1 µm(Ii) < η. Since the sequence (Xn)

∞
n=1 of closed sets is increasing

and Z = [a, b]\⋃∞
k=1Xk, there exists N ∈ N such that µm([a, b]\XN ) < η.
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For each integer k ≥ N we use the boundedness of f on Xk to choose a

bounded open set Ok ⊇ Xk so that

µm(Ok\Xk) <
ε

2k+3(1 + ‖fχXk
‖L∞[a,b])

. (3.10.6)

Define a gauge δ on [a, b] by setting

δ(x) =





min{ 1
2N , dist(x, [a, b]\ON)} if x ∈ XN ,

min{dist(x, Xk ∪ ([a, b]\Ok+1)),
1
2k}

if x ∈ Xk+1\Xk for some integer k ≥ N ,

dist(x, XN) if x ∈ Z,

and consider any δ-fine Perron subpartition P of [a, b]. Since f vanishes

on Z, it follows from our choice of δ that∑

(t,I)∈P
t∈Z

|f(t)µm(I)− F (I)| < ε

4
. (3.10.7)

Write ZN = XN and Zk = Xk\Xk−1 for k = N + 1, N + 2, . . . . Since

[a, b] = Z ∪⋃∞
k=1 Zk, we combine Lemma 3.10.11, the boundedness of f on

each Xk, and (3.10.7) to obtain∑

(t,I)∈P

|f(t)µm(I)− F (I)|

≤
∞∑

k=N

{ ∑

(t,I)∈P
t∈Zk

‖fχZk
‖L∞[a,b] µm

(
I \

⋃

[u,v]∈NI

(u,v)∩Zk 6=∅

[u, v]

)

+
∑

(t,I)∈P
t∈Zk

∑

[u,v]∈NI

(u,v)∩Zk 6=∅

|f(t)µm([u, v])− F ([u, v])|

+
∑

(t,I)∈P
t∈Zk

∣∣∣∣∣∣∣∣

∑

[u,v]∈NI

(u,v)∩Zk=∅

F ([u, v])

∣∣∣∣∣∣∣∣

}
+
ε

4
. (3.10.8)

We will next prove that (3.10.8), our choice of δ, (3.10.6) and (3.10.5)

yield ∑

(t,I)∈P

|f(t)µm(I)− F (I)|

<
3ε

4
+

∞∑

k=N

∑

(t,I)∈P
t∈Zk

∑

[u,v]∈NI

(u,v)∩Zk 6=∅

|f(t)µm([u, v])− F ([u, v])| . (3.10.9)
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Indeed,
∑

(t,I)∈P

|f(t)µm(I)− F (I)|

<

∞∑

k=N

‖fχXk
‖L∞[a,b] µm(Ok\Xk)

+
∞∑

k=N

∑

(t,I)∈P
t∈Zk

∑

[u,v]∈NI

(u,v)∩Zk 6=∅

|f(t)µm([u, v])− F ([u, v])|

+

∞∑

k=N

∑

(t,I)∈P
t∈Zk

∑

[u,v]∈NI

(u,v)∩XN=∅

|F ([u, v])|+ ε

4

<
3ε

4
+

∞∑

k=N

∑

(t,I)∈P
t∈Zk

∑

[u,v]∈NI

(u,v)∩Zk 6=∅

|f(t)µm([u, v])− F ([u, v])| .

It remains to prove that the right-hand side of (3.10.8) is less than ε.

For each [u, v] ∈ NI satisfying (u, v) ∩ Zk 6= ∅ for some integer k ≥ N , we

choose x[u,v] ∈ Yk ∩ [u, v] so that (3.10.3) and (3.10.4) give
∣∣f(x[u,v])− F ([u, v])

∣∣ < ε

16
(1 + µm([a, b]))−1µm([u, v])

and
∣∣f(x[u,v])− f(t)

∣∣ < ε

8
(1 + µm([a, b]))−1

respectively. Therefore the right-hand side of (3.10.8) is less than ε. �

Remark 3.10.13. Let δ and P be given as in the proof of Theorem 3.10.12.

We observe that the proof will still work if t ∈ B(t, δ(t)) ∩ [a, b] for every

(t, [u, v]) ∈ P .

In order to proceed further, we need some terminologies.

Definition 3.10.14.

(i) A McShane partition of an interval [a, b] is a finite collec-

tion {(t1, [u1,v1]), . . . , (tp, [up,vp])} of point-interval pairs, where

{[uk,vk] : k = 1, . . . , p} is a division of [a, b] and tk ∈ [a, b] for

k = 1, . . . , p.

(ii) Let P = {(t1, [u1,v1]), . . . , (tp, [up,vp])} be a McShane partition of

[a, b] and let δ be a gauge (i.e. positive function) defined on {t1, . . . , tp}.
P is said to be δ-fine if [uk,vk] ⊂ B(tk, δ(tk)) for k = 1, . . . , p.
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Definition 3.10.15. A function f : [a, b] −→ R is said to be McShane

integrable on [a, b] if there exists A ∈ R with the following property: given

ε > 0 there exists a gauge δ on [a, b] such that

|S(f, P )−A| < ε (3.10.10)

for each δ-fine McShane partition P of [a, b].

The collection of all functions that are McShane integrable on [a, b] will

be denoted by Mc[a, b].

It is easy to see that if f ∈ Mc[a, b], then f ∈ HK[a, b] and their

integrals coincide. In this case, we write the McShane integral of f as

(Mc)
∫
[a,b] f(t) dµm(t) or (Mc)

∫
[a,b] f dµm. Replacing Perron partitions

by McShane partitions, Theorems 2.3.1–2.3.6, 2.3.9 and 2.3.10 are true for

the McShane integral. In addition, we have the following result.

Theorem 3.10.16. If f ∈Mc[a, b], then |f | ∈Mc[a, b].

Proof. Let ε > 0 be given. By the Cauchy criterion for the McShane

integral, there exists a gauge δ on [a, b] such that

|S(f, P0)− S(f,Q0)| < ε

whenever P0 and Q0 are δ-fine McShane partitions of [a, b].

Let P = {(ti, Ii) : i = 1, . . . , p} and Q = {(ξk, Jk) : k = 1, . . . , q} be

two δ-fine McShane partitions of [a, b]. Using the following division

D := {Ii ∩ Jk ∈ Im([a, b]) : i = 1, . . . , p and k = 1, . . . , q}
of [a, b], we construct two δ-fine McShane partitions P1 and Q1 of [a, b] as

follows:

P1 = {(ti, Ii ∩ Jk) : f(ti) ≥ f(ξk) and Ii ∩ Jk ∈ D}
∪ {(ξk, Ii ∩ Jk) : f(ti) < f(ξk) and Ii ∩ Jk ∈ D}

and

Q1 = {(ξk, Ii ∩ Jk) : f(ti) ≥ f(ξk) and Ii ∩ Jk ∈ D}
∪ {(ti, Ii ∩ Jk) : f(ti) < f(ξk) and Ii ∩ Jk ∈ D}

Thus

|S(|f | , P )− S(|f | , Q)|

=

∣∣∣∣∣

p∑

i=1

q∑

k=1

|f(ti)|µm(Ii ∩ Jk)−
p∑

i=1

q∑

k=1

|f(ξk)|µm(Ii ∩ Jk)
∣∣∣∣∣

≤
p∑

i=1

q∑

k=1

|f(ti)− f(ξk)|µm(Ii ∩ Jk)

= |S(f, P1)− S(f,Q1)|
< ε.
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By the Cauchy criterion for the McShane integral, |f | ∈Mc[a, b]. �

Theorem 3.10.17. If f ∈Mc[a, b], then f ∈ L1[a, b] and

(Mc)

∫

[a,b]

f =

∫

[a,b]

f dµm.

Proof. This follows from Theorem 3.10.16 and Definition 3.1.1. �

Combining Theorem 3.10.2, the proof of Theorem 3.10.12 and Remark

3.10.13, we get the converse of Theorem 3.10.17.

Theorem 3.10.18. If f ∈ L1[a, b], then f ∈Mc[a, b] and
∫

[a,b]

f dµm = (Mc)

∫

[a,b]

f.

3.11 Some results concerning one-dimensional Lebesgue in-

tegral

Whenm = 1 we can use point functions to state and prove Theorem 3.10.12.

The following definition will be used.

Definition 3.11.1. Let F : [a, b] −→ R. If

p∑

k=1

|F (ck)− F (ck−1)| <∞

for every division {[c0, c1], . . . , [cp−1, cp]} of [a, b], F is said to be bounded

variation on [a, b], and we write F ∈ BV [a, b]. In this case, the total

variation of F over [a, b] is given by

V ar(F, [a, b]) := sup

p∑

k=1

|F (ck)− F (ck−1)| ,

where the supremum is taken over all possible divisions

{[c0, c1], . . . , [cp−1, cp]} of [a, b].

Lemma 3.11.2. If F ∈ BV [a, b] and c ∈ (a, b), then both

V ar(F, [a, c]), V ar(F, [c, b]) are finite and

V ar(F, [a, b]) = V ar(F, [a, c]) + V ar(F, [c, b]).

Proof. Exercise. �
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Lemma 3.11.3. Let F : [a, b] −→ R. If F is non-decreasing on [a, b], then

F ∈ BV [a, b].

Proof. Exercise. �

Theorem 3.11.4. Let F : [a, b] −→ R. Then F ∈ BV [a, b] if and only if F

can be written as the difference of two non-decreasing real-valued functions

on [a, b].

Proof. (⇐=) This follows from Lemma 3.11.3 and triangle inequality.

(=⇒) Conversely, suppose that F ∈ BV [a, b]. For k = 1, 2 we set

Fk(x) =

{
1
2 (V ar(g, [a, x]) + (−1)k−1F (x)) if x ∈ (a, b],

(−1)k−1F (a) if x = a.

According to Lemma 3.11.2, F1 and F2 are non-decreasing on [a, b]. Since

F (x) = F1(x) − F2(x) for all x ∈ [a, b], the result follows.
�

Corollary 3.11.5. If F ∈ BV [a, b], then the set of points at which F is

discontinuous is countable.

Proof. Exercise. �

When m = 1, the Vitali Covering Theorem is also true. In particular,

Lemma 3.10.4 is applicable to prove the following result.

Theorem 3.11.6. If F ∈ BV [a, b], then F is differentiable µ1-almost ev-

erywhere on [a, b]. Moreover, there exists f ∈ L1[a, b] such that f = F ′

µ1-almost everywhere on [a, b] and

∫ b

a

|f(t)| dµ1(t) ≤ V ar(F, [a, b]). (3.11.1)

Proof. In view of Theorem 3.11.4, we may suppose that F is non-

decreasing on [a, b], and F (x) = F (b) for every x > b. Since [u, v] 7→
F (v) − F (u) is an additive interval function defined on I1([a, b]), and F is

non-decreasing on [a, b], it follows from Lemma 3.10.4 that that there ex-

ists a µ1-negligible set Z ⊂ [a, b] such that F ′(x) exists for all x ∈ [a, b]\Z.
Letting

f(x) =

{
F ′(x) if x ∈ [a, b]\Z,
0 if x ∈ Z,
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and observing that f = F ′ ≥ 0 µ1-almost everywhere on [a, b], Fatou’s

Lemma gives
∫ b

a

f(t) dµ1(t)

≤ lim inf
n→∞

∫ b

a

n(F (t+
1

n
)− F (t)) dµ1(t)

= lim inf
n→∞

{
n

∫ b+ 1
n

b

F (t) dµ1(t)− n

∫ a+ 1
n

a

F (t) dµ1(t)

}

≤ F (b)− F (a).
�

Remark 3.11.7. The inequality (3.11.1) can be strict; see Exercise 4.5.7.

Definition 3.11.8. A function F : [a, b] −→ R is said to be absolutely

continuous on [a, b] if the following condition is satisfied: for each ε > 0

there exists η > 0 such that

p∑

k=1

|F (ck)− F (ck−1)| < ε

whenever {[c0, c1], . . . , [cp−1, cp]} is a finite collection of pairwise non-

overlapping subintervals of [a, b] with
∑p

k=1(ck − ck−1) < η.

Let AC[a, b] be the space of absolutely continuous functions on [a, b].

The following result is a special case of Theorem 3.10.2.

Theorem 3.11.9. If f ∈ L1[a, b], then the function x 7→
∫ x

a
f dµ1 belongs

to AC[a, b].

Theorem 3.11.10. If F ∈ AC[a, b], then F ∈ BV [a, b].

Proof. Using Lemma 3.10.7 with m = 1, we get the result. �

The following theorem is essentially the one-dimensional version of The-

orem 3.10.12.

Theorem 3.11.11. If F ∈ AC[a, b], then F is differentiable µ1-almost

everywhere on [a, b]. Moreover, there exists f ∈ L1[a, b] such that f = F ′

µ1-almost everywhere on [a, b] and
∫ x

a

f(t) dµ1(t) = F (x) − F (a)

for all x ∈ [a, b].
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Proof. First, we infer from Theorems 3.11.10 and 3.11.6 that there exists

a µ1-negligible set Z ⊂ [a, b] such that F ′(x) exists for all x ∈ [a, b]\Z.
Define

f(x) =

{
F ′(x) if x ∈ [a, b]\Z,
0 if x ∈ Z.

Since F ∈ BV [a, b], it suffices to prove that f ∈ HK[a, b] and F (x)−F (a) =
(HK)

∫ x

a
f(t) dt for all x ∈ (a, b].

Let ε > 0 be given and choose an η > 0 corresponding to ε
2 in Definition

3.11.8. As Z is µ1-negligible, there exists an open set O ⊃ Z such that

µ1(O) < η. Also, for each [a, b]\Z there exists δ1(x) > 0 such that

|f(x)(v − u)− (F (v) − F (u))| ≤ ε(v − u)

2(b− a)

whenever x ∈ [u, v] ⊆ [a, b] ∩ (x− δ1(x), x + δ1(x)).

Define a gauge δ on [a, b] by setting

δ(x) =

{
δ1(x) if x ∈ [a, b]\Z,
dist(x, [a, b]\O) if x ∈ Z,

and consider any δ-fine Perron subpartition P of [a, b]. Then
∑

(t,[u,v])∈P

|f(t)(v − u)− (F (v) − F (u))|

=
∑

(t,[u,v])∈P
t∈[a,b]\Z

|f(t)(v − u)− (F (v)− F (u))|+
∑

(t,[u,v])∈P
t∈Z

|F (v)− F (u)|

< ε.

Since ε > 0 is arbitrary, the theorem is proved. �

3.12 Notes and Remarks

There are many excellent books on Lebesgue integration; consult, for in-

stance, Hewitt and Stromberg [59], Royden [143], Rudin [144], Stromberg

[149]. For a history of Lebesgue integration, see Hawkins [54].

A different proof of Theorem 3.6.5 can be found in [137, p.175]. Section

3.9 is based on [6, Appendix C].

Lebesgue proved Theorem 3.10.12; see [145]. The present proof of Theo-

rem 3.10.12 is similar to that of [94, Theorem 3.5]. For other results concern-

ing derivation of absolutely continuous interval functions, see Stokolos [148]
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and references therein. For other properties of The McShane integral, con-

sult Gordon [44] or Pfeffer [137]. For the divergence theorem, the interested

reader is referred to Pfeffer [136, 137, 140, 141]. Further generalizations of

the McShane integral can be found in [14, 17, 140].

Change-of-variables theorems for the Lebesgue integral can be found

in many books and papers; see, for example, Hewitt and Stromberg [59],

Pfeffer [137], Royden [143], Rudin [144], Stromberg [149], and De Guzman

[48]. On the other hand, the following example shows that we do not have a

comprehensive change-of-variable theorem for multiple Henstock-Kurzweil

integrals.

Example 3.12.1. For each n ∈ N we let fn be a continuous function on

[1− 1
2n−1 , 1− 1

2n ]
2) such that

(i) fn(x1, x2) = 0 for all (x1, x2) ∈ [1− 1
2n−1 , 1− 1

2n ]
2\(1− 1

2n−1 , 1− 1
2n )

2;

(ii) fn(x1, x2) ≥ 0 for all (x1, x2) ∈ [1− 1
2n−1 , 1− 1

2n ]
2 with x1 ≥ x2;

(iii) fn(x1, x2) = −fn(x2, x1) for all (x1, x2) ∈ [1− 1
2n−1 , 1− 1

2n ]
2;

(iv)
∫ 1− 1

2n

1− 1
2n−1

{ ∫ s

1− 1
2n−1

fn(s, t) dt
}
ds = 1

n
.

Define f : [0, 1]2 −→ R by setting

f(x1, x2) =

{
fn(x1, x2) if (x1, x2) ∈ [1− 1

2n−1 , 1− 1
2n ]

2,

0 otherwise.

Then f ∈ HK([0, 1]2)\L1([0, 1]2). On the other hand, if T denotes a rota-

tion by π
4 , f ◦T−1 fails to be Henstock-Kurzweil integrable on any interval

containing T−1([0, 1]2).

Although we do not have a good change of variables theorem for the

multiple Henstock-Kurzweil integral, we have the following result.

Theorem 3.12.2. Let g : [0, 1] −→ R and let

f(x, y) =

{
g(
√
x2 + y2) if (x, y) ∈ {(s, t) ∈ [0, 1]2 : s2 + t2 ≤ 1},

0 otherwise.

If limδ→0+
∫ 1

δ
rg(r) dµ1(r) exists, then f ∈ HK([0, 1]2) and

(HK)

∫

[0,1]2
f =

π

2

{
lim

δ→0+

∫ 1

δ

rg(r) dµ1(r)

}
.

Proof. See [68]. �
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Chapter 4

Further properties of

Henstock-Kurzweil integrable

functions

4.1 A necessary condition for Henstock-Kurzweil integra-

bility

It has been proved in Chapter 3 that if f ∈ L1[a, b], then fχX ∈ L1[a, b]

for every µm-measurable set X ⊆ [a, b]. On the other hand, simple exam-

ples reveal that the above-mentioned property need not hold for Henstock-

Kurzweil integrable functions; see, for example, Example 2.5.7. Thus, it is

natural to ask whether the following weaker assertion holds:

if f ∈ HK[a, b], then f is Lebesgue integrable on some subinterval of

[a, b].

In 1991, Buczolich [22] gave an affirmative answer to the above question;

see Theorem 4.1.3. We begin with the following definition.

Definition 4.1.1. Let X ⊆ [a, b]. A finite collection C of point-interval

pairs is said to be X-tagged if t ∈ X for every (t, I) ∈ C.

We need the following result concerning closed sets.

Theorem 4.1.2. Let X ⊆ [a, b] be a non-empty closed set. If (Xn)
∞
n=1 is

an increasing sequence of closed sets with X =
⋃∞

k=1Xk, then there exist

N ∈ N and [u, v] ∈ Im([a, b]) such that X ∩ [u, v] is non-empty and

X ∩ [u, v] = XN ∩ [u, v].

Proof. This follows from the Baire’s category theorem ([59, (6.54)] or

[143, 31. Proposition]). �

The following theorem is the main result of this section.

Theorem 4.1.3. If f ∈ HK[a, b], then there exists [u, v] ∈ Im([a, b])

such that f ∈ L1[u, v].

107
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Proof. For ε = 1 we apply the Saks-Henstock Lemma to select a gauge

δ on [a, b] so that

∑

(t,I)∈P

∣∣∣∣f(t)µm(I)− (HK)

∫

I

f

∣∣∣∣ < 1

for each δ-fine Perron subpartition P of [a, b].

For each n ∈ N, let

Yn =

{
x ∈ [a, b] : |f(x)| < n and δ(x) >

1

n

}

and Xn = Yn. Then (Xn)
∞
n=1 is an increasing sequence of closed sets with⋃

n∈NXn = [a, b]. Since [a, b] is also closed, it follows from Theorem 4.1.2

that there exist N ∈ N and [u, v] ∈ Im([a, b]) such that [u, v] ⊆ XN .

Without loss of generality, we may assume that |||v − u||| < 1
N
.

We claim that f ∈ L1[u,v]. To prove this, we let {[u1,v1], . . . , [uq,vq]}
be an arbitrary division of [u,v]. For each i = 1, . . . , q we use the inclusion

[ui,vi] ⊆ XN to pick ti ∈ YN ∩ (ui,vi). Since |||v − u||| < 1
N
, we conclude

that {(t1, [u1,v1]), . . . , (tq, [uq,vq])} is a YN -tagged 1
N
-fine, and hence

δ-fine, Perron subpartition of [u, v]. Thus

q∑

i=1

∣∣∣∣∣f(ti)µm([ui,vi])− (HK)

∫

[ui,vi]

f

∣∣∣∣∣ < 1,

and so

q∑

i=1

∣∣∣∣∣(HK)

∫

[ui,vi]

f

∣∣∣∣∣ < 1 +

q∑

i=1

|f(ti)|µm([ui,vi]) < 1 +Nµm([u,v]).

Since {[u1,v1], . . . , [uq,vq]} is an arbitrary division of [u,v], the result

follows from Theorem 3.1.3. �

4.2 A result of Kurzweil and Jarńık

Let f ∈ HK[a, b] be given. According to Theorem 4.1.3, f must be

Lebesgue integrable on some subinterval of [a, b]. On the other hand, it is

unclear whether the sequence (fχXn
)∞n=1 is in L1[a, b], where X1, X2, . . .

are given as in the proof of Theorem 4.1.3. In this section we use the

Henstock variational measure to prove that this is indeed the case; see The-

orem 4.2.5 for details.
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Definition 4.2.1. Let F : Im([a, b]) −→ R. For any set X ⊆ [a, b], the

δ-variation of F on X is given by

V (F,X, δ) := sup

{ ∑

(t,I)∈P

|F (I)|
}
,

where the supremum is taken over all X-tagged δ-fine Perron subpartition

P of [a, b]. We let

VHKF (X) := inf

{
V (F,X, δ) : δ is a gauge on X

}
.

The Henstock variational measure of F is the extended real-valued func-

tion

VHKF : Y 7→ VHKF (Y )

defined for all Y ⊆ [a, b].

We begin with the following generalization of Lemma 3.1.2.

Lemma 4.2.2. Let f ∈ HK[a, b] and let F be the indefinite Henstock-

Kurzweil integral of f . If fχX ∈ L1[a, b] for some µm-measurable set

X ⊆ [a, b], then VHKF (X) is finite and
∫

[a,b]

|fχX | dµm = VHKF (X). (4.2.1)

Proof. Let ε > 0 be given. Since f ∈ HK[a, b], it follows from the

Saks-Henstock Lemma that there exists a gauge δ1 on [a, b] such that

∑

(t1,I1)∈P1

∣∣∣∣f(t1)µm(I1)− (HK)

∫

I1

f

∣∣∣∣ <
ε

3
(4.2.2)

for each δ1-fine Perron subpartition P1 of [a, b]. Since fχX ∈ L1[a, b],

there exists a gauge δ2 on [a, b] such that

∑

(t2,I2)∈P2

∣∣∣∣|f(t2)|µm(I2)−
∫

I2

|fχX | dµm

∣∣∣∣ <
ε

3
(4.2.3)

for each X-tagged δ2-fine Perron subpartition P2 of [a, b].

We first prove that

V (F,X,min{δ1, δ2}) <
∫

[a,b]

|fχX | dµm + ε. (4.2.4)
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To prove (4.2.4), we let Q be an arbitrary X-tagged min{δ1, δ2}-fine Perron
subpartition of [a, b]. Using the triangle inequality, (4.2.2) and (4.2.3), we

get
∑

(t3,I3)∈Q

|F (I3)| <
∑

(t3,I3)∈Q

|f(t3)|µm(I3) +
ε

3

<
∑

(t3,I3)∈Q

∫

I3

|fχX | dµm +
2ε

3

≤
∫

[a,b]

|fχX | dµm +
2ε

3
.

Since Q is an arbitrary X-tagged min{δ1, δ2}-fine Perron subpartition of

[a, b], (4.2.4) follows; in particular, VHKF (X) is finite.

We next prove that there exists a gauge δ3 on X such that

V (F,X, δ3) ≤ VHKF (X) +
ε

3
(4.2.5)

and ∫

[a,b]

|fχX | dµm ≤ V (F,X,min{δ1, δ2, δ3}) + ε. (4.2.6)

Using the finiteness of VHKF (X) (cf. (4.2.4)), there exists a gauge δ3 on

X such that (4.2.5) holds. If P is an X-tagged min{δ1, δ2, δ3}-fine Perron

subpartition of [a, b], then (4.2.6) is true:
∫

[a,b]

|fχX | dµm <
∑

(t,I)∈P

|f(t)|µm(I) +
ε

3

<
∑

(t,I)∈P

|F (I)|+ 2ε

3

≤ V (F,X,min{δ1, δ2, δ3}) +
2ε

3
.

It is now clear that (4.2.1) follows from (4.2.4), (4.2.5), (4.2.6) and the

arbitrariness of ε. �

The following theorem is an important generalization of Theorem 3.1.3.

Theorem 4.2.3. Let f ∈ HK[a, b], let F be the indefinite Henstock-

Kurzweil integral of f , and assume that the set X ⊆ [a, b] is µm-measurable.

Then fχX ∈ L1[a, b] if and only if VHKF (X) is finite. In this case,
∫

[a,b]

|fχX | dµm = VHKF (X).
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Proof. If fχX ∈ L1[a, b], then it follows from Lemma 4.2.2 that

VHKF (X) is finite and
∫

[a,b]

|fχX | dµm = VHKF (X).

Conversely, suppose that VHKF (X) is finite. For each n ∈ N, we let

Xn = {x ∈ X : |f(x)| ≤ n}.
Since f ∈ HK[a, b], it follows from Theorems 3.6.6, 3.5.11, 3.7.1 and

Lemma 4.2.2 that fχXn
∈ L1[a, b] and

∫

[a,b]

|fχXn
| dµm = VHKF (Xn).

Finally, since f is µm-measurable, supn∈N VHKF (Xn) ≤ VHKF (X) and

VHKF (X) is finite, an application of the Monotone Convergence Theorem

completes the proof. �

In order to proceed further, we need the following notation.

Notation 4.2.4. Let P be any Perron subpartition of [a, b]. For each

(t, [u, v]) ∈ P , we write

Λ(t, [u, v]) = (λ1, . . . , λm),

where

λi =






−1 if ui = ti ∈ (ai, bi),

0 if ti ∈ (ui, vi) or ui = ti = ai or vi = ti = bi,

1 if vi = ti ∈ (ai, bi)

for i = 1, . . . ,m.

We are now ready to state and prove the following important result of

Kurzweil and Jarńık [77].

Theorem 4.2.5. If f ∈ HK[a, b], then there exists a sequence (Xn)
∞
n=1 of

closed sets such that
⋃∞

k=1Xk = [a, b] and the sequence (fχXn
)∞n=1 is in

L1[a, b].

Proof. For ε = 1 we apply the Saks-Henstock Lemma to select a gauge

δ on [a, b] so that

∑

(x,J)∈Q

∣∣∣∣f(x)µm(J)− (HK)

∫

J

f

∣∣∣∣ < 1
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for each δ-fine Perron subpartition Q of [a, b].

For each n ∈ N, we let

Yn =

{
x ∈ [a, b] : |f(x)| < n and δ(x) >

1

n

}
,

and Xn := Yn. In view of Theorem 4.2.3, it suffices to prove that

VHKF (Xn) ≤ 3m(2 + nµm([a, b])).

Let P be an arbitrary Xn-tagged
1
n
-fine Perron subpartition of [a, b].

Since
∑

(t,[u,v])∈P

|F ([u, v])| =
∑

λ∈{−1,0,1}m

∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

|F ([u, v])| ,

it suffices to prove that

max
λ∈{−1,0,1}m

∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

|F ([u,v])| ≤ 2 + nµm([a, b]). (4.2.7)

We first prove that
∑

(t,[u,v])∈P
Λ(t,[u,v])=0

|F ([u, v])| ≤ 1 + nµm([a, b]). (4.2.8)

To prove (4.2.8) we may assume that

P0 := {(t, [u, v]) ∈ P : Λ(t, [u, v]) = 0}
is non-empty. For each (t, [u, v]) ∈ P0 we select and fix a x[u,v] ∈ Yn∩[u, v]
so that {(x[u,v], [u, v]) : (t, [u, v]) ∈ P0} is a Yn-tagged

1
n
-fine, and hence

δ-fine, Perron subpartition of [a, b]. Consequently, (4.2.8) holds:
∑

(t,[u,v])∈P
Λ(t,[u,v])=0

|F ([u, v])|

≤
∑

(t,[u,v])∈P
Λ(t,[u,v])=0

{ ∣∣f(x[u,v])µm([u, v])− F ([u, v])
∣∣+

∣∣f(x[u,v])µm([u, v])
∣∣
}

< 1 + nµm([a, b]).

To complete the proof of (4.2.7), we let λ ∈ {−1, 0, 1}m\{0} and apply

Theorem 2.4.9 to select a sufficiently small η > 0 so that
∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

|F ([u, v])| ≤
∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

|F ([u+ ηλ,v + ηλ])|+ 1,
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t ∈ [u+ ηλ,v + ηλ] ⊂ [a, b] ∩B(t,
1

n
) and Λ(t, [u+ ηλ,v + ηλ]) = 0

for every (t, [u,v]) ∈ P satisfying Λ(t, [u,v]) = λ. In this case, we can

follow the proof of (4.2.8) to obtain
∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

|F ([u + ηλ,v + ηλ])| ≤ 1 + nµm([a, b]).

Combining the above inequalities yields (4.2.7) to be proved. �

Our next aim is to prove some refinements of Theorem 4.2.5. For each

f ∈ HK[a, b], Theorem 2.4.8 tells us that the indefinite Henstock-Kurzweil

integral of f is continuous in the sense that

lim
µm(I)→0

I∈Im([a,b])

(HK)

∫

I

f = 0;

in particular, 0 ≤ ‖f‖HK[a,b] <∞, where

‖f‖HK[a,b] = sup

{ ∣∣∣∣(HK)

∫

I

f

∣∣∣∣ : I ∈ Im([a, b])

}
.

The following result is a reformulation of Theorem 2.4.7.

Theorem 4.2.6. Let f ∈ HK[a, b]. Then for each ε > 0 there exists a

gauge δ on [a, b] such that
∑

(t,I)∈P

‖f(t)− f‖HK(I) < ε

for each δ-fine Perron subpartition P of [a, b].

Lemma 4.2.7. Let f ∈ HK[a, b] and assume that fχX ∈ HK[a, b] for

some non-empty set X ⊆ [a, b]. Then for each ε > 0 there exists a gauge δ

on X such that
∑

(t,I)∈P

‖fχX − f‖HK(I) < ε

for each X-tagged δ-fine Perron subpartition P of [a, b].

Proof. Let ε > 0 be given. Since f ∈ HK[a, b] we use Theorem 4.2.6 to

pick a gauge δ1 on [a, b] so that
∑

(t1,I1)∈P1

‖f(t1)− f ‖HK(I1) <
ε

2
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for each δ1-fine Perron subpartition P1 of [a, b]. Similarly, there exists a

gauge δ2 on X such that
∑

(t2,I2)∈P2

‖f(t2)− fχX‖HK(I2) <
ε

2

for each X-tagged δ2-fine Perron subpartition P2 of [a, b].

Define a gauge δ on X by setting δ(x) = min{δ1(x), δ2(x)}. If P is an

X-tagged δ-fine Perron subpartition of [a, b], then
∑

(t,I)∈P

‖fχX − f ‖HK(I)

≤
∑

(t,I)∈P

‖f(t)− f ‖HK(I) +
∑

(t,I)∈P

‖f(t)− fχX‖HK(I)

< ε.
�

In order to state and prove a modification of Lemma 4.2.7, we need

the following terminology: a real-valued function f is said to be upper

semicontinuous on its domain X ⊆ Rm if it is upper semicontinuous at

each x ∈ X ; that is, for each α > f(x) there exists η > 0 such that

α > f(y) for each y ∈ B(x, η) ∩X .

Using Lemma 4.2.7 and following the proof of Theorem 4.2.5, we get

the following result.

Theorem 4.2.8. Let f ∈ HK[a, b] and assume that fχX ∈ HK[a, b] for

some non-empty closed set X ⊆ [a, b]. Then for each ε > 0 there exists an

upper semicontinuous gauge δ on X such that
∑

(t,I)∈P

‖fχX − f ‖HK(I) < ε

for each X-tagged δ-fine Perron subpartition P of [a, b].

Proof. According to Lemma 4.2.7, for each ε > 0 there exists a gauge ∆

on X such that
∑

(x,J)∈Q

‖fχX − f ‖HK(J) <
ε

3m+1

for each X-tagged ∆-fine Perron subpartition Q of [a, b].

For n = 1, 2, . . . , let

Yn =

{
x ∈ X : ∆(x) ≥ 1

n

}
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and let Xn = Yn. Since X is a closed set, it is clear that (Xn)
∞
n=1 is an

increasing sequence of closed sets and X =
⋃∞

k=1Xk.

Define a gauge δ on X by setting

δ(x) =





1 if x ∈ X1,

min{ 1
1+k

, dist(x, Xk)} if x ∈ Xk+1\Xk for some k ∈ N.

Then δ is upper semicontinuous on X . To this end, we consider any X-

tagged δ-fine Perron subpartition P of [a, b]. Since
∑

(t,[u,v])∈P

‖fχX − f ‖HK[u,v] =
∑

λ∈{−1,0,1}m

∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

‖fχX − f ‖HK[u,v],

it suffices to prove that

max
λ∈{−1,0,1}m

∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

‖fχX − f ‖HK[u,v] <
ε

3m
. (4.2.9)

We first prove that
∑

(t,[u,v])∈P0

‖fχX − f ‖HK[u,v] <
ε

3m+1
, (4.2.10)

where

P0 := {(t, [u, v]) ∈ P : Λ(t, [u, v]) = 0}.
Clearly, we may assume that P0 is non-empty. For each (t, [u, v]) ∈ P0,

we select and fix x[u,v] ∈ Yn ∩ [u, v] so that {(x[u,v], [u, v]) : (t, [u, v]) ∈
P0} is a Yn-tagged

1
n
-fine, and hence ∆-fine, Perron subpartition of [a, b].

Consequently, (4.2.10) holds.

To complete the proof of (4.2.9), we let λ ∈ {−1, 0, 1}m\{0} and use

Theorem 2.4.9 to select a sufficiently small η > 0 so that
∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

‖fχX − f ‖HK[u,v]

≤
∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

‖fχX − f ‖HK[u+ηλ,v+ηλ] +
ε

3m+1

and

t ∈ [u+ ηλ,v + ηλ] ⊂ [a, b] ∩B
(
t,

1

n

)
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for every (t, [u,v]) ∈ P satisfying Λ(t, [u,v]) = λ. Therefore we can argue

as in the proof of (4.2.10) to conclude that

∑

(t,[u,v])∈P
Λ(t,[u,v])=λ

‖fχX − f ‖HK[u+ηλ,v+ηλ] <
ε

3m+1
.

Combining the above inequalities yields (4.2.9) to be proved. �

The following theorem is another refinement of Theorem 4.2.5.

Theorem 4.2.9. If f ∈ HK[a, b], then there exists a sequence (Yn)
∞
n=1

of closed sets such that
⋃∞

k=1 Yk = [a, b], the sequence (fχYn
)∞n=1 is in

L1[a, b], and

lim
n→∞

‖fχYn
− f ‖HK[a,b] = 0.

Proof. Since f ∈ HK[a, b], it follows from Theorem 4.2.5 that there

exists an increasing sequence (Xn)
∞
n=1 of closed sets such that

⋃∞
k=1Xk =

[a, b] and the sequence (fχXn
)∞n=1 is in L1[a, b].

Let n ∈ N be given. For each k ∈ N we use Lemma 4.2.7 to choose a

gauge δk,n on Xk so that

∑

(x1,J1)∈Q1

‖fχXk
− f ‖HK(J1) <

1

n(2k)

for each Xk-tagged δk,n-fine Perron subpartition Q1 of [a, b].

We claim that there exist k(n) ∈ N and a closed set Yn such that

Xn ⊆ Yn ⊆ Xk(n), fχYn
∈ L1[a, b] and

‖fχYn
− f ‖HK[a,b] ≤

1

n
. (4.2.11)

Define a gauge ∆n on [a, b] by setting

∆n(x) =





δn,n(x) if x ∈ Xn,

dist(x, Xk−1) if x ∈ Xk\Xk−1 for some integer k > n,

let Pn be a fixed ∆n-fine Perron partition of [a, b], and let

Yn = Xn ∪
∞⋃

k=n+1

⋃

(t,I)∈Pn

t∈Xk\Xk−1

(I ∩Xk).
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Since (Xn)
∞
n=1 is a sequence of closed sets and card(Pn) is finite, Yn is closed

and Xn ⊆ Yn ⊆ Xk(n) for some k(n) ∈ N. It follows that fχYn
∈ L1[a, b]

and

‖fχYn
− f ‖HK[a,b]

≤
∑

(t,I)∈Pn

t∈Xn

‖fχYn
− f ‖HK(I) +

∞∑

k=n+1

∑

(t,I)∈Pn

t∈Xk\Xk−1

‖fχYn
− f ‖HK(I)

=
∑

(t,I)∈Pn

t∈Xn

‖fχXn
− f ‖HK(I) +

∞∑

k=n+1

∑

(t,I)∈Pn

t∈Xk\Xk−1

‖fχXk
− f ‖HK(I)

≤
∞∑

k=n

1

n(2k)

≤ 1

n
.

Finally, since Xn ⊆ Yn ⊆ Xk(n) for every n ∈ N, we can obtain a

subsequence of (Yn)
∞
n=1, still denoted by (Yn)

∞
n=1, so that Yn ⊆ Yn+1 for all

n ∈ N. This completes the proof of the theorem. �

Remark 4.2.10. The converse of Theorem 4.2.9 is not true; see Example

4.5.5.

4.3 Some necessary and sufficient conditions for Henstock-

Kurzweil integrability

It has been proved in Section 4.2 that if f ∈ HK[a, b], then there exists

a sequence (Xn)
∞
n=1 of closed sets such that

⋃∞
k=1Xk = [a, b] and the

sequence (fχXn
)∞n=1 is in L1[a, b]. However, the converse is not true; see

Remark 4.2.10. In this section we obtain some necessary and sufficient

conditions for a function f to be Henstock-Kurzweil integrable on [a, b].

Theorem 4.3.1. Let f : [a, b] −→ R and suppose that the interval func-

tion F : Im([a, b]) −→ R is additive. Then F is the indefinite Henstock-

Kurzweil integral of f if and only if the following conditions are satisfied:

(i) there exists an increasing sequence (Xn)
∞
n=1 of closed sets such that⋃∞

k=1Xk = [a, b] and the sequence (fχXn
)∞n=1 is in L1[a, b];
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(ii) for each n ∈ N and ε > 0 there exists an upper semicontinuous gauge

δn on Xn such that
∑

(t,[u,v])∈P

∣∣∣∣∣

∫

[u,v]

fχXn
dµm − F ([u, v])

∣∣∣∣∣ < ε

for each Xn-tagged δn-fine Perron subpartition P of [a, b].

Proof. Suppose that f ∈ HK[a, b] and F is the indefinite HK-integral

of f . Then (i) and (ii) follow from Theorems 4.2.5 and 4.2.8 respectively.

Conversely, suppose that (i) and (ii) are satisfied. According to (ii),

given n ∈ N and ε > 0 there exists a gauge ∆n on Xn such that

V (Fn − F,Xn,∆n) <
ε

2n+2
, (4.3.1)

where Fn denotes the indefinite Lebesgue integral of fχXn
. In view of (i)

and the Saks-Henstock Lemma, we may further assume that∑

(t1,I1)∈P1

|fχXn
(t1)µm(I1)− Fn(I1)| <

ε

2n+2
(4.3.2)

for each Xn-tagged ∆n-fine Perron subpartition P1 of [a, b].

Define a gauge δ on [a, b] by setting

δ(x) =






min{∆1(x)} if x ∈ X1,

min{∆n(x), dist(x, Xn−1)} if x ∈ Xn\Xn−1 for some n ∈ N\{1},
and consider an arbitrary δ-fine Perron partition P of [a, b]. According to

our choice of δ, (4.3.2) and (4.3.1), we have∣∣∣∣∣∣

∑

(t,I)∈P

f(t)µm(I) − F ([a, b])

∣∣∣∣∣∣

=

∣∣∣∣∣∣

∑

(t,I)∈P

{
f(t)µm(I)− F (I)

}∣∣∣∣∣∣

≤
∞∑

n=1

∑

(t,I)∈P
t∈Xn\Xn−1

|f(t)µm(I)− F (I)| (where X0 := ∅)

≤
∞∑

n=1

∑

(t,I)∈P
t∈Xn\Xn−1

|f(t)µm(I)− Fn(I)|+
∞∑

n=1

∑

(t,I)∈P
t∈Xn\Xn−1

|Fn(I)− F (I)|

≤
∞∑

n=1

ε

2n+1

< ε.
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Thus f ∈ HK[a, b]. A similar reasoning shows tha F is the indefinite

Henstock-Kurzweil integral of f . �

Remark 4.3.2. Theorem 4.3.1 can be refined; Theorem 5.5.9 tells us that

an additive interval function F : Im([a, b]) −→ R is an indefinite Henstock-

Kurzweil integral if and only if VHKF � µm; that is, the following condition

is satisfied:

VHKF (X) = 0 whenever X ⊂ [a, b] and µm(X) = 0.

4.4 Harnack extension for one-dimensional Henstock-

Kurzweil integrals

The aim of this section is to sharpen the one-dimensional version of Theo-

rem 4.2.9. We begin with the following consequence of Theorem 4.3.1.

Observation 4.4.1. If f ∈ HK[a, b] and F is the indefinite Henstock-

Kurzweil integral of f , then the following properties hold:

(i) there exists an increasing sequence (Xn)
∞
n=1 of closed sets such that⋃∞

k=1Xk = [a, b] and the sequence (fχXn
)∞n=1 is in L1[a, b];

(ii) for each n ∈ N there exists a constant ηn > 0 such that

V (F,Xn, ηn) <∞.

In order to proceed further, we need the following result.

Theorem 4.4.2 ([59, (6.59) Theorem]). If O ⊂ [a, b] is open and

non-empty, then there exists a sequence
(
(un, vn)

)∞
n=1

of pairwise non-

overlapping intervals such that O =
⋃∞

k=1(uk, vk).

The following lemma is an immediate consequence of Observation 4.4.1

and Theorem 4.4.2.

Lemma 4.4.3. If f ∈ HK[a, b], then there exists a sequence
(
(ak, bk)

)∞
k=1

of pairwise disjoint open subintervals of [a, b] such that fχ[a,b]\⋃∞
k=1(ak,bk) ∈

L1[a, b], and the series
∑∞

k=1 ‖f‖HK[ak,bk] converges.

The following theorem shows that the converse of Lemma 4.4.3 holds.
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Theorem 4.4.4 (Harnack extension). Let X ⊂ [a, b] be a closed set and

let {[ak, bk] : k ∈ N} be the collection of pairwise disjoint intervals such that

(a, b)\X =
⋃∞

k=1(ak, bk). If fχX ∈ HK[a, b], f ∈ HK[ak, bk] (k = 1, 2, . . . )

and the series
∑∞

k=1 ‖f‖HK[ak,bk] converges, then f ∈ HK[a, b] and

(HK)

∫ b

a

f = (HK)

∫ b

a

fχX +

∞∑

k=1

(HK)

∫ bk

ak

f.

Proof. Without loss of generality, we may assume that {a, b} ⊆ X and

f(x) = 0 for all x ∈ X .

Let ε > 0. For each k ∈ N we choose a gauge δk on [ak, bk] so that

∑

(tk,[uk,vk])∈Pk

∣∣∣∣f(tk)(vk − uk)− (HK)

∫ vk

uk

f

∣∣∣∣ <
ε

2k+3
(4.4.1)

for each δk-fine Perron subpartition Pk of [ak, bk]. We may further assume

that (ξ − δk(ξ), ξ + δk(ξ)) ⊂ (ak, bk) whenever ξ ∈ (ak, bk). Since the series∑∞
k=1 ‖f‖HK[ak,bk] converges, there exists N ∈ N such that

∞∑

k=N+1

‖f‖HK[ak,bk] <
ε

8
. (4.4.2)

Define a gauge δ on [a, b] by setting

δ(x) =





min{δ1(x), dist(x,
⋃N

k=1[ak, bk]) if x ∈ X\⋃∞
k=1[ak, bk],

min{δk(x), bk−ak

2 } if x ∈ {ak, bk} for some k ∈ {1, . . . , N},

min{δk(x), bk−ak

2 , dist(x,
⋃N

k=1[ak, bk])}

if x ∈ {ak, bk}\
⋃N

k=1[ak, bk] for some integer k > N,

δk(x) if x ∈ (ak, bk) for some k ∈ N,

and let P be any δ-fine Perron partition of [a, b]. For each k ∈ {1, . . . , N}
our choice of δ implies that {(t, [u, v]) ∈ P : t ∈ [ak, bk]} is a δk-fine Perron
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partition of [ak, bk]. Then (4.4.1) and (4.4.2) yield
∣∣∣∣∣∣

∑

(t,[u,v])∈P

f(t)(v − u)−
∞∑

k=1

(HK)

∫ bk

ak

f

∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣∣

∑

(t,[u,v])∈P

t∈⋃N
k=1[ak,bk]

f(t)(v − u)−
N∑

k=1

(HK)

∫ bk

ak

f

∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣

∑

(t,[u,v])∈P
t∈⋃∞

k=N+1(ak,bk)

f(t)(v − u)

∣∣∣∣∣∣∣∣∣

+

∞∑

k=N+1

∣∣∣∣∣(HK)

∫ bk

ak

f

∣∣∣∣∣

<
ε

4
+

∞∑

k=N+1

∣∣∣∣∣∣∣∣

∑

(t,[u,v])∈P
t∈(ak,bk)

f(t)(v − u)

∣∣∣∣∣∣∣∣
+
ε

8
. (4.4.3)

It remains to prove that the right-hand side of (4.4.3) is less than ε.

If {(t, [u, v]) ∈ P : t ∈ (ak, bk)} is non-empty for some k ∈ N, then

{(t, [u, v]) ∈ P : t ∈ (ak, bk)} is a δk-fine Perron subpartition of [ak, bk]

with
⋃

(t,[u,v])∈P
t∈(ak,bk)

[u, v] ∈ I1([ak, bk]).

According to the triangle inequality, (4.4.1) and (4.4.2),

∞∑

k=N+1

∣∣∣∣∣∣∣∣

∑

(t,[u,v])∈P
t∈(ak,bk)

f(t)(v − u)

∣∣∣∣∣∣∣∣

≤
∞∑

k=N+1

∑

(t,[u,v])∈P
t∈(ak,bk)

{ ∣∣∣∣f(t)(v − u)− (HK)

∫ v

u

f

∣∣∣∣+
∞∑

k=N+1

∣∣∣∣(HK)

∫ v

u

f

∣∣∣∣
}

<

∞∑

k=N+1

ε

2k+3
+

∞∑

k=N+1

‖f‖HK[ak,bk]

<
ε

4

and so the right-hand side of (4.4.3) is less than ε. �
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Theorem 4.4.5. Let X be a closed subset of [a, b] and let {[ak, bk] : k ∈
N} be the collection of pairwise disjoint intervals such that (a, b)\X =⋃∞

k=1(ak, bk). If f ∈ HK[a, b] and the series
∑∞

k=1 ‖f‖HK[ak,bk] converges,

then fχX ∈ HK[a, b]. Moreover, for each ε > 0 there exists a constant

gauge η on X such that

∑

(t,[u,v])∈P

∣∣∣∣(HK)

∫ v

u

fχX − (HK)

∫ v

u

f

∣∣∣∣ < ε

for each X-tagged η-fine Perron subpartition P of [a, b].

Proof. The first assertion fχX ∈ HK[a, b] is a consequence of Harnack

extension. To prove the second assertion we let ε > 0 and select N ∈ N so

that

∞∑

k=N+1

‖f‖HK[ak,bk] <
ε

4
.

Next we use Theorem 1.4.5 to select an η > 0 so that
∣∣∣∣(HK)

∫ v

u

f

∣∣∣∣ <
ε

4N

whenever [u, v] ⊆ [a, b] and v − u < η.

Let P be any X-tagged η-fine Perron subpartition of [a, b]. Since each

interval [ak, bk] has two endpoints, it follows from Harnack extension and

triangle inequality that

∑

(t,[u,v])∈P

∣∣∣∣(HK)

∫ v

u

(f − fχX)

∣∣∣∣

≤
N∑

k=1

∑

(t,[u,v])∈P

∣∣∣∣(HK)

∫ v

u

fχ[ak,bk]

∣∣∣∣+ 2

∞∑

k=N+1

‖f‖HK[ak,bk]

<
2Nε

4N
+

2ε

4
= ε.

�

Theorem 4.4.6. If f ∈ HK[a, b], then

(i) there exists an increasing sequence (Xn)
∞
n=1 of closed sets whose union

is [a, b];

(ii) the sequence (fχXn
)∞n=1 is in L1[a, b];
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(iii) for each n ∈ N we have
p∑

i=1

∣∣∣∣
∫ vi

ui

fχ
Xn

dµ1 − (HK)

∫ vi

ui

f

∣∣∣∣ ≤
1

n2

whenever [u1, v1], . . . , [up, vp] are non-overlapping subintervals of [a, b]

with [ui, vi] ∩Xn 6= ∅ for i = 1, . . . , p.

Proof. First we infer from Observation 4.4.1 and Theorem 4.4.5 that

there exists an increasing sequuence (Yk)
∞
k=1 of closed sets such that⋃∞

k=1 Yk = [a, b] and the sequence (fχYn
)∞n=1 is in L1[a, b].

Let n ∈ N be given. For each k ∈ N, we invoke Theorem 4.4.5 to select

a constant gauge ηk,n on Yk such that
∑

(t0,I0)∈P0

∣∣∣∣
∫

I0

fχYk
dµ1 − (HK)

∫

I0

f

∣∣∣∣ <
1

5n2(2k)

whenever P0 is a Yk-tagged ηk,n-fine Perron subpartition of [a, b]. Next we

define a gauge δn on [a, b] by setting

δn(x) =

{
ηn,n if x ∈ Yn,

min{ηk,n, dist(x, Yk)} if x ∈ Yk+1\Yk for some integer k ≥ n,

and use Cousin’s Lemma to fix a δn-fine Perron partition Pn of [a, b]. Set

Xn := Yn ∪
∞⋃

k=n

⋃

(xn,Jn)∈Pn

Jn∩Yk+1 6=∅
Jn∩Yk=∅

(Jn ∩ Yk+1).

Since Pn is a finite collection of point-interval pairs and each Yk is closed,

we conclude that Xn is closed. Furthermore, if [u1, v1], . . . , [up, vp] is a finite

sequence of non-overlapping subintervals of [a, b] satisfying [uk, vk]∩Xn 6= ∅
for k = 1, . . . , p, we have

p∑

k=1

∣∣∣∣
∫ vk

uk

fχXn
dµ1 − (HK)

∫ vk

uk

f

∣∣∣∣

=

p∑

k=1

∑

(t,I)∈Pn

I∩Ik 6=∅

∣∣∣∣∣

∫

I∩[uk,vk]

fχXn
dµ1 − (HK)

∫

I∩[uk,vk]

f

∣∣∣∣∣

<

p∑

k=1

1

n22k
(since each interval [uk, vk] has two endpoints)

<
1

n2
.

It is now easy to see that there exists a subsequence of (Xn)
∞
n=1, denoted

again by (Xn)
∞
n=1, such that

⋃∞
k=1Xk = [a, b]. �
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Let f and (Xn)
∞
n=1 be given as in Theorem 4.4.6. In order to prove a

theorem concerning (fχXn
)∞n=1, we need the following definition.

Definition 4.4.7. A sequence (fn)
∞
n=1 in HK[a, b] is said to be Henstock-

Kurzweil equi-integrable on [a, b] if for each ε > 0 there exists a gauge δ,

independent of n, on [a, b] such that

sup
n∈N

∣∣∣∣∣S(fn, P )− (HK)

∫ b

a

fn

∣∣∣∣∣ < ε

for each δ-fine Perron partition P of [a, b].

Theorem 4.4.8. Let f : [a, b] −→ R and let (fn)
∞
n=1 be a sequence of

Henstock-Kurzweil equi- integrable functions on [a, b]. If fn → f pointwise

on [a, b], then f ∈ HK[a, b] and

lim
n→∞

‖fn − f‖HK[a,b] = 0. (4.4.4)

Proof. Let ε > 0 be given. Since (fn)
∞
n=1 is a sequence of Henstock-

Kurzweil equi- integrable functions on [a, b], we can follow the proof of

Theorem 2.4.7 to choose a gauge δ, independent of n, on [a, b] such that

sup
n∈N

∑

(t,[u,v])∈P

‖fn(t)− fn‖HK[u,v] <
ε

3
(4.4.5)

for each δ-fine Perron subpartition P of [a, b].

According to Cousin’s Lemma we may fix a δ-fine Perron partition P0

of [a, b]. Since fn → f pointwise on [a, b], we may choose and fix N ∈ N so

that
∑

(t,[u,v])∈P0

‖fn(t)− fp(t)‖HK[u,v] <
ε

3
(4.4.6)

for all integers n, p ≥ N . Consequently, (4.4.5) and (4.4.6) give

‖fn − fp‖HK[a,b]

≤
∑

(t,[u,v])∈P0

‖fn(t)− fp(t)‖HK[u,v] +
∑

(t,[u,v])∈P0

‖fn(t)− f‖HK[u,v]

+
∑

(t,[u,v])∈P0

‖fp(t)− f‖HK[u,v]

< ε
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for all integers n, p ≥ N . By the completeness of R, there exists a function

F : [a, b] −→ R such that

lim
n→∞

sup
x∈[a,b]

∣∣∣∣(HK)

∫ x

a

fn(t) dt− F (x)

∣∣∣∣ = 0. (4.4.7)

Therefore (4.4.5) yields

∑

(t,[u,v])∈P

|f(t)(v − u)− (F (v)− F (u))| ≤ ε

3
< ε

for every δ-fine Perron subpartition P of [a, b]; in particular, f ∈ HK[a, b]

and F (x) = (HK)
∫ x

a
f(t) dt for every x ∈ [a, b]. It is now easy to see that

(4.4.7) implies (4.4.4). The proof is complete. �

Corollary 4.4.9. Let (fn)
∞
n=1 be a sequence in HK[a, b] and suppose that

fn → f uniformly on [a, b]. Then f ∈ HK[a, b] and

lim
n→∞

‖fn − f‖HK[a,b] = 0.

Proof. Exercise. �

Theorem 4.4.10. If f ∈ HK[a, b], then there exists an increasing sequence

(Xn)
∞
n=1 of closed sets such that

⋃∞
k=1Xk = [a, b], the sequence (fχXn

)∞n=1

is in L1[a, b], and (fχXn
)∞n=1 is Henstock-Kurzweil equi-integrable on [a, b].

Proof. Let X1, X2, . . . be given as in Theorem 4.4.6 and let ε > 0 be

given. For each k ∈ N we choose a gauge δk on [a, b] such that

∑

(tk,Ik)∈Qk

∣∣∣∣f(tk)χXk
(tk)µ1(Ik)−

∫

Ik

fχXk
dµ1

∣∣∣∣ <
ε

2k+2

for each δk-fine Perron subpartition Qk of [a, b]. We may further assume

that for each x ∈ [a, b], the sequence (δk(x))
∞
k=1 is non-increasing.

Let N ≥ 2 be a fixed integer such that

∞∑

k=N

1

k2
<
ε

4
,

let
(
[cN,k, dN,k]

)∞
k=1

be the sequence of subintervals of [a, b] such that

(a, b)\XN =
⋃∞

k=1(cN,k, dN,k), and let η =
1

4
min

k=1,...,N
(dN,k − cN,k). Next
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we define a gauge δ on [a, b] by setting

δ(x) =






min{δN (x), η} if x ∈ X1,

min{δN (x), dist(x,Xk−1), η}

if x ∈ Xk\Xk−1 for some k ∈ {2, . . . , N},

min{δk(x), dist(x,Xk−1), η}

if x ∈ Xk\Xk−1 for some integer k > N .

Let P be a δ-fine Perron partition of [a, b] and let

N0 = max{k ∈ N : (t, [u, v]) ∈ P with t ∈ Xk}.
According to our choice of η and δ, any δ-fine cover of XN cannot be a

cover of [cN,k, dN,k] for k = 1, . . . , N . It follows that N0 > N .

The following claims will enable us to prove that (fχXn
)∞n=1 is Henstock-

Kurzweil equi-integrable on [a, b].

Claim 1:
∑

(t,[u,v])∈P

∣∣f(t)(v − u)− (HK)
∫ v

u
f
∣∣ < ε

2 .

Indeed, we have
∑

(t,[u,v])∈P

∣∣∣∣f(t)(v − u)− (HK)

∫ v

u

f

∣∣∣∣

≤
∑

(t,[u,v])∈P
t∈XN

∣∣∣∣f(t)(v − u)−
∫ v

u

fχXN
dµ1

∣∣∣∣

+
∑

(t,[u,v])∈P
t∈XN

∣∣∣∣
∫ v

u

fχXN
dµ1 − (HK)

∫ v

u

f

∣∣∣∣

+

N0∑

k=N+1

∑

(t,[u,v])∈P
t∈Xk\Xk−1

∣∣∣∣f(t)(v − u)−
∫ v

u

fχXk
dµ1

∣∣∣∣

+

N0∑

k=N+1

∣∣∣∣
∫ v

u

fχXk
dµ1 − (HK)

∫ v

u

f

∣∣∣∣

<
ε

2N+2
+

1

N2
+

N0∑

k=N+1

ε

2k+2
+

N0∑

k=N+1

1

k2

<
ε

2
,
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and claim 1 is established.

Claim 2: If n ∈ {1, . . . , N}, then
∑

(t,[u,v])∈P

∣∣∣∣f(t)χXn
(t)(v − u)−

∫ v

u

fχXn
dµ1

∣∣∣∣ <
ε

2n+2
.

Let n ∈ {1, . . . , N} be given. According to our definition of δ, we have

(ξ − δ(ξ), ξ + δ(ξ)) ⊂ (a, b)\Xn whenever ξ 6∈ Xn. Thus
∑

(t,[u,v])∈P

∣∣∣∣f(t)χXn
(t)(v − u)−

∫ v

u

fχXn
dµ1

∣∣∣∣

=
∑

(t,[u,v])∈P
t∈Xn

∣∣∣∣f(t)χXn
(t)(v − u)−

∫ v

u

fχXn
dµ1

∣∣∣∣

<
ε

2n+2
,

which proves claim 2.

Claim 3: For each n ∈ N satisfying n > N , we have
∑

(t,[u,v])∈P

∣∣∣∣f(t)χXn
(t)(v − u)−

∫ v

u

fχXn
dµ1

∣∣∣∣ < ε.

Indeed,
∑

(t,[u,v])∈P

∣∣∣∣f(t)χXn
(t)(v − u)−

∫ v

u

fχXn
dµ1

∣∣∣∣

=
∑

(t,[u,v])∈P
t∈Xn

∣∣∣∣f(t)χXn
(t)(v − u)−

∫ v

u

fχXn
dµ1

∣∣∣∣

+
∑

(t,[u,v])∈P
t6∈Xn

∣∣∣∣f(t)χXn
(t)(v − u)−

∫ v

u

fχXn
dµ1

∣∣∣∣

≤
∑

(t,[u,v])∈P
t∈Xn

∣∣∣∣f(t)(v − u)− (HK)

∫ v

u

f

∣∣∣∣

+
∑

(t,[u,v])∈P
t∈Xn

∣∣∣∣
∫ v

u

fχXn
dµ1 − (HK)

∫ v

u

f

∣∣∣∣

<
ε

2
+

∞∑

k=N

1

k2
(by claim 1)

< ε
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by our choice of N . It follows that claim 3 holds.

Combining claims 1, 2 and 3, we conclude that (fχXn
)∞n=1 is Henstock-

Kurzweil equi-integrable on [a, b]. The proof is complete. �

Definition 4.4.7 and Theorem 4.4.8 translate verbatim to the higher-

dimensional Henstock-Kurzweil integral. On the other hand, since the proof

of Theorem 4.4.10 depends on Theorems 4.4.5 and 4.4.6 concerning one-

dimensional Henstock-Kurzweil integrals, it is unclear whether Theorem

4.4.10 holds true for higher-dimensional Henstock-Kurzweil integrals.

4.5 Other results concerning one-dimensional Henstock-

Kurzweil integral

The aim of this section is to present some results concerning the space

HK[a, b]. Before we present a generalization of Theorem 1.2.5, we need the

following notation.

Notation 4.5.1. For any function F : [a, b] −→ R we define an interval

function ∆F : I1([a, b]) −→ R by setting

∆F ([u, v]) = F (v)− F (u).

The following theorem is a generalization of Theorem 1.2.5.

Theorem 4.5.2. Let F : [a, b] −→ R. The following conditions are equiv-

alent.

(i) There exists f ∈ HK[a, b] such that F (x) − F (a) = (HK)
∫ x

a
f for all

x ∈ [a, b].

(ii) VHK∆F � µ1 and there exists a µ1-negligible set Z ⊂ [a, b] such that

F ′(x) = f(x) for all x ∈ [a, b]\Z.

Proof. (i) =⇒ (ii) This follows from Theorems 4.2.3 and 3.6.6.

(ii) =⇒ (i) Let

f(x) =

{
F ′(x) if x ∈ [a, b]\Z,
0 if x ∈ Z,

and let ε > 0. According to the definition of Z, there exists a gauge δ1 on

[a, b]\Z such that

|f(t)µ1(I)−∆F (I)| <
ε

2(b− a)
µ1(I)
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for each I ∈ I1([a, b]) satisfying t ∈ I\Z and I ⊆ (t− δ1(t), t+ δ1(t))∩ [a, b].

Since VHK∆F � µ1, there exists a gauge δ2 on Z such that

V (∆F , Z, δ2) <
ε

2
.

Define a gauge δ : [a, b] −→ R+ by setting

δ(x) =

{
δ1(x) if x ∈ [a, b]\Z,
δ2(x) if x ∈ Z,

and let P be any δ-fine Perron partition of [a, b]. Then
∣∣∣∣∣∣

∑

(t,[u,v])∈P

f(t)(v − u)− (F (b)− F (a))

∣∣∣∣∣∣

≤
∑

(t,[u,v])∈P
t∈[a,b]\Z

|f(t)(v − u)− (F (v)− F (u))|+
∑

(t,[u,v])∈P
t∈Z

|F (v)− F (u)|

< ε.

Since ε > 0 is arbitrary, we conclude that f ∈ HK[a, b]. A similar argument

shows that F (x) − F (a) = (HK)
∫ x

a
f for all x ∈ [a, b]. �

Theorem 4.5.3. Let F : [a, b] −→ R be a function such that VHK∆F �
µ1, and let (δn)

∞
n=1 be a sequence of positive numbers. If there exists an

increasing sequence (Yn)
∞
n=1 of closed sets such that

⋃∞
k=1 Yk = [a, b] and

V (∆F , Yn, δn) is finite for n = 1, 2, . . . , then there exists f ∈ HK[a, b] such

that F (x)− F (a) = (HK)
∫ x

a
f for all x ∈ (a, b].

Proof. In view of Theorem 4.5.2, it suffices to prove that F ′(x) exists for
µ1-almost all x ∈ [a, b].

Let n ∈ N be given. By Theorem 4.4.2, there exists a sequence(
(ck, dk)

)∞
k=1

of pairwise disjoint open intervals such that (a, b)\Yn =⋃∞
k=1(ck, dk). Next we define

G(x) =





inft∈[ck,dk] F (t)− F (a) if x ∈ (ck, dk) for some k ∈ N,

F (x)− F (a) if x ∈ Yn.

H(x) =





supt∈[ck,dk] F (t)− F (a) if x ∈ (ck, dk) for some k ∈ N,

F (x)− F (a) if x ∈ Yn.

Then it is easy to see that G,H ∈ BV [a, b], G(x) = H(x) = F (x) − F (a)

for all x ∈ Yn, and G(t) ≤ F (t) − F (a) ≤ H(t) for all t ∈ [a, b]. Since
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G,H ∈ BV [a, b], an application of Theorem 3.11.6 shows that G and H are

differentiable µ1-almost everywhere on [a, b] and

F ′(x) = G′(x) = H ′(x)

for µ1-almost all x ∈ Yn. Since n ∈ N is arbitrary, the theorem is proved.

�

In order to proceed further, we need the following construction.

Example 4.5.4. Let c ∈ [0, 1), let δn = 1−c
3 (23 )

n−1 for n = 1, 2, . . . , and let

X1 = [0, 1]. We will first construct a decreasing sequence (Xn)
∞
n=1 of closed

sets so that the following properties hold for all positive integers n ≥ 2:

(i)n the set Xn is the union of 2n−1 disjoint closed intervals In,1, . . . , In,2n−1 ;

(ii)n µ1(In,k) =
1

2n−1 (1 −
∑n−1

k=1 δk) for every k = 1, . . . , 2n−1.

We will first construct the set X2 with the required properties. We

delete the open interval (u1,1, v1,1) := (1−δ1
2 , 1+δ1

2 ) from [0, 1] and let X2 =

[0, 1]\(1−δ1
2 , 1+δ1

2 ). Then properties (i)2 and (ii)2 hold.

Now suppose that properties (i)N and (ii)N hold for some N ∈
N\{1}. For each k ∈ {1, . . . , 2N−1}, we delete an open interval

(uN,k, vN,k) from IN,k to obtain two disjoint closed intervals IN+1,2k−1

and IN+1,2k such that IN,k\(uN,k, vN,k) = IN+1,2k−1 ∪ IN+1,2k and

µ1(IN+1,2k−1) = µ1(IN+1,2k) = 1
2N (1 − ∑N

k=1 δk). Then

XN+1 :=
⋃2N+1

k=1 IN+1,k is a closed set satisfying properties (i)N+1 and

(ii)N+1.

By induction, properties (i)n and (ii)n hold for all n ∈ N. The set

C :=
⋂∞

k=1Xk is a closed set with µ1(C) = c. This set C is known as

the Cantor set. A simple application of Cousin’s Lemma shows that C is

non-empty.

A sequence (hn)
∞
n=1 in HK[a, b] is said to converge to h ∈ HK[a, b]

if limn→∞ ‖hn − h‖HK[a,b] = 0. Although the convergence of (hn)
∞
n=1 in

HK[a, b] implies that ‖hn − hp‖HK[a,b] → 0 as n, p → ∞, the converse is

false. In this case, we say that the space HK[a, b] is not complete.



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

Further properties of Henstock-Kurzweil integrable functions 131

Example 4.5.5. The space HK[0, 1] is not complete.

Proof. Let C be constructed as in Example 4.5.4 so that µ1(C) = 0 and

(0, 1)\C =
⋃∞

n=1

⋃2n−1

k=1 (un,k, vn,k). Define the function f : [0, 1] −→ R by

setting

f(x) =





1

n(vn,k − un,k)
sin

(
2π(x− un,k)

vn,k − un,k

)

if x ∈ [un,k, vn,k] for some n ∈ N and k ∈ {1, . . . , 2n−1},

0 if x ∈ C.

For each N ∈ N, let

fN =
N∑

n=1

2n−1∑

k=1

fχJ(n,k), where J(n, k) := [un,k, vn,k].

Since ‖f‖HK(J(n,k)) = 1
2πn and

∫
J(n,k) f = 0 whenever n ∈ N and

k ∈ {1, . . . , 2n−1}, we conclude that ‖fn − fp‖HK[0,1] → 0 as n, p→ ∞.

It remains to prove that the sequence (fn)
∞
n=1 does not converge in

the space HK[0, 1]. Proceeding towards a contradiction, suppose that this

sequence converges to some g ∈ HK[0, 1]. Clearly, g = f µ1-almost every-

where on [0, 1]. Since C is closed with µ1(C) = 0, it follows from Theorem

4.2.8 that there exists an upper semicontinuous gauge δ on C such that

V (∆F , C, δ) < 1,

where F (x) := (HK)
∫ x

a
g for each x ∈ [a, b].

For each n ∈ N, let Cn = {x ∈ C : δ(x) ≥ 1
n
}. According to The-

orem 4.1.2 and the construction of C, there exist an integer N ≥ 4 and

[c, d] ∈ {IN,1, . . . , IN,2N−1} such that µ1([c, d]) ≤ 1
2N−1 ≤ 1

2N and

CN ∩ [c, d] = C ∩ [c, d]. Also, for each q ∈ N ∪ {0} the interval [c, d]

contains 2q intervals from the set {J(N + q, k) : k = 1, . . . , 2N+q−1}, and
⋃2N+q−1

k=1 {uN+q,k, vN+q,k} ⊂ C. Since N ≥ 4, we get

V (∆F , C, δ) ≥
1

2

N∑

k=1

2k−1

N + k − 1
≥ 2N − 1

2(2N − 1)
≥ 1,

a contradiction. �

Corollary 4.5.6. Let C be given as in Example 4.5.4. Then C is uncount-

able.
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Proof. If µ1(C) > 0, then C is uncountable. Henceforth, we suppose

that µ1(C) = 0. Proceeding towards a contradiction, suppose that C is

countable. Let F be given as in Example 4.5.5. Since C is assumed to

be countable, the continuity of F implies VHK∆F (C) = 0. On the other

hand, since VHK∆F (C) = 0 and F ′(t) exists for all t ∈ (0, 1)\C, we infer

from Theorem 4.5.2 that F is the indefinite HK-integral of some function

f ∈ HK[0, 1], contrary to Example 4.5.5. This contradiction shows that C

must be uncountable. �

Exercise 4.5.7. Let C, (Xn)
∞
n=1 and (δn)

∞
n=1 be given as in Example

4.5.5. Show that there exists a sequence (Fn)
∞
n=1 in AC[0, 1] such that

maxx∈[0,1] |Fn(x)− FN (x)| → 0 as n,N → ∞. However, the limiting func-

tion F is not AC[0, 1]. This function is known as the Cantor singular

function.

Let ∆[a, b] be the space of differentiable functions on [a, b], and let

∆′[a, b] be the space of derivatives on [a, b].

Example 4.5.8. Let C ⊂ [0, 1] be the Cantor set and let
(
(ck, dk)

)∞
k=1

be the sequence of pairwise disjoint open intervals such that (0, 1)\C =⋃∞
k=1(ck, dk). For each α > 1 the function Fα : [0, 1] −→ R is given by

Fα(x) =






(x− ck)
2(dk − x)2 sin

1

(x− ck)α(dk − x)α

if x ∈ (ck, dk) for some k ∈ N,

0 if x ∈ C.

Then Fα ∈ ∆[0, 1]. Furthermore, the following statements are true.

(i) F ′
1 ∈ L∞[0, 1]\C[0, 1].

(ii) F ′
3
2

∈ L1[0, 1]\L∞[0, 1].

(iii) F ′
2 ∈ HK[0, 1]\L1[0, 1].

(iv) If µ1(C) > 0, then F ′
2 ∈ ∆′[0, 1]\R[0, 1].

Proof. Exercise. �

4.6 Notes and Remarks

The proof of Theorem 4.1.3 is due to Lee [97]. Several related results have

been established in [23, 24, 98].
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Lemma 4.2.2 and Theorem 4.2.3 are due to Lee [91, 102]. For a more

general version of Theorem 4.2.5, see [77, Theroem 2.10]. The present proof

of Theorem 4.2.9 is taken from the paper [111].

Sections 4.3 and 4.4 are based on the papers [91] and [90] respectively.

For the equivalence of Theorem 4.4.8 with the Controlled Convergence The-

orem ([85, Theorem 7.6]), see [77].

Example 4.5.8 is essentially due to Bullen [27]. Further examples of

Henstock-Kurzweil integrable functions can be found in [17, 20, 69].
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Chapter 5

The Henstock variational measure

The main aim of this chapter is to obtain a simple characterization of

additive interval functions that are indefinite Henstock-Kurzweil integrals;

see Theorem 5.5.9 for details. In order to prove this result, it is necessary

to have a better understanding of the Henstock variational measure. We

begin with a special case of the Henstock variational measure.

5.1 Lebesgue outer measure

For any set X ⊆ [a, b], we let

µ∗
m(X) = inf

δ
sup
P

∑

(t,I)∈P

µm(I),

where δ is a gauge on X , and P is an X-tagged δ-fine Perron subpartition

of [a, b]. The following lemma is a special case of Lemma 4.2.2.

Lemma 5.1.1. If X ⊆ [a, b] is µm-measurable, then µ∗
m(X) = µm(X).

The proof of the following result is left to the reader.

Theorem 5.1.2. If Y ⊆ Z ⊆ [a, b], then µ∗
m(Y ) ≤ µ∗

m(Z).

The following theorem is the main result of this section.

Theorem 5.1.3. If X ⊆ [a, b], then

µ∗
m(X) = inf

{ ∞∑

k=1

µm((uk,vk)) : X ⊆
∞⋃

k=1

(uk,vk)

}
.

135
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Proof. First we observe that if
(
(uk,vk)

)∞
k=1

is any sequence of open

intervals such that X ⊆ ⋃∞
k=1(uk,vk), then Theorem 5.1.2, Lemma 5.1.1,

and the countable subadditivity of µm yield

µ∗
m(X) ≤ µ∗

m

( ∞⋃

k=1

(uk,vk)

)
= µm

( ∞⋃

k=1

(uk,vk)

)
≤

∞∑

k=1

µm((uk,vk)).

Thus

µ∗
m(X) ≤ inf

{ ∞∑

k=1

µm((uk,vk)) : X ⊆
∞⋃

k=1

(uk,vk)

}
.

It remains to prove that the reverse inequality holds. To do this, we let

ε > 0 and follow the proof of Theorem 3.4.2 to construct a bounded open

set Gε such that Gε ⊇ X and

µm(Gε) < µ∗
m(X) +

ε

2
.

Next we apply Theorem 3.3.18 to select a sequence
(
(sk, tk)

)∞
k=1

of open

intervals such that
∞∑

k=1

µm((sk, tk)) < µm(Gε) +
ε

2
.

Consequently,

inf

{ ∞∑

k=1

µm((uk,vk)) : X ⊆
∞⋃

k=1

(uk,vk)

}
< µ∗

m(X) + ε,

and the desired inequality follows from the arbitrariness of ε. �

Remark 5.1.4. For each set X ⊆ [a, b], the Lebesgue outer measure of X

is defined by

inf

{ ∞∑

k=1

µm((uk,vk)) : X ⊆
∞⋃

k=1

(uk,vk)

}
.

Theorem 5.1.3 tells us that µ∗
m(X) is precisely the Lebesgue outer measure

of X .

Theorem 5.1.5. If X1 and X2 are subsets of [a, b], then

µ∗
m(X1 ∪X2) ≤ µ∗

m(X1) + µ∗
m(X2).

Proof. Exercise. �
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Theorem 5.1.6. If X ⊆ [a, b], then there exists a µm-measurable set X0

such that X ⊆ X0 ⊆ [a, b] and µm(X0 ∩ Y ) = µ∗
m(X ∩ Y ) for every µm-

measurable set Y ⊆ [a, b].

Proof. For each n ∈ N we apply Theorem 5.1.3 to select a bounded open

set Gn ⊇ X such that

µm(Gn) < µ∗
m(X) +

1

n
.

Set X0 =
⋂∞

n=1Gn. Then X0 is a µm-measurable set with

X ⊆ X0 ⊆ [a, b] and µm(X0) = µ∗
m(X):

µ∗
m(X) ≤ µm(X0) ≤ lim inf

n→∞
µm(Gn) ≤ lim

n→∞
(µ∗

m(X) +
1

n
) = µ∗

m(X).

It remains to prove the last assertion of the theorem. Let Y ⊆ [a, b]

be any µm-measurable set. Since X ⊆ X0 ⊆ [a, b] with µm(X0) = µ∗
m(X),

it follows from Theorem 5.1.2, Lemma 5.1.1 and Theorem 5.1.5 that

µm(X0 ∩ Y ) = µ∗
m(X ∩ Y ):

µ∗
m(X ∩ Y ) ≤ µm(X0 ∩ Y )

= µm(X0)− µm(X0\Y )

≤ µ∗
m(X)− µ∗

m(X\Y )
≤ µ∗

m(X ∩ Y ). �

Theorem 5.1.7. Let X ⊆ [a, b]. The following statements are equivalent.

(i) X is µm-measurable.

(ii) µ∗
m(A) = µ∗

m(A ∩X) + µ∗
m(A\X) for every set A ⊆ [a, b].

Proof. (i) =⇒ (ii) For any set A ⊆ [a, b], we use Theorem 5.1.6

to choose a µm-measurable set A0 such that A ⊆ A0 ⊆ [a, b] and

µm(A0 ∩ Y ) = µ∗
m(A ∩ Y ) for every µm-measurable set Y ⊆ [a, b]. Thus

µ∗
m(A) = µm(A0) = µm(A0 ∩X) + µm(A0\X) = µ∗

m(A ∩X) + µ∗
m(A\X).

Conversely, suppose that (ii) holds. By Theorem 5.1.6, there exists a

µm-measurable set X0 such that X ⊆ X0 ⊆ [a, b] and µm(X0) = µ∗
m(X).

Hence, using the equality µm(X0) = µ∗
m(X) and (ii) with A = X0, we get

µ∗
m(X0\X) = µm(X0)− µ∗

m(X) = 0

and so X0\X is µm-measurable. Since X0 is also µm-measurable, we con-

clude that X = X0\(X0\X) is µm-measurable too. �

Remark 5.1.8. According to Theorem 3.3.23, µm is countably additive.

On the other hand, µ∗
m is not countable additive. See, for example, [143,

p.66].
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5.2 Basic properties of the Henstock variational measure

In this section we will prove some basic measure-theoretic properties of the

Henstock variational measure. We begin with the following result.

Theorem 5.2.1. Let F : Im([a, b]) −→ R. Then the following statements

are true.

(i) VHKF (∅) = 0.

(ii) If X ⊆ Y ⊆ [a, b], then VHKF (X) ≤ VHKF (Y ).

(iii) If (Xn)
∞
n=1 is a sequence of subsets of [a, b], then

VHKF (
⋃∞

k=1Xk) ≤
∑∞

k=1 VHKF (Xk).

(iv) If X,Y ⊆ [a, b] are non-empty sets with dist(X,Y ) > 0, then

VHKF (X ∪ Y ) = VHKF (X) + VHKF (Y ).

Proof. Statements (i) and (ii) are clearly true.

To prove (iii), we may further assume that each Xk is non-empty, the

series
∑∞

k=1 VHKF (Xk) converges, and Xi ∩Xj = ∅ whenever i and j are

distinct positive integers. For each k ∈ N there exists a gauge δk on Xk

such that

V (F,Xk, δk) < VHKF (Xk) +
ε

2k
.

Define a gauge δ on
⋃∞

k=1Xk by setting

δ(x) = δk(x) (x ∈ Xk),

and select an arbitrary (
⋃∞

k=1Xk)-tagged δ-fine Perron subpartition of

[a, b]. Then

V (F,

∞⋃

k=1

Xk, δ) ≤
∞∑

k=1

V (F,Xk, δk)

<

∞∑

k=1

(
VHKF (Xk) +

ε

2k
)

≤
∞∑

k=1

VHKF (Xk) + ε.

Since ε > 0 is arbitrary, we get (iii).

To prove (iv), we let X,Y ⊆ [a, b] be non-empty sets with

dist(X,Y ) > 0, and let ε > 0. Then there exists a gauge δ1 on X such

that

V (F,X, δ1) <
∑

(t1,I1)∈P1

|F (I1)|+
ε

3
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for some X-tagged δ1-fine Perron subpartition P1 of [a, b]. Similarly, there

exists a gauge δ2 on Y such that

V (F, Y, δ2) <
∑

(t2,I2)∈P2

|F (I2)|+
ε

3

for some Y -tagged δ2-fine Perron subpartition P2 of [a, b]. We also choose

a gauge δ3 on X ∪ Y so that

V (F,X ∪ Y, δ3) < VHKF (X ∪ Y ) +
ε

3
.

Since dist(X,Y ) > 0, we can define a gauge δ on X by setting

δ(x) =






min{δ1(x), δ3(x), dist(X,Y )} if x ∈ X ,

min{δ2(x), δ3(x), dist(X,Y )} if x ∈ Y .

Then

VHKF (X) + VHKF (Y ) ≤
∑

(t1,I1)∈P1

|F (I1)|+
ε

3
+

∑

(t2,I2)∈P2

|F (I2)|+
ε

3

≤ V (F,X ∪ Y, δ) + 2ε

3
< VHKF (X ∪ Y ) + ε.

Since ε > 0 is arbitrary, we conclude that

VHKF (X) + VHKF (Y ) ≤ VHKF (X ∪ Y ).

Combining the last inequality with (iii), we get (iv). �

According to Remark 5.1.8, µ∗
m is not countably additive. Thus, VHKF

cannot be countably additive. Our aim is to describe a sufficiently large

class B of subsets of [a, b] such that

VHKF

( ∞⋃

k=1

Yk

)
=

∞∑

k=1

VHKF (Yk)

for every pairwise disjoint sequence (Yn)
∞
n=1 of sets belonging to B. We

begin with the following lemma.

Lemma 5.2.2. Let F : Im([a, b]) −→ R. If X ⊆ [a, b] is closed, then

VHKF (A) = VHKF (A ∩X) + VHKF (A\X)

for every set A ⊆ [a, b].
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Proof. Let A ⊆ [a, b]. In view of Theorem 5.2.1(iii), we may suppose

that VHKF (A) is finite. For each n ∈ N, let

An =

{
x ∈ A : dist(x, X) ≥ 1

n

}
.

Since X is closed and the sequence ( 1
n
)∞n=1 is decreasing, we conclude that

An ⊆ An+1 ⊆ A\X for all n ∈ N.

We next establish the inequality

lim
n→∞

VHKF (An) = VHKF (A\X). (5.2.1)

To prove (5.2.1), we need to prove that

VHKF (An+1) =

n∑

k=0

VHKF (Ak+1\Ak) for all n ∈ N, (5.2.2)

where A0 := ∅. To do this, we let n ∈ N and observe that if j and k are

integers satisfying 0 ≤ j < k ≤ n and Aj+1\Aj 6= ∅ 6= Ak+1\Ak, then

dist(Ak+1\Ak, Aj+1\Aj) ≥ dist(Ak+1\Ak, Aj+1)

≥ dist(Aj+1, X)− dist(Ak+1\Ak, X)

>
1

j + 1
− 1

k
≥ 0

and so (5.2.2) follows from Theorem 5.2.1(iv). Therefore, the obvious

equality A\X =
⋃∞

k=0(Ak+1\Ak), Theorem 5.2.1(iii), (5.2.2), and Theo-

rem 5.2.1(ii) give (5.2.1):

VHKF (A\X) ≤
∞∑

k=0

VHKF (Ak+1\Ak) = lim
n→∞

VHKF (An+1) ≤ VHKF (A\X).

Finally, since dist(An, A ∩ X) ≥ dist(An, X) ≥ 1
n

for all n ∈ N, the

conclusion follows from Theorem 5.2.1(iii), (5.2.1), Theorems 5.2.1(iv) and

5.2.1(ii):

VHKF (A) ≤ VHKF (A ∩X) + VHKF (A\X)

= VHKF (A ∩X) + lim
n→∞

VHKF (An)

= lim
n→∞

VHKF (An ∪ (A ∩X))

≤ VHKF (A).
�
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Recall that Theorem 5.1.7 tells us that a setX ⊆ [a, b] is µm-measurable

if and only if µ∗
m(A) = µ∗

m(A ∩ X) + µ∗
m(A\X) for every set A ⊆ [a, b].

Thus, it is natural to have the following definition.

Definition 5.2.3. Let F : Im([a, b]) −→ R. A set Z ⊆ [a, b] is said to be

VHKF -measurable if VHKF (A) = VHKF (A ∩ Z) + VHKF (A\Z) for every

set A ⊆ [a, b].

We will next establish two basic properties of VHKF -measurable sets.

Lemma 5.2.4. Let F : Im([a, b]) −→ R. If X and Y are VHKF -
measurable subsets of [a, b], so is X ∪ Y .

Proof. Let A ⊆ [a, b] be any set. Then

VHKF (A)

≤ VHKF (A ∩ (X ∪ Y )) + VHKF (A\(X ∪ Y )) (by Theorem 5.2.1(iii))

≤ VHKF (A ∩X) + VHKF ((A\X) ∩ Y ) + VHKF ((A\X)\Y )

(by Theorem 5.2.1(iii) again)

= VHKF (A ∩X) + VHKF (A\X) (since Y is VHKF -measurable)

= VHKF (A),

where the last equality holds because X is VHKF -measurable. Thus, X ∪Y
is VHKF -measurable. �

Lemma 5.2.5. Let F : Im([a, b]) −→ R, and let A ⊆ [a, b] be any set. If

X1, . . . , Xn are pariwise disjoint VHKF -measurable subsets of [a, b], then⋃n
k=1Xk is VHKF -measurable and

VHKF

(
A ∩

n⋃

k=1

Xk

)
=

n∑

k=1

VHKF (A ∩Xk).

Proof. Applying Lemma 5.2.4 repeatedly, we see that
⋃n

k=1Xk is VHKF -
measurable. To prove the last assertion, we write X0 := ∅ and observe that

our hypotheses yield

VHKF

(
A ∩

k⋃

j=1

Xj

)

= VHKF

((
A ∩

k⋃

j=0

Xj

)
∩Xk

)
+ VHKF

((
A ∩

k⋃

j=0

Xj

)
\Xk

)

= VHKF (A ∩Xk) + VHKF

(
A ∩

k−1⋃

j=0

Xj

)



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

142 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

for k = 1, . . . , n. Consequently,
n∑

k=1

VHKF (A ∩Xk) =

n∑

k=1

{
VHKF

(
A ∩

k⋃

j=0

Xj

)
− VHKF

(
A ∩

k−1⋃

j=0

Xj

)}

= VHKF

(
A ∩

n⋃

j=1

Xj

)
− VHKF (∅)

= VHKF

(
A ∩

n⋃

j=1

Xj

)
.

�

Definition 5.2.6. A σ-algebra of subsets of [a, b] is a collection M of sets

satisfying the following conditions:

(i) ∅ ∈ M,

(ii) X ∈ M implies [a, b]\X ∈ M,

(iii) if Xn ∈ M for every n ∈ N, then
⋃∞

k=1Xk ∈ M.

Lemma 5.2.7. Let F : Im([a, b]) −→ R. Then the collection of VHKF -
measurable sets forms a σ-algebra.

Proof. First it is easy to see that the empty set is VHKF -measurable.

Next it is obvious that a set X ⊆ [a, b] is VHKF -measurable if and only

if [a, b]\X is VHKF -measurable.

Finally, we let (Xn)
∞
n=1 be any sequence of VHKF -measurable

subsets of [a, b]. Then
⋃∞

k=1Xk is VHKF -measurable. Indeed,

for any A ⊆ [a, b], Theorem 5.2.1(iii) and Lemma 5.2.5 imply

VHKF (A) = VHKF (A ∩⋃∞
k=1Xk) + VHKF (A\

⋃∞
k=1Xk):

VHKF (A)

≤ VHKF

(
A ∩

∞⋃

k=1

Xk

)
+ VHKF

(
A\

∞⋃

k=1

Xk

)

≤
∞∑

k=1

VHKF (A ∩Xk) + VHKF

(
A\

∞⋃

k=1

Xk

)

≤ lim
n→∞

{ n∑

k=1

VHKF (A ∩Xk) + VHKF

(
A\

n⋃

k=1

Xk

)}

= lim
n→∞

{
VHKF

(
A ∩

n⋃

k=1

Xk

)
+ VHKF

(
A\

n⋃

k=1

Xk

)}

= VHKF (A). �
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Definition 5.2.8. The class B of Borel subsets of [a, b] is the smallest

σ-algebra that contains all closed sets in [a, b].

Lemma 5.2.9. Let F : Im([a, b]) −→ R. Then every Borel subset of [a, b]

is VHKF -measurable.

Proof. This is a consequence of Lemmas 5.2.2, 5.2.7 and Definition 5.2.8.

�

Theorem 5.2.10. Let F : Im([a, b]) −→ R. If (Xk)
∞
k=1 is a sequence of

pairwise disjoint Borel subsets of [a, b], then

VHKF

( ∞⋃

k=1

Xk

)
=

∞∑

k=1

VHKF (Xk).

Proof. First we observe that
⋃∞

k=1Xk is a Borel set and so it is VHKF -
measurable by Lemma 5.2.9. Since Theorem 5.2.1(iii) implies

VHKF

( ∞⋃

k=1

Xk

)
≤

∞∑

k=1

VHKF (Xk), (5.2.3)

it remains to prove that

∞∑

k=1

VHKF (Xk) ≤ VHKF

( ∞⋃

k=1

Xk

)
. (5.2.4)

Using Lemma 5.2.5 with A = [a, b], we get

VHKF

( n⋃

k=1

Xk

)
=

n∑

k=1

VHKF (Xk) (5.2.5)

for every positive integers n. It is now clear that (5.2.4) follows from (5.2.5)

and the monotonicity of VHKF :
∞∑

k=1

VHKF (Xk) = lim
n→∞

VHKF

( n⋃

k=1

Xk

)
≤ VHKF

( ∞⋃

k=1

Xk

)
.

�

Theorem 5.2.11. Let F : Im([a, b]) −→ R. If (Xn)
∞
n=1 is an increasing

sequence of Borel subsets of [a, b], then

VHKF

( ∞⋃

k=1

Xk

)
= lim

n→∞
VHKF (Xn).
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Proof. By Theorem 5.2.10,

VHKF

( ∞⋃

k=1

Xk

)
= VHKF

( ∞⋃

k=1

(Xk\Xk−1)

)
, where X0 = ∅,

=

∞∑

k=1

VHKF (Xk\Xk−1)

=

∞∑

k=1

(VHKF (Xk)− VHKF (Xk−1))

= lim
n→∞

VHKF (Xn).
�

Theorem 5.2.12. Let F : Im([a, b]) −→ R. If (Xk)
∞
k=1 is a decreasing

sequence of Borel subsets of [a, b] and VHKF (X1) is finite, then

VHKF

( ∞⋂

k=1

Xk

)
= lim

n→∞
VHKF (Xn). (5.2.6)

Proof. First, we observe that Theorem 5.2.1(ii) and our hypotheses imply

VHKF

( ∞⋂

k=1

Xk

)
≤ lim

n→∞
VHKF (Xn) ≤ VHKF (X1) <∞. (5.2.7)

It remains to prove that

lim
n→∞

VHKF (Xn) ≤ VHKF

( ∞⋂

k=1

Xk

)
(5.2.8)

Using the finiteness of VHKF (X1) and (5.2.7) again, we see that (5.2.8)

holds if and only if

VHKF (X1)− lim
n→∞

VHKF (Xn) ≥ VHKF (X1)− VHKF

( ∞⋂

k=1

Xk

)
. (5.2.9)

In view of Theorem 5.2.10, (5.2.9) holds if and only if

lim
n→∞

VHKF (X1\Xn) ≥ VHKF

( ∞⋃

k=1

(X1\Xk)

)
. (5.2.10)

The proof is now complete because (5.2.10) follows from Theorem 5.2.11.

�
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The following example shows that the conclusion (5.2.6) need not hold

if (Xn)
∞
n=1 is a decreasing sequence of Borel subsets of [a, b] satisfying

VHKF (Xn) = ∞ for every n ∈ N.

Example 5.2.13. Let f be given as in Example 2.5.6 and let F denote

the indefinite Henstock-Kurzweil integral of f . For each n ∈ N, we have

f ∈ HK([0, 1
n
]2)\L1([0, 1

n
]2) and so VHKF

(
[0, 1

n
]2
)
= ∞ by Theorem 4.2.3.

Consequently,

VHKF

( ∞⋂

k=1

[0,
1

k
]2
)

= VHKF ({(0, 0)}) = 0 6= lim
n→∞

VHKF

(
[0,

1

n
]2
)
.

5.3 Another characterization of Lebesgue integrable func-

tions

In this section we will state and prove a refinement of Theorems 3.10.2 and

3.10.12 via the Henstock variational measure. We begin with two useful

lemmas concerning the Henstock variational measure.

Lemma 5.3.1. Let F : Im([a, b]) −→ R be an additive interval function.

If X ⊆ [a, b] and VHKF (X) is finite, then for each ε > 0 there exists a

gauge δ on X such that

p∑

i=1

|F (Ii)| < VHKF

(
X ∩

p⋃

i=1

Ii

)
+ ε

for each X-tagged δ-fine Perron subpartition {(t1, I1), . . . , (tp, Ip)} of [a, b].

Proof. For each ε > 0 we choose a gauge δ on X such that

V (F,X, δ) < VHKF (X) +
ε

2
.

Consider any X-tagged δ-fine Perron subpartition {(t1, I1), . . . , (tp, Ip)}
of [a, b]. IfX\⋃p

i=1 Ii is empty, then there is nothing to prove. On the other

hand, suppose that X\⋃p
i=1 Ii is non-empty. Then the map x 7→ ∆(x) :=

min{δ(x), dist(x,⋃p
i=1 Ii)} is a gauge onX\⋃p

i=1 Ii; by Cousin’s Lemma we

fix a (X\⋃p
i=1 Ii)-tagged ∆-fine Perron subpartition {(y1, J1), . . . , (yq, Jq)}

of [a, b] such that

VHKF

(
X\

p⋃

i=1

Ii

)
<

q∑

i=1

|F (Ji)|+
ε

2
.
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Since it is clear that {(t1, I1), . . . , (tp, Ip)} ∪ {(y1, J1), . . . , (yq, Jq)} is an

X-tagged δ-fine Perron subpartition of [a, b], the previous inequalities and

the countable subadditivity of VHKF yield

p∑

i=1

|F (Ii)|

< VHKF (X)−
q∑

i=1

|F (Ji)|+
ε

2

< VHKF (X)− VHKF

(
X\

p⋃

i=1

Ii

)
+ ε

≤ VHKF

(
X ∩

p⋃

i=1

Ii

)
+ ε.

�

Lemma 5.3.2. Let F : Im([a, b]) −→ R be an interval function such that

VHKF � µm. If VHKF ([a, b]) is finite, then for each ε > 0 there exists

δ > 0 such that VHKF (Y ) < ε whenever Y ⊆ [a, b] with µ∗
m(Y ) < δ.

Proof. Suppose not. Then there exists ε0 > 0 with the following prop-

erty: for each n ∈ N there exists Yn ⊆ [a, b] such that µ∗
m(Yn) <

1
2n

but VHKF (Yn) ≥ ε0. According to the proof of Theorem 5.1.6, each Yn
may be assumed to be a Borel set. Set Y =

⋂∞
k=1

⋃∞
k=n Yk. Then Y is a

µm-negligible Borel set:

0 ≤ µm(Y ) = lim
n→∞

µm

( ∞⋃

k=n

Yk

)
≤ lim

n→∞

∞∑

k=n

µm(Yk) = 0.

Since VHKF � µm, we conclude that VHKF (Y ) = 0. On the other hand,

Theorems 5.2.12 and 5.2.1(ii) yield

VHKF (Y ) = lim
n→∞

VHKF

( ∞⋃

k=n

Yk

)
≥ lim sup

n→∞
VHKF (Yn) ≥ ε0,

which contradicts the equality VHKF (Y ) = 0. This contradiction completes

the proof. �

The following result is a consequence of Lemmas 5.3.1 and 5.3.2.

Theorem 5.3.3. Let F : Im([a, b]) −→ R be an additive interval function.

If VHKF ([a, b]) is finite, then VHKF � µm if and only if F is absolutely

continuous.



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

The Henstock variational measure 147

Proof. (=⇒) Suppose that VHKF � µm. Since VHKF ([a, b]) is finite,

for each ε > 0 we apply Lemma 5.3.2 to pick η > 0 so that

Z ⊆ [a, b] with µ∗
m(Z) < η =⇒ VHKF (Z) <

ε

2
.

Let J1, . . . , Jq be a finite sequence of non-overlapping subintervals of [a, b]

such that
∑q

k=1 µm(Jk) < η. We want to prove that
∑q

k=1 |F (Jk)| < ε. To

do this, we apply Lemma 5.3.1 to choose a gauge δ on [a, b] so that

p∑

i=1

|F (Ii)| < VHKF

( p⋃

i=1

Ii

)
+
ε

2

for each δ-fine Perron subpartition {(t1, I1), . . . , (tp, Ip)} of [a, b]. Finally,

for each k ∈ {1, . . . , q} we apply Cousin’s Lemma to fix a δ-fine Perron

partition Pk of Jk. As F is additive, a direct computation yields the desired

inequality:
q∑

k=1

|F (Jk)| ≤
q∑

k=1

∑

(tk,Ik)∈Pk

|F (Ik)| ≤ VHKF

( q⋃

k=1

⋃

(tk,Ik)∈Pk

Ik

)
+
ε

2
< ε.

(⇐=) Conversely, suppose that F is absolutely continuous. Let Z ⊂ [a, b]

be any µm-negligible set. For each n ∈ N there exists ηn > 0 such that if

{[uk,vk]}rnk=1 is a finite collection of non-overlapping subintervals of [a, b]

with
∑rn

k=1 µm([uk,vk]) < ηn, then
∑rn

k=1 |F ([uk,vk])| < 1
n
. Next, we

choose a gauge δn on Z such that
∑

(tn,In)∈Pn

µm(In) < ηn

whenever Pn is a Z-tagged δn-fine Peron subpartition of [a, b]. Thus

VHKF (Z) ≤ V (F,Z, δn) ≤
1

n

for all n ∈ N. As n ∈ N is arbitrary, VHKF (Z) = 0. The proof is complete.

�

We can now state and prove the main result of this section.

Theorem 5.3.4. Let F : Im([a, b]) −→ R be an additive interval function.

If VHKF ([a, b]) is finite, then the following conditions are equivalent.

(i) F is the indefinite Lebesgue integral of some f ∈ L1[a, b].

(ii) VHKF � µm.

Proof. This follows from Theorems 3.10.2, 3.10.12 and 5.3.3. �
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5.4 A result of Kurzweil and Jarńık revisited

In Section 4.2 we prove that if f ∈ HK[a, b] and F is the indefinite

Henstock-Kurzweil integral of f , then there exists a sequence (Xn)
∞
n=1 of

closed sets such that
⋃∞

k=1Xk = [a, b] and VHKF (Xn) is finite for every

n ∈ N. The aim of this section is to prove that if F : Im([a, b]) −→ R is

an additive interval function such that VHKF � µm, then there exists a

sequence (Xn)
∞
n=1 of closed sets such that

⋃∞
k=1Xk = [a, b] and VHKF (Xn)

is finite for every n ∈ N. Our first goal is to establish an analogous version

of Theorem 2.4.9.

Definition 5.4.1. Let I ∈ Im([a, b]) and let F : Im(I) −→ R. The

oscillation of F on I is the extended number

ω(F, I) = sup

{
|F (J)| : J ∈ Im(I)

}
.

Lemma 5.4.2. Let F : Im([a, b]) −→ R be an additive interval function

such that VHKF � µm. If Z ⊂ [a, b] is µm-negligible, then for each ε > 0

there exists a gauge δ on Z such that
∑

(t,I)∈P

ω(F, I) < ε

for each Z-tagged δ-fine Perron subpartition P of [a, b].

Proof. This is an immediate consequence of Lemma 2.4.6. �

In order to formulate the next lemma, we need the following useful

notation.

Notation 5.4.3. For any set
∏m

i=1Xi ⊆ [a, b], k ∈ {1, . . . ,m}, and

T ⊆ [ak, bk], we write Φ∏
m
i=1 Xi,k(T ) :=

∏m
i=1 Yi, where Yk = T and Yi = Xi

for all i ∈ {1, . . . ,m}\{k}.

Lemma 5.4.4. Let F : Im([a, b]) −→ R be an additive interval function

such that VHKF � µm. If x ∈ [ak, bk] for some k ∈ {1, . . . ,m}, then for

each ε > 0 there exists a gauge δ on Φ[a,b],k({x}) such that
∑

(t,I)∈P

ω(F, I) < ε

for each Φ[a,b],k({x})-tagged δ-fine Perron subpartition P of [a, b].
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Proof. Since µm

(
Φ[a,b],k({x})

)
= 0, the lemma follows from Lemma

5.4.2. �

We are ready to state and prove an analogous version of Theorem 2.4.9

for the Henstock variational measure.

Theorem 5.4.5. Let F : Im([a, b]) −→ R be an additive interval function.

If VHKF � µm, then for each ε > 0 there exists η0 > 0 such that

|F (J)− F (K)| < ε

for each J,K ∈ Im([a, b]) with µm(J∆K) < η0.

Proof. Following the proof of Theorem 2.4.8, it suffices to prove that

if k ∈ {1, . . . ,m} and ε > 0, then there exists ηk > 0 such that

ω(F,Φ[a,b],k([u, v])) < ε whenever [u, v] ∈ I1([ak, bk]) with v − u < ηk.

For each x ∈ [ak, bk] we apply Lemma 5.4.4 and Cousin’s Lemma (The-

orem 2.2.2) to choose δk(x) > 0 such that

ω(F,Φ[a,b],k([u
′, v′])) <

ε

2

whenever [u′, v′] ∈ I1([ak, bk]) with x ∈ [u′, v′] ⊂ (x−δk(x), x+δk(x)). Next
we use Cousin’s Lemma (Theorem 1.1.5) to fix a δk-fine Perron partition

Pk of [ak, bk]. Finally, we set ηk = min{v − u : (t, [u, v]) ∈ Pk} to complete

the argument. �

Our next goal is to establish a modification of Lemma 5.3.1; see Theorem

5.4.9. We begin with the following lemma whose proof is similar to that of

Lemma 5.3.2.

Lemma 5.4.6. Let F : Im([a, b]) −→ R be an interval function such that

VHKF � µm. If VHKF (X) is finite for some X ⊆ [a, b], then for each

ε > 0 there exists δ0 > 0 such that VHKF (W ) < ε for each set W ⊆ X with

µ∗
m(W ) < δ0.

Proof. Exercise. �

The proof of the following lemma is similar to that of Theorem 5.1.6.

Lemma 5.4.7. Let F : Im([a, b]) −→ R be an interval function such that

VHKF � µm. If X ⊆ [a, b] and VHKF (X) is finite, then there exists a

Borel set Z ⊆ [a, b] such that X ⊆ Z and VHKF (Z ∩ A) = VHKF (X ∩ A)
for every A ⊆ [a, b].
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Proof. Exercise. �

A set Z ⊆ [a, b] is said to be an Fσ-set if it can be written as a countable

union of closed sets.

Theorem 5.4.8. Let F : Im([a, b]) −→ R be an additive interval function

such that VHKF � µm. If X ⊆ [a, b] and ε > 0, then there exist an Fσ-set

Y and an upper semicontinuous gauge ∆ on Y such that X ⊆ Y ⊆ [a, b]

and

V (F, Y,∆) ≤ VHKF (X) + ε.

Proof. If X ⊆ [a, b]\(a, b) or VHKF (X) = ∞, then the theorem is obvi-

ously true. Henceforth, we assume that X is a Borel set with X∩(a, b) 6= ∅
and VHKF (X) is finite.

Let ε > 0 be given. By Lemma 5.3.1 there exists a gauge δ0 on X such

that
p∑

i=1

|F (Ii)| < VHKF

(
X ∩

p⋃

i=1

Ii

)
+

ε

4(3m)

for each X-tagged δ-fine Perron subpartition {(t1, I1), . . . , (tp, Ip)} of

[a, b]. Moreover, we may assume that B(x, δ0(x)) ⊂ (a, b) whenever

x ∈ (a, b) ∩X .

For each λ ∈ {−1, 0, 1}m, let Pλ := {(t, [u, v]) ∈ P : Λ(t, [u, v]) = λ}.
Since X is a Borel set and VHKF � µm, the following inequality

∑

λ∈{−1,0,1}m

VHKF

(
X ∩

⋃

(t,[u,v])∈Pλ

[u,v]

)
≤ VHKF (X) (5.4.1)

follows from Theorems 5.2.1 and 5.2.10:

VHKF (X) ≥ VHKF

(
X ∩

⋃

λ∈{−1,0,1}m

⋃

(t,[u,v])∈Pλ

(u,v)

)

=
∑

λ∈{−1,0,1}m

VHKF

(
X ∩

⋃

(t,[u,v])∈Pλ

(u,v)

)

=
∑

λ∈{−1,0,1}m

VHKF

(
X ∩

⋃

(t,[u,v])∈Pλ

[u,v]

)
.

For each k ∈ N, set

Xk =

{
x ∈ [a, b] : δ0(x) ≥

1

k

}
and Yk = Xk.
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We claim that Y :=
⋃∞

k=1 Yk has the desired properties.

Define a gauge ∆ on Y by setting

∆(x) =

{
1 if x ∈ Y1,

min{ 1
k
, dist(x, Yk−1)} if x ∈ Yk\Yk−1 for some integer k ≥ 2

Then ∆ is upper semicontinuous on Y .

Let Y0 = ∅ and let P be any Y -tagged ∆-fine Perron subpartition of

[a, b]. If Pλ is non-empty for some λ ∈ {−1, 0, 1}m, we choose η1 > 0

(independent of λ ∈ {−1, 0, 1}m) so that the following conditions are met

for every η ∈ (0, η1):

(A)
{
[u + ηλ,v + ηλ] : (t, [u, v]) ∈ Pλ

}
is a finite collection of non-

overlapping intervals in Im([a, b]).

(B) If (t, [u, v]) ∈ Pλ and t ∈ Yk\Yk−1 for some k ∈ N, then

Xk ∩ [u+ ηλ,v + ηλ] 6= ∅ and Yk−1 ∩ [u+ ηλ,v + ηλ] = ∅.

Since F : Im([a, b]) −→ R is an additive interval function and

VHKF � µm, we use (A) and Theorem 5.4.5 to choose an η2 ∈ (0, η1)

so that the following condition holds for every λ ∈ {−1, 0, 1}m:

(C) If η ∈ (0, η2), then

|F ([u+ ηλ,v + ηλ])− F ([u, v])| < ε

4(3m)card(P )

whenever (t, [u, v]) ∈ Pλ.

Since F : Im([a, b]) −→ R is an interval function such that VHKF � µm

and VHKF (X) is finite, we use (A) and Lemma 5.4.6 to choose η3 ∈ (0, η1)

so that the following condition holds for every λ ∈ {−1, 0, 1}m:

(D) If η ∈ (0, η3), then

VHKF

(
X ∩

⋃

(t,[u,v])∈Pλ

[u+ ηλ,v + ηλ]

)

< VHKF

(
X ∩

⋃

(t,[u,v])∈Pλ

[u,v]

)
+
ε

4
.

Set η0 := 1
2 min{η1, η2, η3}. Then (A), (C) and the triangle inequality

give
∑

(t,[u,v])∈P

|F ([u,v])| < ε

4
+

∑

λ∈{−1,0,1}m

∑

(t,[u,v])∈Pλ

|F ([u + η0λ,v + η0λ])| .

(5.4.2)
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It remains to prove that the right-hand side of (5.4.2) is less than

VHKF (X) + ε. Suppose that Pλ is non-empty for some λ ∈ {−1, 0, 1}m.

Then for each (t, [u,v]) ∈ Pλ with t ∈ Yk\Yk−1 and k ∈ N, we use (B) to

select z ∈ (Xk\Yk−1)∩ [u+ η0λ,v+ η0λ] so that ∆(t) ≤ 1
k
≤ δ0(z). As Pλ

is ∆-fine, we conclude that |||(v + η0λ)− (u+ η0λ)||| < ∆(t) ≤ 1
k
≤ δ0(z).

Consequently, our choice of δ0 yields
∑

(t,[u,v])∈Pλ

|F ([u+ η0λ,v + η0λ])|

< VHKF

(
X ∩

⋃

(t,[u,v])∈Pλ

[u+ η0λ,v + η0λ]

)
+

ε

4(3m)
. (5.4.3)

Finally, we combine (5.4.2), (5.4.3), (D) and (5.4.1) to obtain the desired

result:
∑

(t,[u,v])∈P

|F ([u,v])| < VHKF (X) + ε.

�

The following theorem is a useful modification of Lemma 5.3.1.

Theorem 5.4.9. Let F : Im([a, b]) −→ R be an additive interval function

such that VHKF � µm. If X ⊆ [a, b] is closed and VHKF (X) is finite, then

for each ε > 0 there exists an upper semicontinuous gauge δ on X such that
p∑

i=1

|F (Ii)| < VHKF

(
X ∩

p⋃

i=1

Ii

)
+ ε

for each X-tagged δ-fine Perron subpartition {(t1, I1), . . . , (tp, Ip)} of [a, b].

Proof. In view of Theorem 5.4.8, the proof is similar to that of Lemma

5.3.1. �

A set X ⊆ [a, b] is said to be perfect if for each x ∈ X there exists

a sequence (xn)
∞
n=1 in X\{x} such that limn→∞ |||xn − x||| = 0. The

following result is useful for proving Theorem 5.4.11 below.

Theorem 5.4.10 ([59, Theorem 6.66]). If X ⊆ [a, b] is closed, then X

contains a perfect set X0 and a countable set Y0 such that X = X0 ∪ Y0.

The following theorem is the main result of this section.

Theorem 5.4.11. Let F : Im([a, b]) −→ R be an additive interval function

such that VHKF � µm. Then there exists a sequence (Xn)
∞
n=1of closed sets

such that [a, b] =
⋃∞

k=1Xk and VHKF (Xn) is finite for all n ∈ N.
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Proof. A point x ∈ [a, b] is said to be regular if there exists an open

interval Ix ⊆ [a, b] with the following properties:

(i) x ∈ Ix;

(ii) there exists a sequence (Zx,n)
∞
n=1 of closed sets such that

Ix =
⋃∞

k=1 Zx,k;

(iii) VHKF (Zx,k) is finite for all k ∈ N.

Then the set X of all irregular points of [a, b] is closed.

We claim that X is empty. Proceeding towards a contradiction, suppose

that X is non-empty. Since µm([a, b]\(a, b)) = 0 and VHKF � µm, we

may suppose that X ⊂ (a, b). In view of Theorem 5.4.10, we may further

assume that X is perfect. We first construct an X-tagged δ1-fine Perron

subpartition P1 of [a, b] so that the following conditions are satisfied:

(i)1 card(P1) ≥ 2;

(ii)1 [u1,v1] ⊂ (a, b) whenever (t1, [u1,v1]) ∈ P1;

(iii)1 t1 ∈ (u1,v1) whenever (t1, [u1,v1]) ∈ P1;

(iv)1

∑

(t1,[u1,v1])∈P1

µm([u1,v1]) <
1

2
;

(v)1
∑

(t1,[u1,v1])∈P1
|F ([u1,v1])| > 1.

Since our construction of X implies that VHKF (X ∩ I) = ∞ for every

I ∈ Im([a, b]) satisfying µm(X ∩ I) > 0, there exist a gauge δ1 on X ,

λ ∈ {−1, 0, 1}m and an X-tagged δ1-fine Perron subpartition Q1 such that

the following conditions hold:

(A) card(Q1) ≥ 2;

(B) [u,v] ⊂ (a, b) whenever (t, [u,v]) ∈ Q1;

(C) Λ(t, [u,v]) = λ whenever (t, [u,v]) ∈ Q1;

(D)

∑

(t,[u,v])∈Q1

µm([u,v]) <
1

2
;

(E)
∑

(t,[u,v])∈Q1
|F ([u,v])| > 1.
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Next we use (B), (C), (E) and Theorem 5.4.5 to select a sufficient small

η > 0 so that
∣∣∣∣∣∣

∑

(t,[u,v])∈Q1

|F ([u,v])| −
∑

(t,[u,v])∈Q1

|F ([u+ ηλ,v + ηλ])|

∣∣∣∣∣∣

<
∑

(t,[u,v])∈Q1

|F ([u,v])| − 1,

and the following conditions hold for every (t, [u,v]) ∈ Q1:

(F) t ∈ (u+ηλ,v+ηλ); in particular, (u+η λ,v+ηλ)∩X is uncountable;

(G) [u+ ηλ,v + ηλ] ⊂ (a, b) ∩B(t, δ1(t)).

Set P1 := {(t, [u + ηλ,v + ηλ]) : (t, [u,v]) ∈ Q1}. It is now clear that

conditions (i)1−(v)1 follow from conditions (A)− (G).

We proceed by induction. Suppose that n ≥ 2 is a positive integer such

that Pn−1 is an X-tagged δ1-fine Perron subpartition of [a, b] and

VHKF ([un−1,vn−1] ∩X) = ∞

for every (tn−1, [un−1,vn−1]) ∈ Pn−1. By modifying the above construction

of P1, we obtain anX-tagged δ1-fine Perron subpartition Pn of [a, b] so that

the following conditions hold:

(i)n if (tn−1, [un−1,vn−1]) ∈ Pn−1, then

card{(tn, [un,vn]) ∈ Pn : [un,vn] ⊆ [un−1,vn−1]} ≥ 2;

(ii)n if (tn, [un,vn]) ∈ Pn, then [un,vn] ⊂ (u′
n−1,v

′
n−1) for some

(t′n−1, [u
′
n−1,v

′
n−1]) ∈ Pn−1;

(iii)n tn ∈ (un,vn) whenever (tn, [un,vn]) ∈ Pn;

(iv)n

∑

(tn,[un,vn])∈Pn

µm([un,vn]) <
1

2n
;

(v)n if (tn−1, [un−1,vn−1]) ∈ Pn−1, then

∑

(tn,[un,vn])∈Pn

[un,vn]⊆[un−1,vn−1]

|F ([un,vn])| > 1.
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Set Z =
⋂∞

k=1

⋃
(t,I)∈Pk

I. Since property (iv)n is true for every n ∈ N,

the set Z is µm-negligible and closed, and a simple application of Cousin’s

Lemma shows that Z is non-empty. By Theorem 5.4.9, there exists an

upper semicontinuous gauge δ on Z such that

V (F,Z, δ) < 1.

On the other hand, we apply Theorem 4.1.2 to select a positive integer N

and [α,β] ∈ Im([a, b]) such that{
x ∈ Z : δ(x) ≥ 1

N

}
∩ [α,β] = Z ∩ [α,β].

Since property (i)n holds for every n ∈ N, we can assume that

|||β −α||| < 1
2N and (z, [α,β]) ∈ PN for some z ∈ Z. Therefore prop-

erty (v)N+1 gives the desired contradiction:

V (F,Z, δ) ≥
∑

(tN+1,[uN+1,vN+1])∈PN+1

[uN+1,vN+1]⊆[α,β]

|F ([uN+1,vN+1])| > 1.

The proof is complete. �

We end this section with the following improvement of Theorem 4.5.3.

Theorem 5.4.12. Let F : I1([a, b]) −→ R be an additive interval function

such that VHKF � µ1. Then there exists f ∈ HK[a, b] such that F is the

indefinite HK-integral of f .

Proof. In view of Theorem 4.5.3, it suffices to construct an increasing

sequence (Xn)
∞
n=1 of closed sets with the following properties:

(i)
⋃∞

k=1Xk = [a, b];

(ii) for each n ∈ N there exists a positive constant ηn such that

V (F,Xn, ηn) is finite.

First we apply Theorem 5.4.11 and the countable subadditivity of VHKF
(Theorem 5.2.1(iii)) to choose an increasing sequence (Yn)

∞
n=1 of closed sets

such that
⋃∞

k=1 Yk = [a, b] and VHKF (Yn) is finite for all n ∈ N. Next for

each n ∈ N we apply Theorem 5.4.9 to select an upper semicontinuous

gauge δn on Yn such that

V (F, Yn, δn) < VHKF (Yn) + 1.

Define an upper semicontinuous gauge δ on [a, b] by setting

δ(x) =

{
δ1(x) if x ∈ Y1,

min{ 1
k
, δk−1(x), dist(x, Yk−1)} if x ∈ Yk\Yk−1 for some k ∈ N\{1}.

It is now clear that
(
δ−1([ 1

n
,∞)

)∞
n=1

is a sequence of closed sets with the

desired properties. �
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The proof of Theorem 5.4.12 depends on Theorem 4.4.2. In the next sec-

tion we will use a different method to obtain a higher-dimensional analogue

of Theorem 5.4.12.

5.5 A measure-theoretic characterization of the Henstock-

Kurzweil integral

The aim of this section is to establish an m-dimensional analogue of Theo-

rem 5.4.12, where m ≥ 2. We begin with the following result.

Theorem 5.5.1 (Ward). Let F : Im([a, b]) −→ R be an additive interval

function, and let α ∈ (0, 1). Then F is α-derivable at µm-almost all the

points x at which either Fα(x) <∞ or Fα(x) > −∞.

Proof. See [145, Theorem 11.15]. �

Before we state and prove the main result of this chapter (Theorem

5.5.9), we need seven lemmas.

Lemma 5.5.2. Let F : Im([a, b]) −→ R be an additive interval function,

and let X ⊂ [a, b] be a µm-measurable set. If α ∈ (0, 1), µm(X) > 0 and

VHKF (X) is finite, then F ′
α(x) exists for µm-almost all x ∈ X.

Proof. According to Theorems 3.6.5, 3.5.11 and 3.3.24, the set

Xα := {x ∈ X : Fα(x) = ∞}
is µm-measurable. In view of Ward’s theorem, it remains to prove that

µm(Xα) = 0.

Suppose that µm(Xα) > 0. Then the family G1 of all α-regular intervals

I ⊆ [a, b] for which F (I) > VHKF (Xα)+2
µm(Xα) µm(I) is a Vitali cover of Xα;

hence we can apply the Vitali covering theorem to choose a countable family

G2 ⊂ G1 such that Xα\
⋃

I∈G2
I is µm-negligible and

∑

I∈G2

F (I) ≤ VHKF (Xα) + 1.

A contradiction follows:

VHKF (Xα) + 2 ≤ VHKF (Xα) + 2

µm(Xα)

∑

I∈G2

µm(I ∩Xα)

≤
∑

I∈G2

F (I)

≤ VHKF (Xα) + 1. �
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The following three lemmas will enable us to generalize Lemma 3.10.4;

see Theorem 5.5.6.

Lemma 5.5.3. Let 0 < α < 1, let r > 0, and let u, v ∈ R such that

0 < v − u ≤ (1 − α)r. If ξ ∈ [u, v], then αr ≤ ξ − v + r ≤ r and

αr ≤ u+ r − ξ ≤ r.

Proof. Exercise. �

Lemma 5.5.4. If t ∈ [a, b] and r ≥ 0, then the following implications hold.

(i) ξ ∈ [u, v] ⊆ [t, b] ∩ [t− r, t+ r] implies v − r ≤ t ≤ ξ.

(ii) ξ ∈ [u, v] ⊆ [a, t] ∩ [t− r, t+ r] implies ξ ≤ t ≤ u+ r.

Proof. Exercise. �

The following lemma is due to Kurzweil and Jarńık [78].

Lemma 5.5.5. Let G : Im([a, b]) −→ R be an additive interval func-

tion. If t ∈ (a, b), 0 < α < 1, and there exists r > 0 such that∏m
i=1[ti − r, ti + r] ⊆ [a, b], then there exists a positive integer Nα such

that

Ωr

≤ sup

{
|G([u, v])| : [u, v] ∈ Im([a, b]), [u, v] ⊆

m∏

i=1

[ti − r, ti + r]

}

≤ Nm−1
α Ωr,

where Ωr denotes

sup

{
|G([u, v])| : t ∈ [u, v] ∈ Im([a, b]), αr ≤ vi − ui ≤ r (i = 1, . . . ,m)

}
.

Proof. Let [u, v] ∈ Im([a, b]) be given. We consider two cases.

Case 1: [u, v] ⊆ [t, b] ∩∏m
i=1[ti − r, ti + r] with |||v − u||| ≤ (1− α)r.

If ξ ∈ [u, v], then it follows from Lemmas 5.5.3 and 5.5.4 that

t ∈ ∏m
i=1[vi − r, ξi] and αr ≤ ξi − (vi − r) ≤ r for i = 1, . . . ,m. Thus

|G([u, v])| ≤
∑

ξ∈[u,v]
ξi∈{ui,vi} ∀ i∈{1,...,m}

∣∣∣∣∣G(
m∏

i=1

[vi − r, ξi])

∣∣∣∣∣ ≤ 2mΩr.

Case 2: [u, v] ∈ Im([a, b]) with [u, v] ⊆ [t, b] ∩∏m
i=1[ti − r, ti + r].
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In this case, we have maxi=1,...,m(vi − ui) ≤ r and so

maxi=1,...,m
vi−ui

Kα
≤ r(1 − α), where Kα = d 1

1−α
e. As G is additive, the

proof of case 1 gives

|G([u, v])| ≤ (2Kα)
mΩr.

Finally, the proofs of cases 1 and 2 hold for any one of the orthants in

[a, b] (with t as the origin); therefore

|G([u, v])| ≤ (4Kα)
mΩr. �

The following result of Kurzweil and Jarńık [78] generalizes Lemma

3.10.4.

Theorem 5.5.6. Let 0 < β < α < 1 and let F : Im([a, b]) −→ R be an

additive interval function. If F ′
α(x) exists for some x ∈ (a, b), then F ′

β(x)

exists and

F ′
β(x) = F ′

α(x).

Proof. This is an immediate consequence of Lemma 5.5.5. �

The following result is a consequence of Lemma 5.5.5 and Theorem 5.5.6.

Lemma 5.5.7. Let F : Im([a, b]) −→ R be an additive interval function

and suppose that F is derivable at each point of a non-empty closed set

X ⊂ (a, b). Then given ε > 0 there exists an upper semicontinuous gauge

∆ on X such that

sup
I∈Im([u,v])

|F ′(t)µm(I)− F (I)| < εµm([u, v]) (5.5.1)

for each point-interval pair (t, [u, v]) satisfying t ∈ X, t ∈ [u, v] ⊂
B(t,∆(t)) and reg([u, v]) ≥ 1

2 .

Proof. According to our assumptions, Theorem 5.5.6 and Lemma

5.5.5, for each ε > 0 there exists a gauge δ0 on X such that

δ0(z) < dist(z, [a, b]\(a, b)) and

sup
0<r(z)<δ0(z)

sup
[c,d]∈Im(

∏m
i=1[zi−r(z),zi+r(z)])

|F ′(z)µm([c, d])− F ([c, d])|
(r(z))m

<
ε

6

(5.5.2)

for each z ∈ X .

For each k ∈ N we let Xk = {x ∈ X : δ0(x) ≥ 1
k
}. Since X ⊂ (a, b) is

closed, a simple calculation reveals that the sequence (Xn)
∞
n=1 is increasing

with
⋃∞

k=1Xk = X .
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Define an upper semicontinuous gauge ∆ on X by setting

∆(x) =






min{ 1
2 , dist(x, [a, b]\(a, b))} if x ∈ X1,

min{ 1
2k ,

1
2dist(x, Xk−1), dist(x, [a, b]\(a, b))}

if x ∈ Xk\Xk−1 for some integer k ≥ 2,

and consider any point-interval pair (t, [u, v]) such that t ∈ X , t ∈ [u, v] ⊂
B(t,∆(t)) and reg([u, v]) ≥ 1

2 . Clearly, it suffices to prove that

|F ′(t)µm(I)− F (I)| < 2ε

3
µm([u, v]) (5.5.3)

for every I ∈ Im([u, v]).

Let q be the minimum positive integer such that t ∈ Xq, and let η ∈
(0, 1

2 min{ 1
q
, δ0(t)}) be sufficiently small so that the following conditions are

satisfied:

(A)
∏m

i=1[ui − η, vi + η] ⊂ B(t,∆(t));

(B) t ∈ Xq ∩
∏m

i=1(ui − η, vi + η);

(C) µm(
∏m

i=1[ui − η, vi + η]) ≤ 2µm([u, v]).

Now we use (B) we select a point y ∈ X so that the following conditions

are satisfied:

(D) δ0(y) ≥ 1
q
;

(E) y ∈ X ∩∏m
i=1(ui − η, vi + η).

Using (A), (B), (D), (E) and (5.5.2), we get

|F ′(t)− F ′(y)|

≤

∣∣∣∣∣∣∣∣∣∣

F ′(t)−
F

( m∏

i=1

[ui − η, vi + η]

)

µm

( m∏

i=1

[ui − η, vi + η]

)

∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣

F ′(y)−
F

( m∏

i=1

[ui − η, vi + η]

)

µm

( m∏

i=1

[ui − η, vi + η]

)

∣∣∣∣∣∣∣∣∣∣

<
ε

3
. (5.5.4)
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Finally, we use the triangle inequality, (5.5.4), (D), (E), (5.5.2) and (C) to

obtain

|F ′(t)µm(I) − F (I)|
≤ |F ′(t)µm(I)− F ′(y)µm(I)|+ |F ′(y)µm(I)− F (I)|

<
ε

3
µm(I) +

ε

6
µm

( m∏

i=1

[ui − η, vi + η]

)

≤ 2ε

3
µm([u, v]).

�

Lemma 5.5.8. Let F : Im([a, b]) −→ R be an additive interval function

such that VHKF � µm. If F is derivable at each point of a non-empty

closed set X ⊆ (a, b), F ′|X is bounded and VHKF (X) is finite, then for

each ε > 0 there exists an upper semicontinuous gauge δ on X such that
∑

(t,I)∈P

|F ′(t)µm(I)− F (I)| < ε

for each X-tagged δ-fine Perron subpartition P of [a, b].

Proof. Let ε > 0 and write ε0 := ε
5 (m+µm([a, b]) + supx∈X |F ′(x)|)−1.

According to Theorem 5.4.9, there exists an upper semicontinuous gauge

δ1 on X such that
p∑

i=1

|F (Ii)| < VHKF

(
X ∩

p⋃

i=1

Ii

)
+ ε0

for each X-tagged δ-fine Perron subpartition {(t1, I1), . . . , (tp, Ip)} of [a, b].

By Lemma 5.5.7 there exists an upper semicontinuous gauge δ2 on X

such that

|F ′(x)µm([c, d])− F ([c, d])| < ε0µm([c, d])

for each point-interval pair (x, [c, d]) satisfying x ∈ X ,

x ∈ [c, d] ∩B(x, δ2(x)), and reg([c, d]) ≥ 1
2 .

According to our assumptions, we can choose N ∈ N so that the follow-

ing properties hold:

(a) the set XN := {x ∈ X : min{δ1(x), δ2(x)} ≥ 1
N
} is closed and non-

empty;

(b) min{µm(X\XN), VHKF (X\XN)} < ε0;

(c) there exists an open set G ⊃ X such that µm(G\XN ) < ε0.
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Now define an upper semicontinuous gauge δ on X as follows:

δ(x) =

{
1
N

if x ∈ XN ,

min{δ1(x), dist
(
x, XN ∪ ([a, b]\G)

)
} if x ∈ X\XN .

If P is an X-tagged δ-fine Perron subpartition of [a, b], the triangle in-

equality yields∑

(t,I)∈P

|F ′(t)µm(I)− F (I)|

≤
∑

(t,I)∈P
t∈X\XN

|F ′(t)µm(I)− F (I)|+
∑

(t,I)∈P
t∈XN

|F ′(t)µm(I)− F (I)|

= S1 + S2,

say.

Using (a), (b), (c) and our choice of δ, we conclude that

S1 < supx∈X |F ′(x)|+ 2ε0:

S1 ≤
∑

(t,I)∈P
t∈X\XN

|F ′(t)µm(I)|+
∑

(t,I)∈P
t∈X\XN

|F (I)|

< ε0 sup
x∈X

|F ′(x)|+ VHKF (X\XN) + ε0

< ε0 sup
x∈X

|F ′(x)|+ 2ε0.

We will next obtain an upper bound for S2. Following the proof Theo-

rem 3.10.12, we fix a 1
2 -regular net N (I) of I. For each J ∈ N (I) satisfying

J ∩XN 6= ∅, we fix a point xJ ∈ J ∩XN . Then

S2

=
∑

(t,I)∈P
t∈XN

|F ′(t)µm(I)− F (I)|

≤
{ ∑

(t,I)∈P
t∈XN

∑

J∈N (I)
J∩XN 6=∅

|F ′(xJ )µm(J)− F (J)|

+
∑

(t,I)∈P
t∈XN

∑

J∈N (I)
J∩XN 6=∅

|F ′(xJ)− F ′(t)|µm(J)

}

+
∑

(t,I)∈P
t∈XN

∑

J∈N (I)
J∩XN=∅

|F ′(t)|µm(J) +
∑

(t,I)∈P
t∈XN

∣∣∣∣∣∣∣∣

∑

J∈N (I)
J∩XN=∅

F (J)

∣∣∣∣∣∣∣∣
= S3 + S4 + S5,
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say.

Since δ(x) ≤ 1
N

≤ δ2(x) for all x ∈ XN , and

|||xJ − t||| ≤ diam(I) < 1
N
, our choice of δ2 yields

S3

=
∑

(t,I)∈P
t∈XN

∑

J∈N (I)
J∩XN 6=∅

|F ′(xJ )µm(J)− F (J)|

+
∑

(t,I)∈P
t∈XN

∑

J∈N (I)
J∩XN 6=∅

|F ′(xJ)− F ′(t)|µm(J)

< 3ε0µm([a, b]).

Also, it follows from (c) that

S4 =
∑

(t,I)∈P
t∈XN

∑

J∈N (I)
J∩XN=∅

|F ′(t)|µm(J) ≤ ε0 sup
x∈X

|F ′(x)| .

It remains to prove that S5 < 2mε0. For each point-interval pair

(t, I) ∈ P satisfying t ∈ XN , we need to partition I in a special way.

Let ΦI,0([u0, v0]) := I and let

Cr(I) :=

{ r⋂

k=0

ΦI,k([uk, vk]) : [u, v] ∈ N (I) and

XN ∩
r−1⋂

k=0

ΦI,k([uk, vk]) 6= ∅ = XN ∩
r⋂

k=0

ΦI,k([uk, vk])

}

(r = 1, . . . ,m)

so that the following properties hold:

(d)

I =
⋃

[u,v]∈N (I)
[u,v]∩XN 6=∅

[u, v] ∪
m⋃

r=1

⋃

U∈Cr(I)
U ;

(e) two elements
∏m

i=1[ci, di] and
∏m

i=1[c
′
i, d

′
i] of C1(I) are distinct if and

only if (c1, d1) ∩ (c′1, d
′
1) = ∅;

(f) for each r ∈ {2, . . . ,m} two elements
∏m

i=1[αi, βi]

and
∏m

i=1[α
′
i, β

′
i] of Cr(I) are distinct if (αr, βr) ∩ (α′

r, β
′
r) = ∅ and

[αi, βi] = [α′
i, β

′
i] (i = 1, . . . , r − 1).
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Combining (d), the additivity of F , (e), (f) and the inequality

infx∈XN
δ(x) ≥ 1

N
, we get

S5 ≤
∑

(t,I)∈P
t∈XN

m∑

r=1

∣∣∣∣∣∣

∑

U∈Cr(I)
F (U)

∣∣∣∣∣∣
< 2mε0.

�

We are now ready to state and prove the main result of this section.

Theorem 5.5.9. Let F : Im([a, b]) −→ R be an additive interval function.

The following conditions are equivalent.

(i) F is the indefinite Henstock-Kurzweil integral of some f ∈ HK[a, b].

(ii) VHKF � µm.

Proof. The implication (i) =⇒ (ii) follows from Theorem 4.2.3.

Conversely, suppose that (ii) holds. By Theorem 5.4.11, Lemma 5.5.2

and Theorem 5.5.6, there exists an increasing sequence (Xk)
∞
k=1 of pair-

wise disjoint of closed subsets of [a, b] such that µm([a, b]\⋃∞
k=1Xk) = 0,

F is derivable at each point of the set
⋃∞

k=1Xk, and supx∈Xk
|F ′(x)| +

VHKF (Xk) is finite for all k ∈ N.

Define the function f on [a, b] by setting

f(x) =

{
F ′(x) if x ∈ ⋃∞

k=1Xk,

0 otherwise.

We claim that f ∈ HK[a, b] and F is the indefinite Henstock-Kurzweil

integral of f .

Let ε > 0 be given. Since VHKF � µm and µm([a, b]\⋃∞
k=1Xk) = 0,

there exists a gauge δ0 on [a, b]\⋃∞
k=1Xk such that

V (F, [a, b]\
∞⋃

k=1

Xk, δ0) <
ε

2
.

For each n ∈ N we apply Lemma 5.5.8 to choose an upper semicontin-

uous gauge δn on Xn such that
∑

(tn,In)∈Pn

|f(tn)µm(In)− F (In)| <
ε

2n+1

for each X-tagged δn-fine Perron subpartition Pn of [a, b].

Let X0 = ∅ and define a gauge δ on [a, b] as follows:

δ(x) =

{
δ0(x) if x ∈ [a, b]\⋃∞

k=1Xk,

δn(x) if x ∈ Xn\Xn−1 for some positive integer n.
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If P is a δ-fine Perron subpartitition of [a, b], then
∑

(t,I)∈P

|f(t)µm(I)− F (I)|

≤
∑

(t,I)∈P
t∈[a,b]\⋃∞

k=1 Xk

|F (I)|+
∞∑

k=1

∑

(t,I)∈P
t∈Xk\Xk−1

|f(t)µm(I)− F (I)|

< ε.

Since F is additive, we conclude that f ∈ HK[a, b] and F is the indefinite

Henstock-Kurzweil integral of f . The proof is complete. �

5.6 Product variational measures

In this section we let r and s be positive integers. For k = r, s, we fix an

interval Ek in Rk, and Rk will be equipped with the maximum norm |||·|||k.
We begin with the following result.

Theorem 5.6.1 (Tonelli). Let f : Er × Es −→ R be a µr+s-measurable

function. If one of the following iterated integrals
∫

Er

∫

Es

|f(ξ, η)| dµs(η) dµr(ξ),

∫

Es

∫

Er

|f(ξ, η)| dµr(ξ) dµs(η)

is finite, then f ∈ L1(Er × Es).

Proof. By Theorem 3.5.13, there exists a sequence (fn)
∞
n=1 of µr+s-

measurable simple functions on Er × Es with the following properties:

(i) (|fn|)∞n=1 is increasing;

(ii) sup
n∈N

|fn(ξ, η)| ≤ |f(ξ, η)| for all (ξ, η) ∈ Er × Es;

(iii) lim
n→∞

fn(ξ, η) = f(ξ, η) for all (ξ, η) ∈ Er × Es.

Using Fubini’s Theorem and (ii), we get

sup
n∈N

∫

Er×Es

|fn(ξ, η)| dµr+s(ξ, η) <∞.

Consequently, (i), (iii), the Monotone Convergence Theorem and Theorem

3.7.1 yield the desired conclusion. �

If f : Er −→ R and g : Es −→ R, we write (f ⊗ g)(ξ, η) = f(ξ)g(η).

The following theorem is a consequence of Theorems 3.6.6 and 5.6.1.
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Theorem 5.6.2. If f ∈ L1(Er) and g ∈ L1(Es), then f ⊗ g ∈ L1(Er ×Es)

and ∫

Er×Es

f ⊗ g dµr+s =

{∫

Er

f dµr

}{∫

Es

g dµs

}
.

Our next goal is to prove that

f ∈ HK(Er) and g ∈ L1(Es) =⇒ f ⊗ g ∈ HK(Er × Es).

Since Theorem 5.6.1 does not hold for non-absolutely convergent Henstock-

Kurzweil integrals, we need new ideas. We begin with the following crucial

result.

Lemma 5.6.3. If I1, I2 ∈ Ir(Er) and J1, J2, J1 ∩ J2 ∈ Is(Es) with

µr+s((I1 × J1) ∩ (I2 × J2)) = 0, then µr(I1 ∩ I2) = 0.

Proof. We have

0 ≤ µr(I1 ∩ I2)µs(J1 ∩ J2) ≤ µr+s((I1 × J1) ∩ (I2 × J2)) = 0.
�

Theorem 5.6.4. If f ∈ HK(Er) and g ∈ L1(Es), then

f ⊗ g ∈ HK(Er × Es) and

(HK)

∫

Er×Es

f ⊗ g =

{
(HK)

∫

Er

f

}{∫

Es

g dµs

}
.

Proof. Since f ∈ HK(Er), we apply Theorem 4.3.1 with m = r to

choose an increasing sequence (Xk)
∞
k=1 of closed subsets of Er such that⋃∞

k=1Xk = Er, the sequence (fχXn
)∞n=1 is in L1(Er), and

sup
k∈N

VHK(Fk − F )(Xk) = 0,

where Fk and F are the indefinite Henstock-Kurzweil integrals of fχXk
and

f respectively.

Let G be the indefinite Lebesgue integral of g. A direct calculation

shows that (Xk×Es)
∞
k=1 is a sequence of closed subsets of Er×Es such that⋃∞

k=1(Xk ×Es) = Er ×Es, and Theorem 5.6.2 implies that (fχXn
⊗ g)∞n=1

is a sequence in L1(Er × Es). In view the (r + s)-dimensional version of

Theorem 4.3.1, it remains to prove that

sup
k∈N

VHK(Fk ⊗G− F ⊗G)(Xk × Es) = 0. (5.6.1)

Let k ∈ N be fixed. Since VHK(Fk − F )(Xk) = 0, for each ε > 0 there

exists a gauge ∆k on Xk such that

V (Fk − F,Xk,∆k) <
ε

1 + ‖g‖L1(Es)
.
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Now we define a gauge δk on Xk × Es by setting

δk(ξ, η) = ∆k(ξ),

and let
{(

(ξ1, η1), I1 × J1
)
, . . . ,

(
(ξp, ηp), Ip × Jp

)}
be an (Xk ×Es)-tagged

δk-fine Perron subpartition of Er × Es. Next we choose non-overlapping

subintervals U1, . . . , U` of Es so that
⋃p

i=1 Ji =
⋃`

j=1 Uj , where each Uj is

a subset of some interval Ji. Since

max
ξ∈Ii

|||ξi − ξ|||r ≤ max
(ξ,η)∈Ii×Ji

|||(ξi, ηi)− (ξ, η)|||r+s < δk(ξi, ηi) = ∆k(ξi)

(5.6.2)

for all i = 1, . . . , p, for each j ∈ {1, . . . , `} we infer from Lemma 5.6.3 that

{(ξi, Ii) : Uj ⊆ Ji} is an Xk-tagged ∆k-fine Perron subpartition of Er.

Thus
p∑

i=1

|Fk(Ii)G(Ji)− F (Ii)G(Ji)|

≤
p∑

i=1

∣∣∣∣∣∣

{∑̀

j=1

∫

Ji∩Uj

g dµs

}
(Fk(Ii)− F (Ii))

∣∣∣∣∣∣

≤
∑̀

j=1

p∑

i=1

∣∣∣∣∣

{ ∫

Ji∩Uj

g dµs

}
(Fk(Ii)− F (Ii))

∣∣∣∣∣

=
∑̀

j=1

p∑

i=1
Uj⊆Ji

∣∣∣∣∣

{ ∫

Uj

g dµs

}
(Fk(Ii)− F (Ii))

∣∣∣∣∣

<
∑̀

j=1

∣∣∣∣∣

{ ∫

Uj

g dµs

}∣∣∣∣∣
ε

1 + ‖g‖L1(Es)

< ε.

Since ε > 0 and k ∈ N are arbitrary, (5.6.1) holds. �

The following result generalizes a result of Henstock [57].

Theorem 5.6.5. Let [c, d] be a non-degenerate subinterval of R. If

f ∈ HK(Er) and g ∈ HK[c, d], then f ⊗ g ∈ HK(Er × [c, d]) and

(HK)

∫

Er×[c,d]

f ⊗ g =

{
(HK)

∫

Er

f

}{
(HK)

∫ d

c

g

}
.

Proof. Since f ∈ HK(Er), we apply the r-dimensional version of Theo-

rem 4.3.1 to choose an increasing sequence (Xk)
∞
k=1 of closed subsets of Er

such that
⋃∞

k=1Xk = Er, the sequence (fχXn
)∞n=1 belongs to L1(Er), and

sup
k∈N

VHK(Fk − F )(Xk) = 0,
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where Fk and F are the indefinite Henstock-Kurzweil integrals of fχXk
and

f respectively.

A direct calculation shows that (Xn × [c, d])∞n=1 is an increasing se-

quence of closed subsets of Er × [c, d], and Theorem 5.6.4 implies that

(fχXn
⊗ g)∞n=1 is a sequence in HK(Er × Es). Following the proof of the

(r + s)-dimensional version of Theorem 4.3.1, it suffices to show that

sup
k∈N

VHK(Fk ⊗G− F ⊗G)(Xk × [c, d]) = 0,

where G denotes the indefinite Henstock-Kurzweil integral of g.

Let k ∈ N be given. According to monotonicity of VHK(Fk⊗G−F ⊗G)
and Observation 4.4.1, it remains to prove that

VHK(Fk ⊗G− F ⊗G)(Xk × Y ) = 0,

where Y ⊆ [c, d] is any closed set such that {c, d} ⊂ Y and V (G, Y, κ) <∞
for some κ ∈ R+. Let

(
(ck, dk)

)∞
k=1

be the sequence of pairwise disjoint

open intervals such that (a, b)\Y =
⋃∞

k=1(ck, dk).

Define a gauge δk on Xk × Y by setting

δk(ξ, η) = min{∆k(ξ), κ},
and consider an arbitrary (Xk × Y )-tagged δk-fine Perron subpartition{(

(ξ1, η1), I1 × J1
)
, . . . ,

(
(ξp, ηp), Ip × Jp

)}
of Er × Es. Since

max
ξ∈Ii

|||ξi − ξ|||r ≤ max
(ξ,η)∈Ii×Ji

|||(ξi, ηi)− (ξ, η)|||r+s < δk(ξi, ηi) = ∆k(ξi)

(5.6.3)

for all i = 1, . . . , p, we infer from Harnack extension and Lemma 5.6.3 that
p∑

i=1

|Fk(Ii)G(Ji)− F (Ii)G(Ji)|

≤
p∑

i=1

|G(Ji)(Fk(Ii)− F (Ii))|

≤
p∑

i=1

|Fk(Ii)− F (Ii)|
∫

Ji

|gχY | dµ1

+

∞∑

k=1

p∑

i=1

∣∣∣∣
{
(HK)

∫

Ji

gχ[ck,dk]

}
(Fk(Ii)− F (Ii))

∣∣∣∣

< ε

{
‖gχY ‖L1[c,d] + 2

∞∑

k=1

‖g‖HK[ck,dk]

}
.

Since ε > 0 is arbitrary, the proof is complete. �
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Corollary 5.6.6. If fi ∈ HK[ai, bi] (i = 1, . . . ,m), then

⊗m
i=1fi ∈ HK[a, b] and

(HK)

∫

[a,b]

⊗m
i=1fi =

m∏

i=1

(HK)

∫ bi

ai

fi.

On the other hand, the following conjecture appears to be still open.

Conjecture 5.6.7. Let r, s ∈ N\{1}. If f ∈ HK(Er) and g ∈ HK(Es),

then f ⊗ g ∈ HK(Er × Es).

5.7 Notes and Remarks

A different treatment of Lebesgue’s outer measure can be found in Folland

[42], Hewitt and Stromberg [59] or Royden [143].

Various examples of variational measures have been given by Bongiorno

[9], Jurkat and Knizia [62], Faure [36], Di Piazza [30] and Pfeffer [137–140].

A general theory of variational measure can be found in Ostaszewski [134]

or Thomson [152].

Lemma 5.3.1 is due to Lee [102]. The proof of Theorem 5.3.3 is similar

to that of [30, Proposition 1]. A different approach to Theorem 5.3.4 can

be found in [91].

Section 5.4 is based on the work of Lee [102]. For a one-dimensional

version of Theorem 5.4.11, consult [15], [138] or [139]. Theorem 5.4.12 is

a remarkable result of Bongiorno, Di Piazza and Skvortsov [15]. For more

recent results, see [12, 13].

Lemmas 5.5.3–5.5.5 are due to Kurzweil and J. Jarńık [78]. Lemmas

5.5.7, 5.5.8, and Theorem 5.5.9 are based on the paper [102]. A related

result is also given by Lee and Ng [87].

Section 5.6 is based on the paper [92]. For other related results, see

[25, 26, 56, 57, 99, 105].
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Chapter 6

Multipliers for the Henstock-Kurzweil

integral

A multiplier for a family X of functions on [a, b] is a function on [a, b]

such that fg ∈ X for each f ∈ X . According to Theorem 3.7.5, L∞[a, b] is

precisely the class of multipliers for L1[a, b]. On the other hand, it follows

from Example 2.5.8 that certain continuous functions are not multipliers for

HK([0, 1]2). The main goal of this chapter is to characterize the multipliers

for HK[a, b]. We begin with the one-dimensional case.

6.1 One-dimensional integration by parts

We begin with the following one-dimensional integration by parts for the

Lebesgue integral.

Lemma 6.1.1. If f ∈ L1[a, b] and φ ∈ L1[a, b], then the map

x 7→ f(x)
∫ x

a
φ dµ1 belongs to L1[a, b] and

∫ b

a

f(x)

{∫ x

a

φ dµ1

}
dµ1(x) =

∫ b

a

{∫ b

t

f dµ1

}
φ(t) dµ1(t).

Proof. By Theorems 3.11.9 and 3.7.3, the map x 7→ f(x)
∫ x

a
φ dµ1 be-

longs to L1[a, b]. The conclusion follows from Theorems 5.6.2, 3.7.3 and

2.5.5:
∫ b

a

f(x)

{∫ x

a

φ dµ1

}
dµ1(x) =

∫

[a,b]2
(f ⊗ φ)(x, t)χ[a,b]×[a,x](x, t) dµ2(x, t)

=

∫

[a,b]2
(φ⊗ f)(t, x)χ[a,b]×[t,b](t, x) dµ2(t, x)

=

∫ b

a

{∫ b

t

f dµ1

}
φ(t) dµ1(t).

�

169
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The following lemma shows that an analogous version of Lemma 6.1.1

holds for the Henstock-Kurzweil integral.

Lemma 6.1.2. If f ∈ HK[a, b] and φ ∈ L1[a, b], then the map

x 7→ f(x)
∫ x

a
φ dµ1 belongs to HK[a, b] and

(HK)

∫ b

a

f(x)

{∫ x

a

φ dµ1

}
dx =

∫ b

a

{
(HK)

∫ b

x

f

}
φ(x) dµ1(x).

Proof. Let F (x) = (HK)
∫ x

a
f for each x ∈ [a, b], and let ε > 0. Ac-

cording to the Saks-Henstock Lemma, there exists a gauge δ1 on [a, b] such

that
∑

(t1,[u1,v1])∈P1

∣∣f(t1)(v1 − u1)−
(
F (v1)− F (u1)

)∣∣ < ε

2(1 + ‖φ‖L1[a,b])

for each δ1-fine Perron subpartition P1 of [a, b]. By Theorems 1.4.5 and

1.1.6, there exists a constant δ2 > 0 such that

|F (β)− F (α)| < ε

4(1 + ‖φ‖L1[a,b])

for every interval [α, β] ⊆ [a, b] with 0 < β − α < δ2.

Define a gauge δ on [a, b] by setting δ(x) = min{δ1(x), δ2}, and let P be

any δ-fine Perron partition of [a, b]. If g(x) :=
∫ x

a
φ dµ1 for each x ∈ [a, b],

we have F (b)g(b) =
∑

(t,[u,v])∈P

(
F (v)g(v) − F (u)g(u)

)
and so

∣∣∣∣∣∣

∑

(t,[u,v])∈P

f(t)g(t)(v − u)−
∫ b

a

{
(HK)

∫ b

x

f

}
φ(x) dµ1(x)

∣∣∣∣∣∣

=

∣∣∣∣∣∣

∑

(t,[u,v])∈P

{
f(t)g(t)(v − u)−

(
F (v)g(v) − F (u)g(u)

)
+

∫ v

u

Fφ dµ1

}∣∣∣∣∣∣

≤

∣∣∣∣∣∣

∑

(t,[u,v])∈P

{
f(t)g(t)(v − u)− F (v)g(t) + F (u)g(t)

}∣∣∣∣∣∣

+

∣∣∣∣∣∣

∑

(t,[u,v])∈P

{(
F (v)− F (u)

)(∫ t

v

φ dµ1

)
+

∫ v

u

(
F − F (u)

)
φ dµ1

}∣∣∣∣∣∣

≤ ‖φ‖L1[a,b]

∑

(t,[u,v])∈P

∣∣∣∣f(t)(v − u)− (HK)

∫ v

u

f

∣∣∣∣+
2‖φ‖L1[a,b]ε

4(1 + ‖φ‖L1[a,b])

< ε.

Since ε > 0 is arbitrary, the lemma follows. �
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Recall that AC[a, b] is the space of absolutely continuous functions de-

fined on [a, b]. Using the proof of Lemma 6.1.2 together with Theorem

4.4.8, we obtain the following generalization of Lemma 6.1.2.

Lemma 6.1.3. Let f ∈ HK[a, b] and let (gn)
∞
n=1 be a sequence in AC[a, b]

such that

sup
n∈N

{
|gn(a)|+ V ar(gn, [a, b])

}
<∞.

Then the sequence (fgn)
∞
n=1 is Henstock-Kurzweil equi-integrable on [a, b].

If, in addition, the sequence (gn)
∞
n=1 is pointwise convergent on [a, b], then

limn→∞ fgn is Henstock-Kurzweil integrable on [a, b] and

(HK)

∫ b

a

lim
n→∞

fgn = lim
n→∞

(HK)

∫ b

a

fgn.

It is natural to ask for a useful description of the set{
g : ∃ a sequence (gn)

∞
n=1 in AC[a, b] such that

gn → g pointwise on [a, b] and sup
n∈N

{
|gn(a)|+ V ar(gn, [a, b])

}
<∞

}
.

The next theorem shows that this set is precisely the space BV [a, b].

Theorem 6.1.4. Let g : [a, b] −→ R. The following conditions are equiva-

lent.

(i) g ∈ BV [a, b].

(ii) There exists a sequence (φn)
∞
n=1 of step functions on [a, b] such that

supn∈N ‖φn‖L1[a,b] is finite and limn→∞
∫ x

a
φn dµ1 = g(x) − g(a) for

all x ∈ [a, b].

Proof. It is clear that (ii) implies (i).

Conversely, suppose that g ∈ BV [a, b]. By Lemma 3.11.2, V ar(g, [a, x])

exists for every x ∈ (a, b]. Using the convention that V ar(g, {a}) = 0, it

follows from Lemma 3.11.2 that the function

x 7→ V ar(g, [a, x])

is non-decreasing on [a, b]. Hence, by Corollary 3.11.5, this function is

continuous except at a countable set {d`}∞`=1 ⊂ [a, b].

We will next construct a sequence (φn)
∞
n=1 of step functions. For each

n ∈ N we consider a fixed division

Mn := {[wn,k−1, wn,k] : k = 1, . . . , j(n)}
of [a, b] satisfying the following conditions:
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(A) max
j=1,...,j(n)

(wn,j − wn,j−1) <
b− a

n
;

(B) {d`}n`=1 ⊆ {wn,`}j(n)`=0 ;

(C) {wn,`}j(n)`=0 ⊆ {wn+1,`}j(n+1)
`=0 .

Let

φn(x) :=





g(v)− g(u)

vi − ui
if x ∈ (ui, vi) for some [u, v] ∈ Mn,

0 otherwise.

Then (φn)
∞
n=1 is a sequence of step functions defined on [a, b].

We will prove that (φn)
∞
n=1 satisfies condition (ii). Let g(a) = 0 and

let gn(x) :=
∫ x

a
φn dµ1 for each x ∈ (a, b]. Then supn∈N ‖φn‖L1[a,b] is finite

since g ∈ BV [a, b] and

sup
n∈N

V ar(gn, [a, b]) = sup
n∈N

∑

[u,v]∈Mn

|g(v)− g(u)| ≤ Var(g, [a, b]). (6.1.1)

It remains to prove that limn→∞ gn(x) = g(x) − g(a) for all x ∈ [a, b].

If x = a, then gn(x) = 0 = g(x) − g(a) for all n ∈ N. On the other hand,

for each x ∈ (a, b] and n ∈ N it follows from our construction of Mn that

there exists a unique [αn, βn] ∈ Mn such that x ∈ (αn, βn]. To this end,

we consider two cases.

Case 1: There exists N ∈ N such that x = βN .

For each integer n ≥ N condition (C) and the uniqueness of [αn, βn]

imply that x = βn and so

gn(x) = gn(βn) = g(βn)− g(a) = g(x)− g(a).

Case 2: x 6= βn for all n ∈ N.

In this case, we have x ∈ (αn, βn) for every n ∈ N and so conditions

(A), (B) and (C) yield

lim
n→∞

V ar(g, [αn, βn]) = 0.

Combining this limit with gn(βn) = g(βn) − g(a) (n ∈ N) and

V ar(gn, [αn, βn]) ≤ V ar(g, [αn, βn]) (n ∈ N), we get

lim sup
n→∞

∣∣gn(x)−
(
g(x)− g(a)

)∣∣

≤ lim sup
n→∞

|gn(βn)− gn(x)|+ lim sup
n→∞

|g(βn)− g(a)− g(x) + g(a)|

≤ lim sup
n→∞

V ar(gn, [αn, βn]) + lim
n→∞

V ar(g, [αn, βn])

≤ 2 lim
n→∞

V ar(g, [αn, βn])

= 0. �
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We are now ready to prove that if g ∈ BV [a, b], then g is a multiplier

for HK[a, b].

Theorem 6.1.5. If f ∈ HK[a, b] and g ∈ BV [a, b], then fg ∈ HK[a, b].

Proof. This follows from Theorem 6.1.4 and Lemma 6.1.3. �

Theorem 6.1.6. If f ∈ HK[a, b] and g is a positive increasing function

on [a, b], then there exists ξ ∈ [a, b] such that

(HK)

∫ b

a

fg = g(b)

{
(HK)

∫ b

ξ

f

}
.

Proof. We may assume that g(a) = 0. According to the proof of Theo-

rem 6.1.4, there exists a sequence (φn)
∞
n=1 of non-negative steps functions

such that supn∈N ‖φn‖L1[a,b] is finite and limn→∞
∫ x

a
φ dµ1 = g(x) for all

x ∈ [a, b]. Thus

gn(b) min
x∈[a,b]

(HK)

∫ b

x

f ≤
∫ b

a

{
(HK)

∫ b

x

f

}
φn(x) dµ1(x)

≤ gn(b) max
x∈[a,b]

(HK)

∫ b

x

f (6.1.2)

for all n ∈ N. Next we combine (6.1.2), Lemmas 6.1.2 and 6.1.3 to get

g(b) min
x∈[a,b]

(HK)

∫ b

x

f ≤ (HK)

∫ b

a

fg

≤ g(b) max
x∈[a,b]

(HK)

∫ b

x

f. (6.1.3)

Finally, since g(b) > 0, the desired conclusion follows from (6.1.3) and

the Intermediate Value Theorem. �

A similar reasoning gives the following result.

Theorem 6.1.7. If f ∈ HK[a, b] and g is a positive decreasing function

on [a, b], then there exists ξ ∈ [a, b] such that

(HK)

∫ b

a

fg = g(a)

{
(HK)

∫ ξ

a

f

}
.

Theorem 6.1.8. If f ∈ HK[a, b] and g ∈ BV [a, b], then fg ∈ HK[a, b]

and ∣∣∣∣∣(HK)

∫ b

a

fg

∣∣∣∣∣ ≤ ‖f‖HK[a,b]

{
|g(a)|+ V ar(g, [a, b])

}
.
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Proof. Let (gn)
∞
n=1 be given as in the proof of Theorem 6.1.4. Since

Lemma 6.1.2 yields
∣∣∣∣∣(HK)

∫ b

a

fgn

∣∣∣∣∣ ≤ ‖f‖HK[a,b]V ar(gn, [a, b])

for all n ∈ N, the result follows from Lemma 6.1.3 and (6.1.1). �

The following theorem shows that Theorem 6.1.8 is, in some sense,

sharp.

Theorem 6.1.9. Let g : [a, b] −→ R. If fg ∈ HK[a, b] for each

f ∈ HK[a, b], then there exists g0 ∈ BV [a, b] such that g0 = g µ1-almost

everywhere on [a, b].

Example 6.1.10. For each s ∈ R, we define

fs(x) :=






1
xs

sin 1
x
if x ∈ (0, 1],

0 otherwise.

Then the following assertions hold.

(i) fs ∈ HK[0, 1] if and only if s < 2.

(ii) fs ∈ L1[0, 1] if and only if s < 1.

Proof. (i) If s < 0, then fs ∈ L1[0, 1] ⊂ HK[0, 1].

On the other hand, for each s ≥ 0 we define

gs(x) :=





xs if x ∈ (0, 1],

0 otherwise.

If 0 ≤ s < 2, then g2−s ∈ BV [0, 1] and so g2−s ∈ BV [α, 1] for all

α ∈ (0, 1). Since an integration by parts yields
∫ 1

α

1

xs
sin

1

x
dx =

[
x2−s cos

1

x

]1

α

−
∫ 1

α

(2− s)x1−s cos
1

x
dx

for all α ∈ (0, 1), an application of Cauchy extension shows that

fs ∈ HK[0, 1].

If s = 2, a similar argument shows that f2 /∈ HK[0, 1].

Now suppose that s > 2. Proceeding towards a contradiction, suppose

that fs ∈ HK[0, 1]. Since gs−2 ∈ BV [0, 1], it follows from Theorem 6.1.8

that f2 = fsgs−2 ∈ HK[0, 1], a contradiction. Thus, fs 6∈ HK[0, 1].
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Combining the above cases yields (i).

(ii) If s < 1, then a simple computation reveals that fs ∈ L1[0, 1].

We claim that f1 6∈ L1[0, 1]. Since (i) implies that f1 ∈ HK[0, 1], it is

enough to show that F1 6∈ BV [0, 1], where F1(x) = (HK)
∫ x

0 f1 (x ∈ (0, 1])

and F1(0) = 0. Using integration by parts again, we get

F1(x) = x cos
1

x
−
∫ x

0

cos
1

t
dt (6.1.4)

for all x ∈ (0, 1]. Since the function F : [0, 1] → R defined by

F (x) :=

{
x cos 1

x
if x ∈ (0, 1],

0 if x = 0

is not of bounded variation on [0, 1], we infer from (6.1.4) that

F1 6∈ BV [0, 1]. Thus, f1 6∈ L1[0, 1].

If s > 1, then f1 = fsgs−1. Since f1 6∈ L1[0, 1] and gs−1 is continuous

(and hence bounded) on [0, 1], we conclude that fs /∈ L1[0, 1].

Combining the above cases yields (ii) to be proved. �

6.2 On functions of bounded variation in the sense of Vitali

The aim of this section is to prove a useful multidimensional analogue of

Theorem 6.1.4. We begin the following m-dimensional analogue of Defini-

tion 3.11.1.

Definition 6.2.1. Let g : [a, b] −→ R. The total variation of g over [a, b]

is given by

V ar(g, [a, b]) := sup

{ ∑

[u,v]∈D

|∆g([u, v])| : D is a division of [a, b]

}
,

where

∆g([u, v]) :=
∑

t∈V[u,v]

g(t)

m∏

k=1

(−1)
χ
{uk}(tk)

(
[u, v] ∈ Im([a, b])

)
.

(6.2.1)

Example 6.2.2. When m = 2, (6.2.1) becomes

∆g([u1, v1]× [u2, v2]) = g(u2, v2)− g(u1, v2) + g(u1, u2)− g(v1, u2).
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Definition 6.2.3. A function g : [a, b] −→ R is said to be of bounded

variation (in the sense of Vitali) on [a, b] if Var(g, [a, b]) is finite.

The space of functions of bounded variation (in the sense of Vitali) on

[a, b] is denoted by BV [a, b]. The next theorem is an immediate conse-

quence of Definition 6.2.3.

Theorem 6.2.4. If g ∈ BV [a, b] and [u, v] ∈ Im([a, b]), then

g|[u,v] ∈ BV [u, v].

Remark 6.2.5. Let g ∈ BV [a, b]. We set V ar(g, J) := 0 whenever J is a

degenerate subinterval of [a, b].

On the other hand, when m ≥ 2 the space BV [a, b] has certain unde-

sirable properties; for example, it contains unbounded functions. Therefore

we are interested in the following space

BV0[a, b] := {g ∈ BV [a, b] : g(x) = 0 whenever x ∈ [a, b]\(a, b]},

where (a, b] :=
∏m

i=1(ai, bi].

We have the following result.

Theorem 6.2.6 (Jordan Decomposition Theorem). If g ∈BV0[a, b],
then there exist g1, g2 ∈ BV0[a, b] such that g = g1 − g2 and

inf
I∈Im([a,b])

min
i=1,2

∆gi(I) ≥ 0.

Proof. For each x ∈ [a, b], we let g1(x) =
1
2 (Var(g, [a, x]) + g(x)) and

g2(x) =
1
2 (Var(g, [a, x]) − g(x)). Then g1 and g2 have the desired proper-

ties. �

In order to state and prove a multidimensional analogue of Theo-

rem 6.1.4, we follow Section 5.4 to write Φ[a,b],k(Xk) :=
∏m

i=1Wi, where

Wk = Xk and Wi = [ai, bi] for every i ∈ {1, . . . ,m}\{k}.

Lemma 6.2.7. Let g ∈ BV0[a, b]. If x, t ∈ [a, b] and xi ≤ ti (i =

1, . . . ,m), then

|g(x)− g(t)| ≤
m∑

k=1

Var(g,Φ[a,b],k([xk, tk])).
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Proof. By the triangle inequality,

|g(x)− g(t)|
≤ |g(x1, . . . , xm)− g(t1, x2, . . . , xm)|

+

m−1∑

k=2

|g(t1, . . . , tk−1, xk, . . . , xm)− g(t1, . . . , tk, xk+1, . . . , xm)|

+ |g(t1, . . . , tm−1, xm)− g(t1, . . . , tm)| .

It remains to prove that the last sum is less or equal to

m∑

k=1

Var(g, E([xk, tk])),

where E([xk, tk]) denotes the cartesian product

[a1, t1]× · · · × [ak−1, tk−1]× [xk, tk]× [ak+1, xk+1]× · · · × [am, xm].

The proof is now complete because

|g(t1, . . . , tk−1, xk, . . . , xm)− g(t1, . . . , tk, xk+1, . . . , xm)|
= |∆g(E([xk, tk]))|
≤ Var(g, E([xk, tk]))

for k = 1, . . . ,m. �

In order to state and prove the main result of this section, we consider

the following space

AC0[a, b]

:=

{
F : ∃ f ∈ L1[a, b] such that F (x) =

∫

[a,x]

f(t) dµm(t) ∀ x ∈ [a, b]

}
.

The reader can check that AC0[a, b] ⊂ BV 0[a, b]. The following theorem

is a multidimensional analogue of Theorem 6.1.4.

Theorem 6.2.8. Let g : [a, b] −→ R. The following conditions are equiv-

alent.

(i) g ∈ BV0[a, b].

(ii) There exists a sequence (gn)
∞
n=1 in AC0[a, b] such that

supn∈N V ar(gn, [a, b]) is finite and limn→∞ gn(x) = g(x) for

all x ∈ [a, b].
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Proof. It is clear that (ii) implies (i).

For the converse, we suppose that g ∈ BV0[a, b]. For each

k ∈ {1, . . . ,m}, it follows from Theorem 6.2.4 and Remark 6.2.5 that

g ∈ BV (Φ[a,b],k([ak, xk])) for every xk ∈ [ak, bk]. Since the function

xk 7→ V ar(g,Φ[a,b],k([ak, xk]))

is non-decreasing on [ak, bk]. Hence, by Corollary 3.11.5, the function

xk 7→ V ar(g,Φ[a,b],k([ak, xk]))

is continuous except at a countable set {dk,`}∞`=1.

We will next construct the sequence (gn)
∞
n=1 of functions. For each

k ∈ {1, . . . ,m} and n ∈ N we let

Dk,n = {[wk,n,`−1, wk,n,`] : ` = 1, . . . , j(k, n)}
be a fixed division of [ak, bk] satisfying the following conditions:

(A) max
`=1,...,j(k,n)

(wk,n,` − wk,n,`−1) <
bk − ak
n

;

(B) {dk,`}n`=1 ⊆ {wk,n,`}j(k,n)`=0 ;

(C) {wk,n,`}j(k,n)`=0 ⊆ {wk,n+1,`}j(k,n+1)
`=0 .

Next we set

Mn

:=

{ m∏

k=1

[wk,n,`(k)−1, wk,n,`(k)] : [wk,n,`(k)−1, wk,n,`(k)]∈Dk,n(k = 1, . . . ,m)

}
,

φn(x) :=






∆g([u, v])∏m
i=1(vi − ui)

if x ∈ ∏m
i=1(ui, vi) for some [u, v] ∈ Mn,

0 otherwise.

and gn(x) :=
∫
[a,x]

φn(t) dµm(t) (x ∈ [a, b]). From the

above construction of the sequence (gn)
∞
n=1 it is clear that

supn∈N V ar(gn, [a, b]) is finite, since g ∈ BV0[a, b] and

sup
n∈N

V ar(gn, [a, b]) = sup
n∈N

∑

I∈Mn

|∆g(I)| ≤ Var(g, [a, b]). (6.2.2)

Now we prove that limn→∞ gn(x) = g(x) for all x ∈ [a, b]. If

x ∈ [a, b]\(a, b], then gn(x) = g(x) = 0 for all n ∈ N. On the other

hand, we select any x ∈ (a, b]. Then for each n ∈ N it follows from our

construction of Mn that there exists a unique [αn,βn] ∈ Mn such that

x ∈ (αn,βn]. To this end, we consider two cases.
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Case 1: There exists N ∈ N such that x = βN .

For each integer n ≥ N we deduce from condition (C) and the unique-

ness of [αn,βn] that x = βn and so gn(x) = gn(βn) = g(βn) = g(x).

Case 2: x 6= βn for every n ∈ N.

In this case, there exists k ∈ {1, . . . ,m} such that xk ∈ (αk,n, βk,n) for

infinitely many n ∈ N. This assertion, together with condition (C), implies

that xk ∈ (αk,n, βk,n) and

|gn(x)− g(x)|
≤ |gn(βn)− gn(x)|+ |g(βn)− g(x)|

≤
m∑

k=1

Var(gn,Φ[a,b],k([xk, βk,n])) +

m∑

k=1

Var(g,Φ[a,b],k([xk, βk,n]))

(by Lemma 6.2.7)

≤
m∑

k=1
xk∈(αk,n,βk,n)

(
Var(gn,Φ[a,b],k([αk,n, βk,n])) + Var(g,Φ[a,b],k([αk,n, βk,n]))

)

≤ 2

m∑

k=1
xk∈(αk,n,βk,n)

Var(g,Φ[a,b],k([αk,n, βk,n])) (by our choice of gn)

for every integers n.

It remains to prove that if k ∈ {1, . . . ,m} and αk,n < xk < βk,n for all

n ∈ N, then

Var(g,Φ[a,b],k([αk,n, βk,n])) → 0 as n→ ∞.

But it is clear, since xk 6= dk,n (k ∈ {1, . . . ,m};n ∈ N), conditions (A), (B)

and (C) imply that

lim
n→∞

max
k=1,...,m

(βk,n − αk,n) = 0.
�

Remark 6.2.9. While the proof of Theorem 6.2.8 is similar to that of [117,

Theorem 1], we observe that our proof is even more general. In fact, the

proof does not depend on the Jordon Decomposition Theorem (Theorem

6.2.6).

A modification of the proof of Theorem 6.2.8 yields the following results.
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Theorem 6.2.10. Let (x1, . . . , xm) ∈ [a, b] and let
(
(x1,n, . . . , xm,n)

)∞
n=1

be a sequence in [a, b] such that sgn(xi,k − xk) = sgn(xj,k − xk) for all

i, j ∈ N and k ∈ {1, . . . ,m}. If g ∈ BV0[a, b] and

limn→∞(x1,n, . . . , xm,n) = (x1, . . . , xm), then limn→∞ g(x1,n, . . . , xm,n) ex-

ists.

Theorem 6.2.11. If g ∈ BV0[a, b], then g is continuous everywhere on

[a, b] except for a countable number of hyperplanes parallel to the coordinate

axes.

6.3 The m-dimensional Riemann-Stieltjes integral

In this section we give a generalization of the m-dimensional Riemann in-

tegral. As a result, we obtain a refinement of Lemma 6.1.1.

Definition 6.3.1. Let F and H be two real-valued functions defined on

[a, b]. F is said to be Riemann-Stieltjes integrable with respect to H on

[a, b] if there exists A ∈ R with the following property: for each ε > 0 there

exists δ > 0 such that ∣∣∣∣∣∣

∑

(t,I)∈P

F (t)∆H(I)−A

∣∣∣∣∣∣
< ε (6.3.1)

for each δ-fine Perron partition P of [a, b].

Theorem 6.3.2. There is at most one number A satisfying (6.3.1).

Proof. Exercise. �

Let A be given as in Definition 6.3.1. We write A as (RS)
∫
[a,b]

F dH

or (RS)
∫
[a,b] F (x) dH(x); in this case, we say that the Riemann-Stieltjes

integral (RS)
∫
[a,b] F dH exists.

We have the following Cauchy criterion for Riemann-Stieltjes integra-

bility.

Theorem 6.3.3. Let F and H be real-valued functions defined on [a, b].

Then the Riemann-Stieltjes integral (RS)
∫
[a,b]

F dH exists if and only if

for each ε > 0 there exists δ > 0 such that∣∣∣∣∣∣

∑

(t,I)∈P

F (t)∆H(I)−
∑

(x,J)∈Q

F (x)∆H(J)

∣∣∣∣∣∣
< ε

whenever P and Q are δ-fine Perron partitions of [a, b].
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Proof. The proof is similar to that of Theorem 2.3.4. �

Recall that C[a, b] is the space of continuous functions on [a, b]. Ac-

cording to Corollary 2.2.4, ‖f‖C[a,b] := supx∈[a,b] |f(x)| is a non-negative

real number whenever f ∈ C[a, b]. The following theorem is an immediate

consequence of Theorem 6.3.3.

Theorem 6.3.4. If F ∈ C[a, b] and g ∈ BV [a, b], then the Riemann-

Stieltjes integral (RS)
∫
[a,b] F dg exists.

Proof. In view of Theorem 2.2.3, the proof is similar to that of Theorem

2.3.5. �

Theorem 6.3.5. If F ∈ C[a, b] and g ∈ BV [a, b], then
∣∣∣∣∣(RS)

∫

[a,b]

F dg

∣∣∣∣∣ ≤ ‖F‖C[a,b]V ar(g, [a, b]).

Proof. For each ε > 0 there exists a positive constant δ such that
∣∣∣∣∣∣

∑

(t,I)∈P

F (t)∆g(I)− (RS)

∫

[a,b]

F dg

∣∣∣∣∣∣
< ε

for each δ-fine Perron partition P of [a, b]. Hence, for any δ-fine partition

P of [a, b], we have
∣∣∣∣∣(RS)

∫

[a,b]

F dg

∣∣∣∣∣ ≤

∣∣∣∣∣∣

∑

(t,I)∈P

F (t)∆g(I)

∣∣∣∣∣∣
+ ε ≤ ‖F‖C[a,b]V ar(g, [a, b]) + ε.

Since ε > 0 is arbitrary, the theorem is proved. �

Theorem 6.3.6. If F ∈ C[ a, b], g ∈ BV [a, b], and D is a division of

[a, b], then (RS)
∫
I
F dg exists for all I ∈ D, and

(RS)

∫

[a,b]

F dg =
∑

I∈D

(RS)

∫

I

F dg.

Proof. Exercise. �

Theorem 6.3.7. If F ∈ C[a, b], h ∈ L1[a, b] and H(x) =
∫
[a,x] h dµm for

all x ∈ [a, b], then the Riemann-Stieltjes integral (RS)
∫
[a,b]

F dH exists,

Fh ∈ L1[a, b] and

(RS)

∫

[a,b]

F dH =

∫

[a,b]

Fh dµm. (6.3.2)
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Proof. In view of Theorem 6.3.4, Corollary 2.2.4 and Theorem 3.7.3, it

suffices to prove that (6.3.2) holds. For each ε > 0 we apply Theorem 2.2.3

to select a sufficient small η > 0 so that

ω(F, I) <
ε

2(1 + ‖h‖L1[a,b])

for each I ∈ Im([a, b]) with diam(I) < η. If P is any η-fine Perron partition

of [a, b], it follows from Theorems 6.3.6, 2.3.10 and 6.3.5 that

∣∣∣∣∣(RS)
∫

[a,b]

F dH −
∫

[a,b]

Fh dµm

∣∣∣∣∣

≤
∑

(t,I)∈P

∣∣∣∣(RS)
∫

I

F dH −
∫

I

Fh dµm

∣∣∣∣

=
∑

(t,I)∈P

∣∣∣∣(RS)
∫

I

(F − F (t)) dH −
∫

I

(F − F (t))h dµm

∣∣∣∣

≤
∑

(t,I)∈P

ω(F, I)(V ar(H, I) + ‖h‖L1[a,b])

< ε.

Since ε > 0 is arbitrary, the theorem is proved. �

Theorem 6.3.8. Let F ∈ C[a, b] and suppose that the following conditions

are satisfied:

(i) (gn)
∞
n=1 is a sequence in BV [a, b] with supn∈N V ar(gn, [a, b]) <∞;

(ii) gn → g pointwise on [a, b].

Then the Riemann-Stieltjes integral (RS)
∫
[a,b]

F dg exists. Moreover, the

limit limn→∞(RS)
∫
[a,b] F dgn exists and

lim
n→∞

(RS)

∫

[a,b]

F dgn = (RS)

∫

[a,b]

F dg.

Proof. For each ε > 0 we apply Theorem 2.2.3 to select a sufficient small

η > 0 so that

ω(F, I) <
ε

4(1 + supn∈N V ar(gn, [a, b]))
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whenever I ∈ Im([a, b]) with diam(I) < η. If P is any η-fine Perron

partition of [a, b], we have
∣∣∣∣∣∣

∑

(t,I)∈P

F (t)∆gn(I)− (RS)

∫

[a,b]

F dgn

∣∣∣∣∣∣

≤
∑

(t,I)∈P

∣∣∣∣F (t)∆gn(I)− (RS)

∫

I

F dgn

∣∣∣∣

=
∑

(t,I)∈P

∣∣∣∣(RS)
∫

I

(F (t)− F ) dgn

∣∣∣∣

≤
∑

(t,I)∈P

ω(F, I)V ar(gn, I)

<
ε

2
. (6.3.3)

Combining (6.3.3) and (ii) shows that
(
(RS)

∫
[a,b]

F dgn
)∞
n=1

is a

Cauchy sequence of real numbers; therefore this sequence converges to some

real number A. Finally, we let n→ ∞ in (6.3.3) to complete the proof. �

The following theorem is a refinement of Lemma 6.1.1.

Theorem 6.3.9. If f ∈ L1[a, b] and g ∈ BV0[a, b], then fg ∈ L1[a, b] and
∫

[a,b]

fg dµm = (RS)

∫

[a,b]

{∫

[x,b]

f dµm

}
dg(x).

Proof. Let (φn)
∞
n=1 be given as in the proof of Theorem 6.2.8. For each

n ∈ N we observe that the proof of Lemma 6.1.1 yields
∫

[a,b]

f(x)

{∫

[a,x]

φn(t) dµm(t)

}
dµm(x)

=

∫

[a,b]

{∫

[t,b]

f(x) dµm(x)

}
φn(t) dµm(t).

Next we let gn(t) :=
∫
[a,t] φn dµm (t ∈ [a, b]) and apply Theorem 6.3.7 to

obtain ∫

[a,b]

{∫

[t,b]

f(x) dµm(x)

}
φn(t) dµm(t)

=

∫

[a,b]

{∫

[t,b]

f(x) dµm(x)

}
dgn(t).

The desired conclusion follows from the above equalities, Lebesgue’s Dom-

inated Convergence Theorem and Theorem 6.3.8. �
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It is now easy to deduce the following Mean-Value Theorem from The-

orem 6.3.9. For other versions of such theorem, consult for instance [162].

Theorem 6.3.10. Let f ∈ L1[a, b] and let g ∈ BV0[a, b]. If ∆g(I) ≥ 0 for

every I ∈ Im([a, b]), then there exists c ∈ [a, b] such that
∫

[a,b]

fg dµm = g(b)

∫

[c,b]

f dµm.

Proof. This is an immediate consequence of Theorem 6.3.9, the following

inequalities

g(b) min
x∈[a,b]

{∫

[x,b]

f dµm

}
≤

∫

[a,b]

{∫

[x,b]

f dµm

}
dg(x)

≤ g(b) max
x∈[a,b]

{∫

[x,b]

f dµm

}

and the Intermediate Value Theorem. �

6.4 A multiple integration by parts for the Henstock-

Kurzweil integral

The aim of this section is to show that an analogous version of Theorem

6.3.9 holds for the Henstock-Kurzweil integral.

Theorem 6.4.1. If f ∈ HK[a, b] and g ∈ BV 0[a, b], then fg ∈ HK[a, b]

and

(HK)

∫

[a,b]

fg = (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

f

}
dg(x). (6.4.1)

Proof. Let ε > 0 and use Theorem 2.4.7 to choose a gauge δ1 on [a, b]

so that
∑

(t′,I′)∈P ′

‖f(t′)− f‖HK(I′) <
ε

10
(
1 + Var(g, [a, b])

) (6.4.2)

for each δ1-fine Perron subpartition P ′ of [a, b].

Since g ∈ BV0[a, b], it follows from Theorem 6.2.11 that there exists a

set Z ⊆ [a, b] such that µm(Z) = 0 and g is continuous at each point of

[a, b]\Z. Hence there exists a gauge δ2 on [a, b]\Z such that

|g(x)− g(y)| < ε

4(1 + |f(x)|)(µm([a, b]))

whenever x ∈ [a, b]\Z and y ∈ B(x, δ2(x)) ∩ [a, b].
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Since Z ⊂ [a, b] has µm-measure zero and f is real-valued, it follows

from (6.4.2) that there exists a gauge δ3 on Z such that
∑

(t′′,I′′)∈P ′′

‖f‖HK(I′′) <
ε

8
(
1 + Var(g, [a, b])

)

for each Z-tagged δ3-fine Perron subpartition P ′′ of [a, b].

Now we define a gauge δ on [a, b] by setting

δ(x) =





min{δ1(x), δ2(x)} if x ∈ [a, b]\Z,

min{δ1(x), δ3(x)} if x ∈ Z,

and consider any δ-fine Perron partition P of [a, b]. Then
∣∣∣∣∣∣

∑

(t,I)∈P

f(t)g(t)µm(I)− (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

f

}
dg(x)

∣∣∣∣∣∣

≤
∑

(t,I)∈P
t∈[a,b]\Z

∣∣∣∣∣f(t)g(t)µm(I)− (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

fχI

}
dg(x)

∣∣∣∣∣

+
∑

(t,I)∈P
t∈Z

∣∣∣∣∣f(t)g(t)µm(I)− (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

fχI

}
dg(x)

∣∣∣∣∣

≤
∑

(t,I)∈P
t∈[a,b]\Z

∣∣∣∣f(t)
{
g(t)µm(I)−

∫

I

g dµm

}∣∣∣∣

+
∑

(t,I)∈P
t∈[a,b]\Z

∣∣∣∣∣f(t)
∫

I

g dµm − (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

fχI

}
dg(x)

∣∣∣∣∣

+
∑

(t,I)∈P
t∈Z

∣∣∣∣∣f(t)g(t)µm(I)− (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

fχI

}
dg(x)

∣∣∣∣∣

= S1 + S2 + S3,

say.

According to our choice of δ2, we get

S1 =
∑

(t,I)∈P
t∈[a,b]\Z

∣∣∣∣f(t)
{∫

I

(g(t)− g) dµm

}∣∣∣∣ <
ε

4
.
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Theorems 6.3.9, 6.3.5 and (6.4.2) yield an upper bound for S2:

S2

=
∑

(t,I)∈P
t∈[a,b]\Z

∣∣∣∣∣f(t)
∫

I

g dµm − (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

fχI

}
dg(x)

∣∣∣∣∣

=
∑

(t,I)∈P
t∈[a,b]\Z

∣∣∣∣∣(RS)
∫

[a,b]

{
(HK)

∫

[x,b]

(
f(t)− f)χI

)}
dg(x)

∣∣∣∣∣

<
ε

10
.

We also have

S3

=
∑

(t,I)∈P
t∈Z

∣∣∣∣∣f(t)g(t)µm(I)− (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

fχI

}
dg(x)

∣∣∣∣∣

≤
{

sup
t∈[a,b]

|g(t)|
} ∑

(t,I)∈P
t∈Z

{ ∣∣∣∣f(t)µm(I)− (HK)

∫

I

f

∣∣∣∣+
∣∣∣∣(HK)

∫

I

f

∣∣∣∣
}

+
∑

(t,I)∈P
t∈Z

∣∣∣∣∣(RS)
∫

[a,b]

{
(HK)

∫

[x,b]

fχI

}
dg(x)

∣∣∣∣∣

≤
{

sup
t∈[a,b]

|g(t)|
} ∑

(t,I)∈P
t∈Z

{ ∣∣∣∣f(t)µm(I)− (HK)

∫

I

f

∣∣∣∣+
∣∣∣∣(HK)

∫

I

f

∣∣∣∣
}

+Var(g, [a, b])
∑

(t,I)∈P
t∈Z

‖f‖HK(I) (by Theorem 6.3.5)

≤ 2 Var(g, [a, b])

{ ∑

(t,I)∈P
t∈Z

‖f(t)− f‖HK(I) +
∑

(t,I)∈P
t∈Z

‖f‖HK(I)

}

(since g ∈ BV0[a, b])

<
ε

2
.

Combining the above estimates completes the proof. �

Following the argument of Theorem 6.3.10, we obtain the following re-

sult.
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Theorem 6.4.2. Let f ∈ HK[a, b] and let g ∈ BV0[a, b]. If ∆g(I) ≥ 0

for every I ∈ Im([a, b]), then there exists c ∈ [a, b] such that

(HK)

∫

[a,b]

fg = g(b)

{
(HK)

∫

[c,b]

f

}
.

The following theorem is a consequence of Theorems 6.3.5 and 6.4.1.

Theorem 6.4.3. If f ∈ HK[a, b] and g ∈ BV 0[a, b], then fg ∈ HK[a, b]

and
∣∣∣∣∣(HK)

∫

[a,b]

fg

∣∣∣∣∣ ≤ ‖f‖HK[a,b]V ar(g, [a, b]). (6.4.3)

6.5 Kurzweil’s multiple integration by parts formula for the

Henstock-Kurzweil integral

The aim of this section is to establish Kurzweil’s multiple integration by

parts formula for the Henstock-Kurzweil integral. We begin with the fol-

lowing definition.

Definition 6.5.1. A function g : [a1, b1] × [a2, b2] −→ R is said to be

of bounded variation in the sense of Hardy and Krause if the following

conditions are satisfied:

(i) the function x 7→ g(x, a2) is of bounded variation on [a1, b1];

(ii) the function y 7→ g(a1, y) is of bounded variation on [a2, b2];

(iii) g ∈ BV ([a1, b1]× [a2, b2]).

Recall that Φ[a,b],k(Xk) :=
∏m

i=1Wi, where Wk = Xk and Wi = [ai, bi]

for all i ∈ {1, . . . ,m}\{k}. The following definition is an m-dimensional

version of Definition 6.5.1.

Definition 6.5.2. A function g : [a, b] −→ R is said to be of bounded vari-

ation in the sense of Hardy and Krause on [a, b] if the following conditions

are satisfied:

(i) if Γ ⊂ {1, . . . ,m} is non-empty, then

g

∣∣∣∣ m⋂

k=1
k 6∈Γ

Φ[a,b],k({ak})
∈ BV

( m∏

k=1
k∈Γ

[ak, bk]

)
;
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(ii) g ∈ BV [a, b].

The class of functions of bounded variation in the sense of Hardy and

Krause on [a, b] will be denoted by BVHK [a, b]. The following theorem is

an immediate consequence of Definition 6.5.2.

Theorem 6.5.3. BV0[a, b] ⊂ BVHK [a, b].

We need the following lemmas in order to prove Theorem 6.5.6 below.

Lemma 6.5.4. Let g ∈ BVHK [a, b]. If T ⊂ {1, . . . ,m} is non-empty and

ck ∈ {ak, bk} for all k ∈ {1, . . . ,m}\T , then

g

∣∣∣∣ m⋂

k=1
k 6∈T

Φ[a,b],k({ck})
∈ BV

( m∏

k=1
k∈T

[ak, bk]

)
.

Proof. This is an immediate consequence of Definition 6.5.2. �

In order to proceed further, let

Pm :=

{ m∏

k=1

Yk : Yk ∈
{
{ak}, {bk}, [ak, bk]

}
for each k ∈ {1, . . . ,m}

}

and for
∏m

k=1 Yk ∈ Pm, let

Γ

( m∏

k=1

Yk

)
:= {i ∈ {1, . . . ,m} : Yi = [ai, bi]}.

Lemma 6.5.5. If g ∈ BVHK [a, b] and Y ∈ Pm, then gχY ∈ BV [a, b].

Proof. If Y ∈ Pm with card(Γ(Y )) = m, then Y = [a, b] and hence

gχY ∈ BV [a, b]. On the other hand, for any Y ∈ Pm satisfying

card(Γ(Y )) < m, Lemma 6.5.4 implies that gχY ∈ BV [a, b]. �

Theorem 6.5.6. If g ∈ BVHK [a, b], then gχ(a,b) ∈ BV0[a, b] and

gχ(a,b) =
∑

Y ∈Pm

(−1)m−card (Γ(Y ))gχY . (6.5.1)

Proof. It is clear that (6.5.1) holds for any real-valued function g defined

on [a, b]. Since (6.5.1) and Lemma 6.5.5 imply gχ(a,b) ∈ BV [a, b], we

conclude that gχ(a,b) ∈ BV0[a, b]. �
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For each k ∈ {1, . . . ,m} and c ∈ [a, b], we define the function

πk,c : [a, b] −→ [a, b] by setting πk,c(x) = z, where zk = ck and zj = xj for

all j ∈ {1, . . . ,m}\{k}. Using Theorems 6.2.8, 6.3.7 and 6.3.8, we obtain

the following result.

Theorem 6.5.7. Let F ∈ C[a, b], let g ∈ BV [a, b], and suppose that

g(x) = 0 for all x ∈ [a, b]\(a, b). If there exists c ∈ [a, b] such that

F (x) = (F ◦ πk,c)(x) for all x ∈ [a, b], then

(RS)

∫

[a,b]

F dg = 0.

Proof. According to Theorem 6.2.8, there exists a sequence (φn)
∞
n=1 in

L1[a, b] such that

sup
n∈N

||φn||L1[a,b] <∞ (6.5.2)

and

lim
n→∞

∫

[a,x]

φn dµm = g(x) for all x ∈ [a, b]. (6.5.3)

Consequently, we infer from (6.5.2), (6.5.3), Theorems 6.3.7 and 6.3.8 that

(RS)

∫

[a,b]

F dg = lim
n→∞

∫

[a,b]

Fφn dµm. (6.5.4)

Using the assumption F = F ◦ πk,c and Fubini’s Theorem, we get
∫

[a,b]

Fφn dµm =

∫
∏m

i=1
i6=k

[ai,bi]

(F ◦ πk,c)
{∫

[ak,bk]

φn dµ1

}
dµm−1 (6.5.5)

for all n ∈ N.

In view of (6.5.4) and (6.5.5), it remains to prove that

lim
n→∞

∫
∏m

i=1
i6=k

[ai,bi]

(F ◦ πk,c)
{∫

[ak,bk]

φn dµ1

}
dµm−1 = 0. (6.5.6)

To prove (6.5.6), we first observe that (6.5.2) yields

sup
n∈N

∫
∏m

i=1
i6=k

[ai,bi]

∣∣∣∣∣

∫

[ak,bk]

φn dµ1

∣∣∣∣∣ dµm−1 ≤ sup
n∈N

||φn||L1[a,b] <∞.

(6.5.7)
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Next, for each x ∈ Φ[a,b],k({ak}) Fubini’s Theorem, (6.5.3) and our choice

of g yield

lim
n→∞

∫
∏m

i=1
i6=k

[ai,xi]

{∫

[ak,bk]

φn dµ1

}
dµm−1 = 0. (6.5.8)

Finally, an application of an (m−1)-dimensional analogue of Theorem 6.3.8

yields (6.5.6) to be proved. �

Theorem 6.5.8. Let f ∈ HK[a, b] and let F̃ : [a, b] −→ R be any function

such that ∆
F̃
(I) = (HK)

∫
I
f for every I ∈ Im([a, b]). If g ∈ BVHK [a, b],

then fg ∈ HK[a, b] and

(HK)

∫

[a,b]

fg =
∑

Y ∈Pm

(−1)card (Γ(Y ))

{
(RS)

∫

[a,b]

F̃ d(gχY )

}
. (6.5.9)

Proof. Let g0 = gχ(a,b). By Theorems 6.5.6 and 6.4.1, fg0 ∈ HK[a, b]

and

(HK)

∫

[a,b]

fg0 = (RS)

∫

[a,b]

{
(HK)

∫

[x,b]

f

}
dg0(x).

Since g = g0 µm-almost everywhere on [a, b], we conclude that

fg ∈ HK[a, b] and

(HK)

∫

[a,b]

fg = (HK)

∫

[a,b]

fg0.

It remains to prove that (6.5.9) holds. Using the additivity of the in-

definite HK-integral of f over [a, b], we see that

(HK)

∫

[x,b]

f = ∆
F̃
([x, b])

for each x ∈ [a, b]. Therefore the linearity of the Riemann-Stieltjes integral

and Theorem 6.5.7 yield

(RS)

∫

[a,b]

∆
F̃
([x, b]) dg0(x) = (RS)

∫

[a,b]

(−1)mF̃ dg0.

Finally, since the linearity of the Riemann-Stieltjes integral and Theo-

rem 6.5.6 yield

(RS)

∫

[a,b]

(−1)mF̃ dg0 =
∑

Y ∈Pm

(−1)card(Γ(Y ))

{
(RS)

∫

[a,b]

F̃ d(gχY )

}
,

the above equalities yield (6.5.9). �
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For
∏m

k=1 Yk ∈ Pm, set σ(
∏m

k=1 Yk) := {i ∈ {1, . . . ,m} : Yi = {ai}}. It
remains to show that Theorem 6.5.8 is equivalent to the following Kurzweil’s

multidimensional integration by parts formula [73, Theorem 2.10].

Theorem 6.5.9. Let f ∈ HK[a, b] and let F̃ : [a, b] −→ R be any function

such that ∆
F̃
(I) = (HK)

∫
I
f for every I ∈ Im([a, b]). If g ∈ BVHK [a, b],

then fg ∈ HK[a, b] and

(HK)

∫

[a,b]

fg

= ∆
F̃ g

([a, b])

+

m∑

k=1

∑

Y ∈Pm

card(Γ(Y ))=k

(−1)k (RS)

∫
m∏

j=1
j∈Γ(Y )

[aj ,bj]

(−1)card (σ(Y ))F̃
∣∣
Y
d(g

∣∣
Y
).

(6.5.10)

Proof. If v ∈ V [a, b], then it follows from the definition of the Riemann-

Stieltjes integral that

(RS)

∫

[a,b]

F̃ d(gχ{v}) = F̃ (v)g(v)

m∏

i=1

(−1)
χ
{ai}(vi).

Similarly, for each Y ∈ Pm satisfying 0 < card(Γ(Y )) ≤ m, we write

Y =
∏m

i=1 Yi to get

(RS)

∫

[a,b]

F̃ d(gχY )

=

{ ∏

i∈{1,...,m}\Γ(Y )

(−1)χYi
(ai)

}{
(RS)

∫
m∏

j=1
j∈Γ(Y )

[aj ,bj]

F̃
∣∣
Y
d(g

∣∣
Y
)

}

= (−1)card(σ(Y ))

{
(RS)

∫
m∏

j=1
j∈Γ(Y )

[aj ,bj]

F̃
∣∣
Y
d(g

∣∣
Y
)

}
.

Combining the above equalities together with Theorem 6.5.8 yields

(6.5.10) to be proved. �

Corollary 6.5.10. Let m = 1, let f ∈ HK[a, b], and let F̃ : [a, b] −→ R be

any function such that ∆
F̃
([u, v]) = (HK)

∫ v

u
f for every [u, v] ∈ I1([a, b]).

If g ∈ BV [a, b], then the Riemann-Stieltjes integral (RS)
∫ b

a
F̃ dg exists and

(HK)

∫ b

a

fg = F̃ (b)g(b)− F̃ (a)g(a)− (RS)

∫ b

a

F̃ dg.
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Example 6.5.11. If m = 2, then (6.5.10) becomes

(HK)

∫

[a1,b1]×[a2,b2]

f(x1, x2)g(x1, x2) d(x1, x2)

= F̃ (b1, b2)g(b1, b2)− F̃ (a1, b2)g(a1, b2)

+F̃ (a1, a2)g(a1, a2)− F̃ (a2, b1)g(a2, b1)

−
{
(RS)

∫ b1

a1

F̃ (x1, b2) dg(x1, b2)− (RS)

∫ b1

a1

F̃ (x1, a2) dg(x1, a2)

}

−
{
(RS)

∫ b2

a2

F̃ (b1, x2) dg(b1, x2)− (RS)

∫ b2

a2

F̃ (a1, x2) dg(a1, x2)

}

+(RS)

∫

[a1,b1]×[a2,b2]

F̃ (x, y) dg(x, y).

Theorem 6.5.12. If f ∈ HK[a, b] and g ∈ BVHK [a, b], then there exists

g0 ∈ BV0[a, b] such that g = g0 µm-almost everywhere on [a, b] and
∣∣∣∣∣(HK)

∫

[a,b]

fg

∣∣∣∣∣ ≤ ‖f‖HK[a,b]V ar(g0, [a, b]).

Proof. Exercise. �

We are now ready to give a generalization of Theorem 6.1.6.

Theorem 6.5.13. Let f ∈ HK[a, b]. For each i ∈ {1, . . . ,m}, let gi be a

positive increasing function defined on [ai, bi]. Then there exists c ∈ [a, b]

such that

(HK)

∫

[a,b]

f(⊗m
i=1gi) = (⊗m

i=1gi)(b)

{
(HK)

∫

[c,b]

f

}
.

Proof. Exercise. �

Example 6.5.14. Define the function f : [0, 1]2 −→ R by setting

f(x1, x2) =

{ 1
x1x2

sin 1
x1x2

if (x1, x2) ∈ (0, 1]2,

0 if (x1, x2) ∈ [0, 1]2\(0, 1]2.

Then f ∈ HK([0, 1]2)\L1([0, 1]2).

Proof. Suppose that f ∈ L1([0, 1]2). Then it follows from Fubini’s Theo-

rem that the map x 7→ f(x, y) belongs to L1[0, 1] for µ1-almost all y ∈ [0, 1],

a contradiction. Thus, f 6∈ L1([0, 1]2).
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We will next use Theorem 5.5.9 to show that f ∈ HK([0, 1]2). For each

x2 ∈ (0, 1] and 0 < α < β ≤ 1, an integration by parts gives
∫ β

α

1

x1x2
sin

1

x1x2
dx1 =

[
x1 cos

1

x1x2

]β

α

−
∫ β

α

cos
1

x1x2
dx1

(6.5.11)

and hence

(HK)

∫ β

0

1

x1x2
sin

1

x1x2
dx1 = β cos

1

βx2
−
∫ β

0

cos
1

x1x2
dx1.

(6.5.12)

Furthermore, it follows from (6.5.11) and (6.5.12) that if [α, β] × [γ, δ] ∈
I2([0, 1]2) with 0 < β ≤ 1 and 0 < γ < δ ≤ 1, then the iterated integral

∫ δ

γ

{
(HK)

∫ β

0

1

x1x2
sin

1

x1x2
dx1

}
dµ1(x2) exists

and ∣∣∣∣∣

∫ δ

γ

{
(HK)

∫ β

0

1

x1x2
sin

1

x1x2
dx1

}
dµ1(x2)

∣∣∣∣∣ ≤ 2β(δ − γ). (6.5.13)

We will next prove that the inequality∣∣∣∣∣

∫ δ

0

{∫ β

α

1

x1x2
sin

1

x1x2
dµ1(x1)

}
dµ1(x2)

∣∣∣∣∣ ≤ 2δ(β − α) (6.5.14)

holds whenever 0 < δ < 1 and 0 < α < β ≤ 1. Indeed,∣∣∣∣∣

∫ δ

0

{∫ β

α

1

x1x2
sin

1

x1x2
dµ1(x1)

}
dµ1(x2)

∣∣∣∣∣

=

∣∣∣∣∣ limγ→0+

∫ δ

γ

{∫ β

α

1

x1x2
sin

1

x1x2
dµ1(x1)

}
dµ1(x2)

∣∣∣∣∣

=

∣∣∣∣∣ limγ→0+

∫

[α,β]×[γ,δ]

1

x1x2
sin

1

x1x2
dµ2(x1, x2)

∣∣∣∣∣

=

∣∣∣∣∣ limγ→0+

∫ β

α

{∫ δ

γ

1

x1x2
sin

1

x1x2
dµ1(x2)

}
dµ1(x1)

∣∣∣∣∣

=

∣∣∣∣∣ limγ→0+

∫ β

α

{
δ cos

1

δx1
− γ cos

1

γx1
−
∫ δ

γ

cos
1

x1x2
dµ1(x2)

}
dµ1(x1)

∣∣∣∣∣

=

∣∣∣∣∣

∫ β

α

{
δ cos

1

δx1
−
∫ δ

0

cos
1

x1x2
dµ1(x2)

}
dµ1(x1)

∣∣∣∣∣
(by Lebesgue’s Dominated Convergence Theorem)

≤ 2δ(β − α).



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

194 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

Finally, we prove that f ∈ HK([0, 1]2). To do this, we define the interval

function F : I2([0, 1]2) −→ R by setting

F ([α, β] × [γ, δ]) = (HK)

∫ δ

γ

{
(HK)

∫ β

α

1

x1x2
sin

1

x1x2
dx1

}
dx2.

Clearly, F is an additive interval function. Since f is continuous on each

interval I ⊂ (0, 1]2, we need to prove that

VHKF (({0} × [0, 1]) ∪ ([0, 1]× {0})) = 0.

But this is an easy consequence of (6.5.13) and (6.5.14). �

6.6 Riesz Representation Theorems

The aim of this section is to prove a generalization of Theorem 6.4.1, which

will be used to characterize the multipliers for HK[a, b]. We begin with

the following definition.

Definition 6.6.1. A norm on a linear space X is a function

‖ · ‖X : X −→ [0,∞) satisfying the following conditions:

(i) ‖x‖X = 0 if and only if x = 0X , where 0X denotes the zero vector of

X ;

(ii) ‖αx‖X = |α| ‖x‖X for all α ∈ R and x ∈ X ;

(iii) (Triangle inequality) ‖x+ y‖X ≤ ‖x‖X + ‖y‖X for all x, y ∈ X .

The normed linear space just defined is denoted by (X, ‖·‖X), or simply

X .

Example 6.6.2. The space C[0, 1] is a normed linear space.

Definition 6.6.3. Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be normed spaces, and let

T : (X, ‖ · ‖X) −→ (Y, ‖ · ‖Y ). If
T (αx1 + βx2) = αT (x1) + βT (x2)

for all α, β ∈ R and x1, x2 ∈ (X, ‖ · ‖X), we say that T is a linear operator.

An operator taking real values is known as a functional.

Example 6.6.4. The function S : C[0, 1] −→ R is defined by

S(f) =

∫ 1

0

f dµ1.

Then S is a functional on C[0, 1], and |S(f)| ≤ ‖f‖C[0,1] for all

f ∈ C[0, 1].
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Definition 6.6.5. Let (X, ‖·‖X) and (Y, ‖·‖Y ) be normed spaces. A linear

operator T : (X, ‖ · ‖X) −→ (Y, ‖ · ‖Y ) is said to be bounded if there exists

C ∈ [0,∞) such that ‖T (x)‖Y ≤ C‖x‖X for all x ∈ X . The operator norm

for a bounded linear operator T is defined as

‖T ‖ = inf
{
C : ‖T (x)‖Y ≤ C‖x‖X for all x ∈ X

}
.

Theorem 6.6.6. Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be normed linear spaces,

and let B(X,Y ) be the set of all bounded linear operators from X to Y .

Then (B(X,Y ), ‖ · ‖) is a normed space.

Definition 6.6.7. Let (X, ‖ · ‖X) be a normed linear space. The space

(B(X,R), ‖ · ‖) is usually denoted by X∗, which is known as the dual of

(X, ‖ · ‖X).

The following theorem is an immediate consequence of Theorem 6.3.5.

Theorem 6.6.8. If g ∈ BV0[a, b], then the map F 7→ (RS)
∫
[a,b] F dg is a

bounded linear functional on C[a, b].

At this moment, it is natural to ask whether every bounded linear func-

tional on C[a, b] can be represented in the form F 7→ (RS)
∫
[a,b]

F dg0
for some g0 ∈ BV0[a, b]. In order to answer this question, we need the

following useful result.

Theorem 6.6.9 (Hahn-Banach). Let (X, ‖ · ‖X) be a normed linear

space, (Y, ‖ · ‖X) a linear subspace of (X, ‖ · ‖X), and y∗ ∈ Y ∗. Then

there exists x∗ ∈ X∗ such that ‖x∗‖ = ‖y∗‖ and x∗(y) = y∗(y) for all

y ∈ (Y, ‖ · ‖X).

We are now ready to state and prove the following result concerning the

dual space of C[a, b].

Theorem 6.6.10. Let T : C[a, b] −→ R be a bounded linear functional.

Then there exists g0 ∈ BV0[a, b] such that

T (F ) = (RS)

∫

[a,b]

F dg0

for all F ∈ C[a, b]. Moreover, ‖T ‖ = Var(g0, [a, b]).
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Proof. Let B[a, b] be the space of bounded functions on [a, b], and we

equip the space B[a, b] with the supremum norm ‖ · ‖∞. According to the

Hahn-Banach Theorem, T has an extension T̃ such that T̃ ∈ B[a, b]∗ and

‖T ‖ = ‖T̃‖.
Define a function g0 : [a, b] −→ R by setting

g0(x) :=

{
T̃ (χ[a,x]) if x ∈ (a, b],

0 otherwise.

Then we have

∆g0([u, v]) = T̃

( m∏

i=1

(
χ(ui,vi] + χ{ui}∩{ai}

)) (
[u, v] ∈ Im([a, b])

)
.

We claim g0 ∈ BV [a, b] and Var(g0, [a, b]) ≤ ‖T ‖. Indeed, for any net D

of [a, b], we have

∑

[u,v]∈D

|∆g0([u, v])|

=
∑

[u,v]∈D

∣∣∣∣∣T̃
( m∏

i=1

κi([ui, vi])
)
∣∣∣∣∣

(where κi([ui, vi]) := χ(ui,vi] + χ{ui}∩{ai} (i = 1, . . . ,m))

=
∑

[u,v]∈D

T̃
( m∏

i=1

κi([ui, vi])
)
sgn

(
T̃
( m∏

i=1

κi([ui, vi])
) )

= T̃

( ∑

[u,v]∈D

( m∏

i=1

κi([ui, vi])
)
sgn

(
T̃
( m∏

i=1

κi([ui, vi])
) ))

≤ ‖T̃‖
∣∣∣∣
∣∣∣∣

∑

[u,v]∈D

( m∏

i=1

κi([ui, vi])
)
sgn

(
T̃
( m∏

i=1

κi([ui, vi])
) )∣∣∣∣

∣∣∣∣
∞

≤ ‖T ‖.

We will next prove that T (F ) = (RS)
∫
[a,b]

F dg for each F ∈ C[a, b].

To prove this, we let F ∈ C[a, b] and let (Dn)
∞
n=1 be a sequence of divisions

of [a, b] such that limn→∞ max[s,t]∈Dn
|||t− s||| = 0. By Theorem 2.2.3, F

is uniformly continuous on [a, b] and so

lim
n→∞

∣∣∣∣
∣∣∣∣

∑

[s,t]∈Dn

F (t)
( m∏

i=1

(χ(si,ti] + χ{si}∩{ai})
)
− F

∣∣∣∣
∣∣∣∣
∞

= 0.
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Thus,
∣∣∣∣∣∣

∑

[s,t]∈Dn

F (t)∆g0 ([s, t])− T̃ (F )

∣∣∣∣∣∣

=

∣∣∣∣∣∣
T̃

( ∑

[s,t]∈Dn

F (t)
( m∏

i=1

(χ(si,ti] + χ{si}∩{ai})
)
− F

)∣∣∣∣∣∣

≤ ‖T ‖
∣∣∣∣
∣∣∣∣

∑

[s,t]∈Dn

F (t)
( m∏

i=1

(χ(si,ti] + χ{si}∩{ai})
)
− F

∣∣∣∣
∣∣∣∣
∞

→ 0 as n→ ∞.

Consequently, T (F ) = T̃ (F ) = (RS)
∫
[a,b]

F dg0. As F ∈ C[a, b] is arbi-

trary, we get

‖T ‖ ≤ Var(g0, [a, b]).

It is now clear that g0 has the desired properties. �

We now turn to the normed linear space HK[a, b]. Here we write

f = g if f = g µm-almost everywhere on [a, b]. The following theorem is

an immediate consequence of Theorem 6.4.3.

Theorem 6.6.11. If g ∈ BV0[a, b], then the map f 7→ (HK)
∫
[a,b]

fg is a

bounded linear functional on HK[a, b].

Our next goal is to prove that every bounded linear functional on

HK[a, b] is of the form f 7→ (HK)
∫
[a,b]

fg0 for some g0 ∈ BV0[a, b].

Theorem 6.6.12. If T is a ‖ · ‖-bounded linear functional on HK[a, b],

then there exists g ∈ BV0[a, b] such that

T (f) = (HK)

∫

[a,b]

fg

for all f ∈ HK[a, b]. Moreover, ‖T ‖ = Var(g, [a, b]).

Proof. For each f ∈ HK[a, b] it follows from Theorem 2.4.8 that the

function x 7→ (HK)
∫
[x,b]

f belongs to C[a, b]. A simple computation shows

that

CHK [a, b]

:=

{
F : ∃f ∈ HK[a, b] such that F (x) = (HK)

∫

[x,b]

f (x ∈ [a, b])

}
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is a linear subspace of C[a, b].

Define T0 : CHK [a, b] −→ R by setting

T0(F ) = T (f),

where f ∈ HK[a, b] and F (x) = (HK)
∫
[x,b]

f (x ∈ [a, b]). Since T0
is a bounded linear functional on CHK [a, b], we can apply Hahn-Banach

Theorem and Theorem 6.6.10 to choose g ∈ BV0[a, b] so that

T0(F ) = (RS)

∫

[a,b]

F dg

for all F ∈ CHK [a, b]. An appeal to Theorem 6.4.1 completes the proof.
�

6.7 Characterization of multipliers for the Henstock-

Kurzweil integral

The aim of this section is to give a characterization of multipliers for the

Henstock-Kurzweil integral. We begin with the following theorem, which

asserts that each multiplier for HK[a, b] induces a bounded linear func-

tional on HK[a, b].

Theorem 6.7.1. If g : [a, b] −→ R is a multiplier for HK[a, b], then the

linear functional

f 7→ (HK)

∫

[a,b]

fg : HK[a, b] −→ R

is bounded.

Proof. Suppose that the linear functional

f 7→ (HK)

∫

[a,b]

fg : HK[a, b] −→ R

is not bounded. Then there exists [a1, b1] ∈ Im([a, b]) such that

|||b1 − a1||| < 1
2 |||b− a||| and the linear functional

f 7→ (HK)

∫

[a1,b1]

fg : HK[a1, b1] −→ R

is not bounded. Thus, we can select an f1 ∈ HK[a1, b1] such that

‖f1‖HK[a1,b1] < 1 and
∣∣∣(HK)

∫
[a1,b1]

f1g
∣∣∣ > 4.

Since the linear functional

f 7→ (HK)

∫

[a1,b1]

fg : HK[a1, b1] −→ R
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is not bounded, there exists [a2, b2] ∈ Im([a1, b1]) such that

|||b2 − a2||| < 1
2 |||b1 − a1|||,

∣∣∣(HK)
∫
[a2,b2]

f1g
∣∣∣ < 2 and the linear func-

tional

f 7→ (HK)

∫

[a2,b2]

fg : HK[a2, b2] −→ R

is not bounded. Proceeding inductively, we construct a sequence(
[an, bn]

)∞
n=1

of intervals so that the following properties hold for every

n ∈ N:

(i) [an+1, bn+1] ⊂ [an, bn];

(ii) |||bn+1 − an+1||| < 1
2 |||bn − an|||;

(iii) there exists fn ∈ HK[an, bn] such that ‖fn‖HK[an,bn] < 1 and∣∣∣(HK)
∫
[an+1,bn+1]

fng
∣∣∣ < 2n;

(iv)
∣∣∣(HK)

∫
[an,bn]

fng
∣∣∣ > 4n.

Since (i) and (ii) hold for all n ∈ N, it follows from the Nested Interval

Theorem that
⋂∞

n=1[an, bn] = {c} for some c ∈ [a, b]. Now we define the

function f : [a, b] −→ R by setting

f :=

∞∑

k=1

fk
2k
χ[ak,bk]\(ak+1,bk+1).

Since the set {c} is µm-negligible, it follows from (i), (ii), (iii) and Theorem

5.5.9 that f ∈ HK[a, b] and

(HK)

∫

I

f =

∞∑

k=1

(HK)

∫

I

fk
2k
χ[ak,bk]\(ak+1,bk+1)

for all I ∈ Im([a, b]). On the other hand, it follows from (iv) and (iii) that∣∣∣∣∣(HK)

∫

[an,bn]

fg − (HK)

∫

[an+1,bn+1]

fg

∣∣∣∣∣

=

∣∣∣∣∣(HK)

∫

[a,b]

fgχ[an,bn]\(an+1,bn+1)

∣∣∣∣∣

=

∣∣∣∣∣(HK)

∫

[a,b]

fng

2n
χ[an,bn]\(an+1,bn+1)

∣∣∣∣∣

≥ 1

2n

∣∣∣∣∣(HK)

∫

[an,bn]

fng

∣∣∣∣∣−
1

2n

∣∣∣∣∣(HK)

∫

[an+1,bn+1]

fng

∣∣∣∣∣
≥ 2n − 1

≥ 1
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for all n ∈ N, contradicting Theorem 2.4.9. This contradiction proves the

theorem. �

The following theorem gives the main result of this chapter.

Theorem 6.7.2. A function g : [a, b] −→ R is a multiplier for HK[a, b]

if and only if there exists g0 ∈ BV0[a, b] such that g = g0 µm-almost every-

where on [a, b].

Proof. This is a consequence of Theorems 6.4.1, 6.7.1 and 6.6.12. �

6.8 A Banach-Steinhaus Theorem for the space of

Henstock-Kurzweil integrable functions

In this section we modify the proof of Theorem 6.7.1 to obtain a Banach-

Steinhaus Theorem for HK[a, b]. We begin with the following lemma.

Lemma 6.8.1. Let Y be a normed space, let [u, v] ∈ Im([a, b]), and let

T ⊂ B(HK[u, v], Y ). If sup
{
‖T ‖ : T ∈ T

}
= ∞, then there exists

J ∈ Im([u, v]) such that diam(J) ≤ 1
2 |||v − u||| and

sup

{∥∥∥∥T
∣∣∣∣
HK(J)

∥∥∥∥ : T ∈ T
}

= ∞.

Proof. Exercise. �

Theorem 6.8.2 (Banach-Steinhaus Theorem). Let Y be a normed

space and suppose that T ⊆ B(HK[a, b], Y ). If M(f) := supT∈T ‖T (f)‖Y
is finite for each f ∈ HK[a, b], then supT∈T ‖T ‖ is finite.

Proof. Proceeding towards a contradiction, suppose that

supT∈T ‖T ‖ = ∞. By Lemma 6.8.1, there exists [a1, b1] ∈ Im([a, b]) such

that |||b1 − a1||| < 1
2 |||b− a||| and

sup
T∈T

∥∥∥∥T
∣∣∣∣
HK[a1,b1]

∥∥∥∥ = ∞. (6.8.1)

Hence there exist T1 ∈ T and f1 ∈ HK[a1, b1] such that ||f1||HK[a1,b1] < 1

and ||T1(f1)||Y > 3.

Proceeding inductively, we construct a decreasing se-

quence
(
[an, bn]

)∞
n=1

of intervals such that the following conditions hold

for every n ∈ N:
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(i) [an+1, bn+1] ∈ Im([an, bn]) and |||bn+1 − an+1||| < 1
2 |||bn − an|||;

(ii) we have

sup
T∈T

∥∥∥∥T
∣∣∣∣
HK[an,bn]

∥∥∥∥ = ∞;

(iii) there exist fn ∈ HK[an, bn] and Tn ∈ T such that

||fn||HK[an,bn] <
1

2n−1(1 +
∑n−1

k=1 ||Tk||)
, ‖Tn(fnχ[an+1,bn+1])‖Y < 2

and

||Tn(fn)||Y > n+ 2 +

n−1∑

k=1

(
M(fkχ[ak,bk]) +M(fkχ[ak+1,bk+1])

)
.

Set

f =

∞∑

k=1

fkχ[ak,bk]\(ak+1,bk+1).

Since (i), (iii) and Theorem 5.5.9 imply that f ∈ HK[a, b] and

lim
n→∞

∣∣∣∣
∣∣∣∣

n∑

k=1

fkχ[ak,bk]\(ak+1,bk+1) − f

∣∣∣∣
∣∣∣∣
HK[a,b]

= 0,

for each n ∈ N the continuity of the linear operator Tn+1 yields

Tn+1(f) =

∞∑

k=1

Tn+1(fkχ[ak,bk]\(ak+1,bk+1))

so that
∥∥∥∥Tn+1(f)

∥∥∥∥
Y

≥
∥∥∥∥Tn+1(fn+1χ[an+1,bn+1])

∥∥∥∥
Y

−
∥∥∥∥Tn+1(fn+1χ[an+2,bn+2])

∥∥∥∥
Y

−
∥∥∥∥

n∑

k=1

Tn+1(fkχ[ak,bk]\(ak+1,bk+1))

∥∥∥∥
Y

−
∥∥∥∥

∞∑

k=n+2

Tn+1(fkχ[ak,bk]\(ak+1,bk+1))

∥∥∥∥
Y
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and ∥∥∥∥Tn+1(f)

∥∥∥∥
Y

≥ n+ 3 +

n∑

k=1

(
M(fkχ[ak,bk]) +M(fkχ[ak+1,bk+1])

)
− 2

−
n∑

k=1

(
M(fkχ[ak,bk]) +M(fkχ[ak+1,bk+1])

)

−
∞∑

k=n+2

‖Tn+1‖
2

2k−1(1 +
∑k−1

j=1 ‖Tj‖)
≥ n.

As n ∈ N is arbitrary, we obtainM(f) = ∞, which contradicts the assump-

tion that M(f) is finite. This contradiction proves the theorem. �

Theorem 6.8.3. Let Y be a normed space and assume that

(Tn)
∞
n=1 is a sequence in B(HK[a, b], Y ). If limn→∞ Tn(f) exists for

each f ∈ HK[a, b], then there exists T ∈ B(HK[a, b], Y ) such that

limn→∞ Tn(f) = T (f) for each f ∈ HK[a, b].

Proof. Define T : HK[a, b] −→ Y by setting

T (f) = lim
n→∞

Tn(f).

Then it is easy to check that T is linear. It remains to prove that T is

bounded. For each f ∈ HK[a, b], the existence of the limit limn→∞ Tn(f)

implies that supn∈N ‖Tn(f)‖Y is finite. Since f ∈ HK[a, b] is arbitrary,

we infer from Theorem 6.8.2 that supn∈N ‖Tn‖ is finite. It follows that

T ∈ B(HK[a, b], Y ):

‖T (f)‖Y = lim
n→∞

‖Tn(f)‖Y ≤ lim sup
n→∞

‖Tn‖‖f‖HK[a,b] ≤ sup
n∈N

‖Tn‖‖f‖HK[a,b]

for each f ∈ HK[a, b]. �

6.9 Notes and Remarks

There are many excellent books on integration by parts for one-dimensional

Henstock-Kurzweil integrals; see, for example, Gordon [44], Pfeffer [137],

and Lee and Výborný [88]. Theorem 6.1.4 is due to Jeffery [67], but

the present proof is similar to that of [117, Theorem 1]. Sargent [146]

used improper Lebesgue integrals to prove Theorem 6.1.9 in the context of
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Denjoy-Perron integration. For other results concerning multipliers of one-

dimensional non-absolutely convergent integrals; see, for example, Bruck-

ner, J. Mař́ık and C.E. Weil [21], Bongiorno [9], Fleissner [39–41], Lee [100],

and Mař́ık and Weil [119].

Section 6.2 is largely based on Macphail [117] and Lee [104]. Theorem

6.2.11 is due to W.H. Young and G.C. Young [164].

The presentation of Section 6.3 is similar to that of Lee [104]. Several

variations of Theorem 6.3.10 can be found in W.H. Young [162].

Sections 6.4 and 6.5 are based on the paper [104] too. W.H. Young [162]

used a different method to establish Theorems 6.5.9 and 6.5.13 for Lebesgue

integrable functions. For an application of multipliers to first order partial

differential equations, see [28]. For other results involving multipliers of

non-absolutely convergent multiple integrals, see, for example, De Pauw

and Pfeffer [29], Kurzweil [73], Lee [95, 105], Liu [113], Mikusiński and

Ostaszewski [132], Ostaszewski [135], and Pfeffer [140]. Example 6.5.14 is

a special case of [92, Example 4.8].

A two-dimensional analogue of Theorem 6.6.10 can be found in Hilde-

brandt and Schoenberg [61]. Theorem 6.6.12 is due to Lee [105].

Sections 6.7 and 6.8 are based on [105, Theorem 3.9] and [89, Section 3]

respectively. For other related results, see Ostaszewski [135] and Lee [105].
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Chapter 7

Some selected topics in trigonometric

series

The main aim of this chapter is to give some recent applications of the

Henstock-Kurzweil integral to the single trigonometric series

a0
2

+
∞∑

k=1

(ak cos kt+ bk sin kt), (7.0.1)

where a0, a1, b1, a2, b2, . . . are real numbers independent of t. Our starting

point depends on a new generalized Dirichlet test.

7.1 A generalized Dirichlet test

Let N0 := N ∪ {0}. We begin with the following summation by parts.

Theorem 7.1.1 (Summation By Parts). Let (uk)
∞
k=0 and (vk)

∞
k=0 be

two sequences of real numbers. If n ∈ N0, then
n∑

k=0

ukvk = vn

n∑

k=0

uk +

n−1∑

k=0

(vk − vk+1)

k∑

j=0

uj . (7.1.1)

Proof. For each k ∈ {0, . . . , n}, we have

ukvk

= vk

( k∑

j=0

uj −
k−1∑

j=0

uj

)
(where an empty sum of real numbers is zero)

= vk

k∑

j=0

uj − vk

k−1∑

j=0

uj

=

(
vk

k∑

j=0

uj − vk−1

k−1∑

j=0

uj

)
+

(
vk−1

k−1∑

j=0

uj − vk

k−1∑

j=0

uj

)

205
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and hence
n∑

k=0

ukvk =

n∑

k=0

{(
vk

k∑

j=0

uj − vk−1

k−1∑

j=0

uj

)
+

(
vk−1

k−1∑

j=0

uj − vk

k−1∑

j=0

uj

)}

=

n∑

k=0

{
vk

k∑

j=0

uj − vk−1

k−1∑

j=0

uj

}
+

n∑

k=0

{
vk−1

k−1∑

j=0

uj − vk

k−1∑

j=0

uj

}

= vn

n∑

j=0

uj +
n−1∑

k=0

{
(vk − vk+1)

k∑

j=0

uj

}
.

�

We have the following generalized Dirichlet test for infinite series.

Theorem 7.1.2. Let (uk)
∞
k=0 and (vk)

∞
k=0 be two sequences of real numbers

such that limn→∞ vn = 0 and

∞∑

k=0

| vk − vk+1 | max
r=0,...,k

∣∣∣∣∣∣

r∑

j=0

uj

∣∣∣∣∣∣
<∞. (7.1.2)

Then the following assertions hold.

(i) The series
∑∞

k=0(vk − vk+1)
∑k

j=0 uj converges absolutely.

(ii) If n ∈ N0, then∣∣∣∣∣∣

n∑

k=0

ukvk −
∞∑

k=0

(vk − vk+1)

k∑

j=0

uj

∣∣∣∣∣∣
≤ 2

∞∑

k=n

| vk − vk+1 | max
r=0,...,k

∣∣∣∣∣∣

r∑

j=0

uj

∣∣∣∣∣∣
.

(iii) The series
∑∞

k=0 ukvk converges and

∞∑

k=0

ukvk =

∞∑

k=0

(vk − vk+1)

k∑

j=0

uj.

Proof. It is clear that assertion (i) holds. To prove assertion (ii), we let

n ∈ N0 be arbitrary and consider two cases.

Case 1: Suppose that

lim
n→∞

max
r=0,...,n

∣∣∣∣∣∣

r∑

j=0

uj

∣∣∣∣∣∣
= 0.

In this case, it is clear that assertion (ii) holds.

Case 2: Suppose that

lim
n→∞

max
r=0,...,n

∣∣∣∣∣∣

r∑

j=0

uj

∣∣∣∣∣∣
> 0.
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In this case, it follows from (7.1.2) that the series
∑∞

k=0 | vk − vk+1 | con-
verges. Thus

∣∣∣∣∣∣

n∑

k=0

ukvk −
∞∑

k=0

(vk − vk+1)

k∑

j=0

uj

∣∣∣∣∣∣

=

∣∣∣∣∣∣
vn

n∑

k=0

uk +

n−1∑

k=0

(vk − vk+1)

k∑

j=0

uj −
∞∑

k=0

(vk − vk+1)

k∑

j=0

uj

∣∣∣∣∣∣

≤
∣∣∣∣∣ vn

n∑

k=0

uk

∣∣∣∣∣+
∞∑

k=n

∣∣∣∣∣∣
(vk − vk+1)

k∑

j=0

uj

∣∣∣∣∣∣

≤
∣∣∣∣∣

n∑

k=0

uk

∣∣∣∣∣

{ ∞∑

k=n

| vk − vk+1 |
}
+

∞∑

k=n

∣∣∣∣∣∣
(vk − vk+1)

k∑

j=0

uj

∣∣∣∣∣∣

( since

∞∑

k=0

|vk − vk+1| converges and lim
n→∞

vn = 0 )

≤ 2
∞∑

k=n

| vk − vk+1| max
r=0,...,k

∣∣∣∣∣∣

r∑

j=0

uj

∣∣∣∣∣∣
.

Since assertion (iii) follows from assertion (ii) and (7.1.2), the theorem is

proved. �

We remark that Theorem 7.1.2 is a proper generalization of the following

classical Dirichlet test.

Corollary 7.1.3 (Dirichlet). Let (uk)
∞
k=0 and (vk)

∞
k=0 be two sequences

of real numbers. If (vk)
∞
k=0 is decreasing, limn→∞ vn = 0, and

supn∈N |∑n
k=0 uk| is finite, then

∑∞
k=0 ukvk converges.

Before we present some useful consequences of Theorem 7.1.2, we need

the following simple lemma.
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Lemma 7.1.4. If a real number t is not an integral multiple of π, then

n∑

k=1

sin kt =
1

2
sinnt+

1− cosnt

2 tan t
2

(7.1.3)

and

n∑

k=1

cos kt = −1− cosnt

2
+

sinnt

2 tan t
2

(7.1.4)

for all n ∈ N.

Proof. Exercise. �

The next lemma is a consequence of Theorem 7.1.2.

Lemma 7.1.5. The series
∑∞

k=1
sin kt

k
converges for every t ∈ R.

Moreover, this series converges uniformly on [−π,−δ] ∪ [δ, π] whenever

0 < δ < π.

Proof. It is easy to see that the series
∑∞

k=1
sin kt

k
converges if t is an

integral multiple of π. On the other hand, if t is not an integral multiple of

π, then (7.1.3) yields

∞∑

k=1

(
1

k
− 1

k + 1

)
max

r=1,...,k

∣∣∣∣∣∣

r∑

j=1

sin jt

∣∣∣∣∣∣
≤ 1

2
+

1∣∣tan t
2

∣∣ <∞;

hence Theorem 7.1.2(iii) implies that the series
∑∞

k=1
sin kt

k
converges.

Finally, for any 0 < δ < π, we infer from (7.1.3) and Theorem 7.1.2(ii)

that
∑∞

k=1
sin kt

k
converges uniformly on [−π,−δ] ∪ [δ, π]. �

The following lemmas play a crucial role in Chapters 7 and 8.

Lemma 7.1.6. We have

∞∑

k=1

sin kx

k
=






π−x
2 if x ∈ (0, 2π),

−π−x
2 if x ∈ (−2π, 0),

0 if x ∈ {−2π, 0, 2π}.

(7.1.5)
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Proof. Since the function x 7→ sinx is odd, and sin kπ = 0 for every

k ∈ N, it is enough to consider the case x ∈ (0, 2π). Then we have

∞∑

k=1

sin kx

k

= lim
n→∞

∫ π

x

n∑

k=1

cos kt dt

= lim
n→∞

∫ π

x

(
1− cosnt

2
+

sinnt cos t
2

2 sin t
2

)
dt ( by (7.1.4) )

=
π − x

2
+ lim

n→∞

∫ π

x

sinnt cos t
2

2 sin t
2

dt

(
since lim

n→∞
sinnx

2n
= 0

)

=
π − x

2
+ lim

n→∞

{[
− cosnt cot t

2

2n

]π

x

−
∫ π

x

cosnt

4n sin2 t
2

dt

}

( by integration by parts, since 0 < x < 2π )

=
π − x

2
.

�

Lemma 7.1.7. supn∈N supt∈R

∣∣∑n
k=1

sin kt
k

∣∣ ≤ 3π.

Proof. Let n ∈ N be given. Since the function x 7→ ∑n
k=1

sin kx
k

is odd

and 2π-periodic, it suffices to prove the lemma for t ∈ [0, π]. For each

t ∈ [0, π] we apply Lemma 7.1.6, Theorem 7.1.2(iii) and (7.1.3) to obtain
∣∣∣∣∣

n∑

k=1

sin kt

k

∣∣∣∣∣

≤
∣∣∣∣∣

n∑

k=1

sin kt− sink(t+ 1
n
)

k

∣∣∣∣∣+
∣∣∣∣∣

∞∑

k=n+1

sin k(t+ 1
n
)

k

∣∣∣∣∣+
π − (t+ 1

n
)

2

≤
n∑

k=1

∣∣∣∣∣
2 sin k

2n

k

∣∣∣∣∣+

∣∣∣∣∣∣

∞∑

k=n+1

1

k(k + 1)

k∑

j=n+1

sin j(t+
1

n
)

∣∣∣∣∣∣
+
π

2

=
n∑

k=1

∣∣∣∣∣
2 sin k

2n

k

∣∣∣∣∣+
1+

∣∣ cot 1
2 (t+

1
n
)
∣∣

n+ 1
+
π

2

≤ 3π ( since 2n sin
1

2n
≥ 2

π
for all n ∈ N ).

�

The following theorems are immediate consequences of Theorem

7.1.2(ii) and Lemma 7.1.7.
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Theorem 7.1.8. Let (ak)
∞
k=1 be a sequence of real numbers such that∑∞

k=1 |ak − ak+1| converges and limn→∞ an = 0. Then
∑∞

k=1
ak sin kt

k
con-

verges uniformly on [−π, π].

Theorem 7.1.9. Let (ak)
∞
k=0 be a sequence of real numbers such that∑∞

k=0 |ak − ak+1| converges and limn→∞ an = 0. Then a0

2 +
∑∞

k=1 ak cos kt

converges uniformly on [δ, π] whenever 0 < δ < π.

7.2 Fourier series

A 2π-periodic function f : R −→ R is said to be in L1(T) if f ∈ L1[−π, π].

Definition 7.2.1. Let f ∈ L1(T). The Fourier series of f is the trigono-

metric series

a0
2

+

∞∑

k=1

(ak cos kt+ bk sin kt),

where the an’s and bn’s are given by the formulas

an =
1

π

∫ π

−π

f(t) cosnt dµ1(t) (n = 0, 1, 2, . . . )

and

bn =
1

π

∫ π

−π

f(t) sinnt dµ1(t) (n = 1, 2, . . . ).

In this case, we write

f(t) ∼ a0
2

+
∞∑

k=1

(ak cos kt+ bk sin kt).

Here an and bn are known as the Fourier coefficients of f .

The above sign “∼” can be replaced by the “=” sign only if we can

prove that the series converges and that its sum is equal to f(t).

Theorem 7.2.2 (Riemann-Lebesgue Lemma). Let f ∈ L1(T) and as-

sume that

f(t) ∼ a0
2

+

∞∑

k=1

(ak cos kt+ bk sin kt).

Then limn→∞ an = limn→∞ bn = 0.
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Proof. It is easy to check that the theorem is true if f is a step function.

Now suppose that f ∈ L1(T). For each ε > 0 we use Exercise 3.7.6 to

choose a step function φ on [−π, π] such that
∫ π

−π

|f − φ| < ε.

Then

lim sup
n→∞

|an| ≤ ‖f − φ‖L1[−π,π] + lim
n→∞

1

π

∣∣∣∣
∫ π

−π

φ(t) cosnt dµ1(t)

∣∣∣∣ ≤ ε.

Since a similar reasoning shows that lim supn→∞ |bn| ≤ ε, the theorem

follows. �

At this point it is unclear whether the converse of Theorem 7.2.2 is true.

In order to prove that this converse is false, we need the following classical

result.

Theorem 7.2.3. Let f ∈ L1(T) and assume that

f(t) ∼
∞∑

k=1

(ak cos kt+ bk sin kt). (7.2.1)

Then the series
∑∞

k=1
bk
k

converges and

lim
n→∞

max
x∈[−π,π]

∣∣∣∣∣

∫ x

−π

{ n∑

k=1

(ak cos kt+ bk sin kt)− f(t)

}
dµ1(t)

∣∣∣∣∣ = 0.

Proof. We will first prove that

sup
x∈[−π,π]

∣∣∣∣∣∣

q∑

k=p

(
ak
k

sin kx− bk
k

cos kx

) ∣∣∣∣∣∣
→ 0 as p, q → ∞. (7.2.2)

Let ε > 0 be given. Since f ∈ L1[−π, π] there exists η > 0 so that η < π
4

and

sup
x∈[−π,π]

∫ π

−π

|f | χU(x) dµ1 <
ε

12
,

where

U(x) := [−π,−π + η) ∪ ((x − η, x+ η) ∩ [−π, π]) ∪ (π − η, π]

whenever x ∈ [−π, π]. According to Lemma 7.1.5 and our choice of η, we

select a positive integer N so that

sup
x∈[−π,π]

max
t∈[−π,π]\U(x)

∣∣∣∣∣

s∑

k=r

sin k(t− x)

k

∣∣∣∣∣ <
ε

2(1 + ‖f‖L1[−π,π])
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for all integers s ≥ r ≥ N . Hence for any x ∈ [−π, π] it follows from Lemma

7.1.7 that
∣∣∣∣∣∣

q∑

k=p

(
ak
k

sinkx− bk
k

cos kx

) ∣∣∣∣∣∣

=
1

π

∣∣∣∣∣∣

∫ π

−π

f(t)

{ q∑

k=p

sink(t− x)

k

}
dµ1(t)

∣∣∣∣∣∣

≤
∫ π

−π

|f(t)|
{
6χU(x)(t) +

∣∣∣∣∣∣

q∑

k=p

sin k(t− x)

kπ

∣∣∣∣∣∣
χ[−π,π]\U(x)(t)

}
dµ1(t)

< ε

for all integers q ≥ p ≥ N . It follows that (7.2.2) holds; in particular, the

series
∑∞

k=1
bk
k

converges.

Next we observe that (7.2.1) implies that the function t 7→
∫ t

−π
f dµ1

belongs to L1(T). In view of (7.2.2), it remains to prove that

∫ t

−π

f dµ1 ∼
∞∑

k=1

bk
k

cos kπ +

∞∑

k=1

{
ak sin kt

k
− bk cos kt

k

}
. (7.2.3)

By integration by parts, we get

1

π

∫ π

−π

(∫ t

−π

f dµ1

)
cos kt dµ1(t) = −bk

k

and

1

π

∫ π

−π

(∫ t

−π

f dµ1

)
sin kt dµ1(t) =

ak
k

for all k ∈ N. Thus
∫ t

−π

f dµ1 ∼ C +

∞∑

k=1

{
ak sinkt

k
− bk cos kt

k

}
(7.2.4)

for some constant C to be determined. Finally, since (7.2.1) implies that∫ π

−π
f dµ1 = 0, we infer from (7.2.2) and (7.2.4) that C =

∑∞
k=1

bk
k
cos kπ.

�

The following example is an immediate consequence of Theorem 7.2.3.

Example 7.2.4 (Fatou). The trigonometric series
∑∞

k=2
sin kt
ln k

is not the

Fourier series of a function in L1(T).
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Example 7.2.5 (Perron). Let (bk)
∞
k=0 be a sequence of real numbers such

that b0 = 1 and

bn+1 =

n∑

k=0

(
1

n+ 1− k
− 1

n+ 2− k

)
bk

for n ∈ N0. Then (bn)
∞
n=0 is a decreasing sequence, limn→∞ bn = 0 and

∞∑

k=1

bk sinkt =
−(cos t

2 ) ln(2 sin
t
2 )− t−π

2 sin t
2

2 sin t
2

[
(ln(2 sin t

2 ))
2 + ( t−π

2 )2
] (t ∈ (0, π)).

Since the function

t 7→ −(cos t
2 ) ln(2 sin

t
2 )− t−π

2 sin t
2

2 sin t
2

[
(ln(2 sin t

2 ))
2 + ( t−π

2 )2
]

is not Lebesgue integrable on [0, π], the sine series
∑∞

k=1 bk sin kt cannot be

the Fourier series of a function in L1(T).

7.3 Some examples of Fourier series

According to Example 7.2.4, not every trigonometric series is the Fourier

series of a function in L1(T). In this section we give some simple sufficient

conditions for a trigonometric series to be the Fourier series of a function

in L1(T). We begin with following modification of Theorem 7.1.2.

Theorem 7.3.1. Let (ck)
∞
k=1 be a sequence of real numbers with

limn→∞ cn = 0. If (fk)
∞
k=1 is a sequence in L1[a, b] satisfying

∞∑

k=1

| ck − ck+1| max
r=1,...,k

∥∥∥∥
r∑

j=1

fj

∥∥∥∥
L1[a,b]

<∞, (7.3.1)

then there exists f ∈ L1[a, b] such that

lim
n→∞

∥∥∥∥
n∑

k=1

ckfk − f

∥∥∥∥
L1[a,b]

= 0.

Proof. Exercise. �

We need the following two lemmas to prove Theorem 7.3.4 below.

Lemma 7.3.2. Let (uk)
∞
k=0 be a decreasing sequence of real numbers with

limn→∞ un = 0. If (vk)
∞
k=0 is a sequence of non-negative numbers, then∑∞

k=0 ukvk converges if and only if
∑∞

k=0(uk − uk+1)
∑k

j=0 vj converges.
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Proof. This follows from Theorems 7.1.1 and 7.1.2(iii). �

Lemma 7.3.3. supn∈N
1

ln(n+1)

∫ π

0 |∑n
k=1 sinkt | dt ≤ 4.

Proof. Clearly,
∫ π

0
sin t dt = 2 ≤ 4 ln 2. On the other hand, for any

positive integer n ≥ 2, we have
∫ π

0

∣∣∣∣∣

n∑

k=1

sin kt

∣∣∣∣∣ dt =

∫ π

0

∣∣∣∣
1− cosnt

2 tan t
2

+
1

2
sinnt

∣∣∣∣ dt (by (7.1.3))

≤
∫ π

0

1

2 sin t
2

n−1∑

k=0

(
cos kt− cos(k + 1)t

)
dt+

π

2

=

n−1∑

k=0

2

2k + 1
+
π

2

≤ ln(n+ 1)2 + 2 ln 3

≤ 4 ln(n+ 1).
�

Theorem 7.3.4. Let (bk)
∞
k=1 be a decreasing sequence of real numbers with

limn→∞ bn = 0. Then the series
∑∞

k=1
bk
k

converges if and only if there

exists g ∈ L1(T) such that g(t) =
∑∞

k=1 bk sin kt for every t ∈ [−π, π]. In

this case,

lim
n→∞

∫ π

−π

∣∣∣∣∣

n∑

k=1

bk sinkt− g(t)

∣∣∣∣∣ dµ1(t) = 0.

Proof. (⇐=) This follows from Theorem 7.2.3.

(=⇒) Since (bk)
∞
k=1 is a decreasing sequence such that limn→∞ bn = 0

and
∑∞

k=1
bk
k

converges, it follows from Lemma 7.3.2 that the series∑∞
k=1 |bk − bk+1| ln k converges. Hence the series

∞∑

k=1

| bk − bk+1 | max
r=1,...,k

∫ π

0

∣∣∣∣∣∣

r∑

j=1

sin jt

t

∣∣∣∣∣∣
dt

converges by Lemma 7.3.3. An application of Theorem 7.3.1 yields the

result. �

Our next aim is to establish a Lebesgue integrability theorem for single

cosine series via Theorem 7.3.1. To do this, we need the following modifi-

cation of Lemma 7.3.3.

Lemma 7.3.5. supn∈N
1

ln(n+1)

∫ π

0

∣∣ 1
2 +

∑n
k=1 cos kt

∣∣ dt ≤ 4.
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Proof. First we select any integer n ≥ 3. Then

∫ π

0

∣∣∣∣∣
1

2
+

n∑

k=1

cos kt

∣∣∣∣∣ dt

≤
∫ π

0

∣∣∣∣
1

2
sinnt cot

t

2

∣∣∣∣ dt+
1

2

∫ π

0

| cosnt | dt (by (7.1.4))

≤
∫ π

0

∣∣∣∣
sinnt

t

∣∣∣∣ dt+
∫ π

0

(
1

t
− 1

2
cot

t

2

)
dt+

1

2

∫ π

0

| cosnt | dt

≤
n∑

k=1

∫ kπ
n

(k−1)π
n

∣∣∣∣
sinnt

t

∣∣∣∣ dt+ 2

=

n∑

k=1

∫ π

0

sin η

η + (k − 1)π
dη + 2

≤ 4 + ln(n+ 1)

≤ 4 ln(n+ 1)

because 3 ln(n+1) ≥ 3 ln 4 = 6 ln 2 > 12
3 = 4 for every integer n ≥ 3. Since

we also have
∫ π

0

∣∣∣∣
1

2
+ cos t

∣∣∣∣ dt =
π

6
+
√
3 <

8

3
< 4 ln 2

and

∫ π

0

∣∣∣∣∣
1

2
+

2∑

k=1

cos kt

∣∣∣∣∣ dt ≤
∫ π

0

(cos2 t+ cos t) dt+
1

2

∫ π

0

| cos 2t | dt

=
π

2
+ 1

≤ 4 ln 3,

the lemma is proved. �

In view of Lemma 7.3.5, the proof of the following theorem is similar to

that of Theorem 7.3.4.

Theorem 7.3.6. Let (ak)
∞
k=0 be a decreasing sequence of real numbers such

that limn→∞ an = 0. If the series
∑∞

k=1
ak

k
converges, then there exists

f ∈ L1(T) such that f(t) = a0

2 +
∑∞

k=1 ak cos kt for all t ∈ [−π, π]\{0} and

lim
n→∞

∫ π

−π

∣∣∣∣∣
a0
2

+

n∑

k=1

ak cos kt− f(t)

∣∣∣∣∣ dµ1(t) = 0.
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Now we weaken the assumptions of Theorem 7.3.6 to obtain the follow-

ing theorem.

Theorem 7.3.7. Let (ak)
∞
k=0 be a sequence of real numbers such that∑∞

k=1 |ak − ak+1| converges and limn→∞ an = 0. Then there exists a 2π-

periodic function f : R −→ R such that

lim
n→∞

sup
x∈(0,π]

∣∣∣∣∣ limδ→0+

∫ x

δ

{
a0
2

+

n∑

k=1

ak cos kt− f(t)

}
dt

∣∣∣∣∣ = 0. (7.3.2)

In particular,

2

π

{
lim

δ→0+

∫ π

δ

f(t) cosnt dt

}
= an

for all n ∈ N0.

Proof. By Theorem 7.1.9, the series

a0
2

+
∞∑

k=1

ak cos kt

converges uniformly on [δ, π] for every 0 < δ < π. Define the function

f : R −→ R by setting

f(t) =






a0

2 +
∑∞

k=1 ak cos kt if t ∈ [−π, 0) ∪ (0, π],

0 if t = 0,

f(t+ 2π) if t ∈ R

so that f is 2π-periodic. By Theorems 7.1.9 and 7.1.8,

lim sup
n→∞

sup
x∈(0,π]

∣∣∣∣∣ limδ→0+

∫ x

δ

{
a0
2

+

n∑

k=1

ak cos kt− f(t)

}
dt

∣∣∣∣∣

= lim sup
n→∞

max
x∈[0,π]

∣∣∣∣∣

∞∑

k=n+1

ak sin kx

k

∣∣∣∣∣
= 0.

�

We say that a sequence (ak)
∞
k=0 of real numbers is convex if

an − 2an+1 + an+2 ≥ 0 for all n ∈ N0.

Corollary 7.3.8. Let (ak)
∞
k=0 be a convex sequence of real numbers

such that limn→∞ an = 0. Then there exists a non-negative function

f ∈ L1(T) such that f(t) = a0

2 +
∑∞

k=1 ak cos kt for all t ∈ (0, π], and
a0

2 +
∑∞

k=1 ak cos kt is the Fourier series of f .
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Proof. Since our assumptions imply that the series
∑∞

k=0 |ak − ak+1|
converges and limn→∞ an = 0, we let f be given as in Theorem 7.3.7.

Then f(t) ≥ 0 for every t ∈ (0, π]. Indeed, for any t ∈ (0, π], we have

f(t) =

∞∑

k=0

(ak − ak+1)

(
1

2
+

k∑

j=1

cos jt

)

=

∞∑

k=0

(ak − ak+1)
sin(k + 1

2 )t

2 sin t
2

=

∞∑

k=0

(ak − 2ak+1 + ak+2)

k∑

j=0

sin(j + 1
2 )t

2 sin t
2

=

∞∑

k=0

(ak − 2ak+1 + ak+2)
sin2(k+1

2 )t

2 sin2 t
2

≥ 0.

�

The following example, which is a consequence of Corollary 7.3.8, shows

that the converse of Theorem 7.3.6 is false.

Example 7.3.9. The trigonometric series
∑∞

k=2
cos kt
ln k

is a Fourier series,

but the series
∑∞

k=2
1

k ln k
diverges.

Example 7.3.10 (cf. [149, p.524]). Let g(t) =
∑∞

k=2
2 sin kπ

3

lnk
sin kt if

the series converges, and g(t) = 0 otherwise. Then g ∈ L1(T) but
∑∞

k=2

∣∣∣ 2 sin kπ
3

k ln k

∣∣∣ = ∞.

Proof. Since we have

g(t) =

∞∑

k=2

cos k(t− π
3 )

ln k
−

∞∑

k=2

cos k(t+ π
3 )

ln k

for µ1-almost all t ∈ [0, π], we can modify the proof of Corollary 7.3.8 to

conclude that g ∈ L1(T). On the other hand, it follows from the Cauchy

Condensation Test that
∑∞

k=2

∣∣∣2 sin kπ
3

k ln k

∣∣∣ = ∞. �
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7.4 Some Lebesgue integrability theorems for trigonometric

series

Let (ak)
∞
k=0 and f be given as in Theorem 7.3.7. At this point, it is not

clear whether f ∈ L1(T). One of the aims of this section is to show that f

need not belong to L1(T). We begin with the following lemmas.

Lemma 7.4.1. The following statements are true.

(i) If j, k, ` ∈ N with j ≤ k < ` or j < k ≤ `, then
∫ π

π
2

sin 2jt sin2 2kt sin 2`t dt =

∫ π

π
2

sin 2jt sin 2kt sin2 2`t dt = 0.

(ii) If j, k, ` ∈ N with ` > k + 1 > j + 1 or ` > k > j + 1, then
∫ π

π
2

sin2 2jt sin 2kt sin 2`t dt = 0.

(iii) If j ∈ N, then
∫ π

π
2

sin2 2jt sin 2j+1t sin 2j+2t dt = − π

16
.

(iv) If j, k, `, p ∈ N with j < k < ` < p, then
∫ π

π
2

sin 2jt sin 2kt sin 2`t sin 2pt dt = 0.

Proof. Exercise. �

Lemma 7.4.2. If b1, . . . , bn are real numbers, then
∫ π

π
2

( n∑

k=1

bk sin 2
kt

)4

dt ≤ 3π

4

( n∑

k=1

b2k

)2

.

Proof. If n ∈ {1, 2}, then the result holds. Henceforth, we assume that

n ≥ 3.

For each j ∈ N and x ∈ R, let Sj(x) = sin 2j(x). Then, using multino-

mial expansion and Lemma 7.4.1, we get



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

Some selected topics in trigonometric series 219

∫ π

π
2

( n∑

k=1

bkSk(t)

)4

dt

=
∑

(k1,...,kn)∈Nn
0

k1+···+kn=4

∫ π

π
2

4!∏n
r=1 kr!

n∏

j=1

(
bjSj(t)

)kj

dt

=
n∑

j=1

∫ π

π
2

(
bjSj(t)

)4

dt+ 6
n−1∑

j=1

n∑

k=j+1

∫ π

π
2

(
bjSj(t)

)2(
bkSk(t)

)2

dt

+12

n−2∑

j=1

b2jbj+1bj+2

∫ π

π
2

(Sj(t))
2Sj+1(t)Sj+2(t) dt

=
3π

16

n∑

j=1

b4j +
6π

8

n−1∑

j=1

n∑

k=j+1

b2jb
2
k −

12π

16

n−2∑

j=1

b2jbj+1bj+2

≤ 3π

16

n∑

j=1

b4j +
6π

8

n−1∑

j=1

n∑

k=j+1

b2jb
2
k +

9π

16

n∑

j=1

b4j

≤ 3π

4

{ n∑

j=1

b4j + 2
n−1∑

j=1

n∑

k=j+1

b2jb
2
k

}

=
3π

4

( n∑

k=1

b2k

)2

.
�

Lemma 7.4.3. If b1, . . . , bn are real numbers, then
(∫ π

π
2

∣∣∣∣
n∑

k=1

bk sin 2
kt

∣∣∣∣ dt
)2

≥ π

12

∫ π

π
2

( n∑

k=1

bk sin 2
kt

)2

dt.

Proof. Let gn(t) =
∑n

k=1 bk sin 2
kt for each t ∈ [π2 , π]. Then, using the

observation 2 = 2
3 + 4

3 , Hölder’s inequality (with p = 3
2 and q = 3) and

Lemma 7.4.2, we get
∫ π

π
2

(
gn(t)

)2
dt ≤

(∫ π

π
2

|gn(t)| dt
) 2

3
(∫ π

π
2

(
gn(t)

)4
dt

) 1
3

≤
(∫ π

π
2

|gn(t)| dt
) 2

3
(
3π

4

( n∑

k=1

b2k

)2) 1
3

=

(∫ π

π
2

|gn(t)| dt
) 2

3
(
3π

4

{∫ π

π
2

4

π

(
gn(t)

)2
dt

}2) 1
3

,

and the result follows. �
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Theorem 7.4.4. Let
∑∞

k=1 bk be an absolutely convergent series of real

numbers. Then there exists h ∈ L1([0, π]) such that h(t) = 1
t

∑∞
k=1 bk sin 2

kt

for µ1-almost all t ∈ [0, π] if and only if
∑∞

k=1

√∑∞
j=k b

2
j converges. In this

case,
∫ π

0

|h | dµ1 ≤ 2π

∞∑

k=1

√√√√
∞∑

j=k

b2j .

Proof. (⇐=) For each j ∈ N and x ∈ [0, π], let Sj(t) = sin 2jt. For each

N ∈ N we have
∫ π

π

2N+1

∣∣∣∣∣∣

∞∑

j=1

bjSj(t)

t

∣∣∣∣∣∣
dt

≤
N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

k∑

j=1

bjSj(t)

t

∣∣∣∣∣∣
dt+

N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

∞∑

j=k+1

bjSj(t)

t

∣∣∣∣∣∣
dt. (7.4.1)

The first term on the right-hand side of (7.4.1) is bounded above by

π
∑∞

j=1 | bj |:
N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

k∑

j=1

bjSj(t)

t

∣∣∣∣∣∣
dt ≤ π

∞∑

k=1

1

2k+1

k∑

j=1

2j | bj | = π

∞∑

j=1

| bj | . (7.4.2)

We will next show that the second term on the right-hand side of (7.4.1)

is bounded above by
∑∞

k=1

√∑∞
j=k b

2
j . Since Lebesgue’s Dominated Con-

vergence Theorem yields
∫ π

π
2

∣∣∣∣∣∣

∞∑

j=k+1

bjSj−k(t)

∣∣∣∣∣∣

2

dt =
π

4

∞∑

j=k+1

b2j for all k ∈ N0, (7.4.3)

we infer from the Cauchy-Schwarz inequality that
N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

∞∑

j=k+1

bjSj(t)

t

∣∣∣∣∣∣
dt

=

N∑

k=0

∫ π

π
2

∣∣∣∣∣∣

∞∑

j=k+1

bjSj−k(t)

t

∣∣∣∣∣∣
dt

≤
N∑

k=0

√√√√
∫ π

π
2

( ∞∑

j=k+1

bjSj−k(t)

)2

dt

√∫ π

π
2

1

t2
dt

≤
∞∑

k=1

√√√√
∞∑

j=k

b2j . (7.4.4)
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Since N is arbitrary, we deduce from (7.4.1), (7.4.2) and (7.4.4) that

sup
N∈N

∫ π

π

2N+1

∣∣∣∣∣

∞∑

k=1

bkSk(t)

t

∣∣∣∣∣ dt ≤ 2π
∞∑

k=1

√√√√
∞∑

j=k

b2j <∞;

hence the conclusion follows from Theorem 3.7.1.

(=⇒) Conversely, suppose that there exists h ∈ L1([0, π]) such that

h(t) =
∑∞

k=1
bkSk(t)

t
for µ1-almost all t ∈ [0, π]. Since

∑∞
k=1 | bk | is assumed

to be convergent, it suffices to prove that

sup
N∈N

N∑

k=1

√√√√
∞∑

j=k

b2j ≤ 7

{∫ π

0

|h | dµ1 + π

∞∑

k=1

| bk |
}
. (7.4.5)

But (7.4.5) is a consequence of (7.4.3), Lemma 7.4.3 and (7.4.2):

N∑

k=1

√√√√
∞∑

j=k

b2j

≤
√

48

π2

N∑

k=0

∫ π

π
2

∣∣∣∣∣∣

∞∑

j=k+1

bjSj−k(t)

∣∣∣∣∣∣
dt

=

√
48

π2

N∑

k=0

∫ π

2k

π

2k+1

2k

∣∣∣∣∣∣

∞∑

j=k+1

bjSj(t)

∣∣∣∣∣∣
dt

≤ 7

N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

∞∑

j=k+1

bjSj(t)

t

∣∣∣∣∣∣
dt

≤ 7

{ N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

∞∑

j=1

bjSj(t)

t

∣∣∣∣∣∣
dt+

N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

k∑

j=1

bjSj(t)

t

∣∣∣∣∣∣
dt

}

≤ 7

{∫ π

0

|h | dµ1 + π
∞∑

k=1

| bk |
}
.

�

The following example follows from Theorem 7.4.4.

Example 7.4.5. limδ→0+
∫ π

δ
1
t

∣∣∣
∑∞

k=1
sin 2kt

k
3
2

∣∣∣ dt = ∞.

We are now really to state and prove an integrability theorem for single

cosine series.
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Theorem 7.4.6. Let (ak)
∞
k=0 be a sequence of real numbers such that

ak − ak+1 = 0 for all k ∈ N\{2r : r ∈ N}. If limn→∞ an = 0 and∑∞
k=0 |ak − ak+1| converges, then a0

2 +
∑∞

k=1 ak cos kt is a Fourier series if

and only if

∞∑

k=1

√√√√
∞∑

j=k

(a2j − a2j+1)
2 <∞.

Proof. Since Theorem 7.1.2(iii), (7.1.4) and our hypotheses yield

sup
t∈(0,π)

∣∣∣∣∣

∞∑

k=0

λkak cos kt−
∞∑

k=0

(a2k − a2k+1)
sin 2kt

2 tan t
2

∣∣∣∣∣ ≤
∞∑

k=0

| ak − ak+1 | <∞,

the result follows from Theorem 7.4.4. �

Let f be given as in Theorem 7.3.7. The following example shows that

f need not belong to L1(T).

Example 7.4.7. Let

a0 = a1 =

∞∑

j=2

χ{2r:r∈N}(j)

(ln j)
3
2

and ak =

∞∑

j=k

χ{2r :r∈N}(j)

(ln j)
3
2

for k ∈ N\{1}.

Then a0

2 +
∑∞

k=1 ak cos kt is not the Fourier series of a function in L1(T).

Proof. This follows from Theorem 7.4.6. �

Our next aim is to prove an analogous version of Theorem 7.4.6 for

single sine series. We need some lemmas.

Lemma 7.4.8. The following statements are true.

(i) If j, k, ` ∈ N with j ≤ k < ` or j < k ≤ `, then
∫ π

π
2

cos 2jt cos2 2kt cos 2`t dt =

∫ π

π
2

cos 2jt cos 2kt cos2 2`t dt = 0.

(ii) If j, k, ` ∈ N with ` > k + 1 > j + 1 or ` > k > j + 1, then
∫ π

π
2

cos2 2jt cos 2kt cos 2`t dt = 0.

(iii) If j ∈ N, then
∫ π

π
2

cos2 2jt cos 2j+1t cos 2j+2t dt =
π

16
.
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(iv) If j, k, `, p ∈ N with j < k < ` < p, then

∫ π

π
2

cos 2jt cos 2kt cos 2`t cos 2pt dt = 0.

Proof. Exercise. �

Lemma 7.4.9. If a1, . . . , an are real numbers, then

∫ π

π
2

( n∑

k=1

ak(1 − cos 2kt)

)2

dt =
π

2

( n∑

k=1

ak

)2

+
π

4

n∑

k=1

a2k.

Proof. Exercise. �

Lemma 7.4.10. If a1, . . . , an are real numbers, then

∫ π

π
2

( n∑

k=1

ak(1− cos 2kt)

)4

dt ≤ 8π

(( n∑

k=1

ak

)2

+
n∑

k=1

a2k

)2

.

Proof. If n ∈ {1, 2}, then the result holds. Henceforth, we assume that

n ≥ 3. Since Lemma 7.4.8 holds, we can follow the proof of Lemma 7.4.2

to conclude that

∫ π

π
2

( n∑

k=1

ak cos 2
kt

)4

dt ≤ 3π

4

( n∑

k=1

a2k

)2

;

therefore Minkowski inequality yields the desired result:

(∫ π

π
2

( n∑

k=1

ak(1 − cos 2kt)

)4

dt

)1
4

≤
(∫ π

π
2

( n∑

k=1

ak

)4

dt

)1
4
+

(∫ π

π
2

( n∑

k=1

ak cos 2
kt

)4

dt

)1
4

≤
(
π

2

)1
4

∣∣∣∣∣

n∑

k=1

ak

∣∣∣∣∣+
(
3π

4

)1
4
( n∑

k=1

a2k

) 1
2

≤
((

π

2

)1
4
+

(
3π

4

)1
4
)(( n∑

k=1

ak

)2

+
n∑

k=1

a2k

)1
2

≤ 2
3
4π

1
4

(( n∑

k=1

ak

)2

+
n∑

k=1

a2k

) 1
2
.

�
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The proof of the following lemma is similar to that of Lemma 7.4.3.

Lemma 7.4.11. If a1, . . . , an are real numbers, then
(∫ π

π
2

∣∣∣∣
n∑

k=1

ak(1− cos 2kt)

∣∣∣∣ dt
)2

≥ π

128

∫ π

π
2

( n∑

k=1

ak(1− cos 2kt)

)2

dt.

Proof. For each n ∈ N and t ∈ [π2 , π], let fn(t) =
∑n

k=1 ak(1 − cos 2kt).

Then, using Hölder’s inequality (with p = 3
2 and q = 3), Lemmas 7.4.10

and 7.4.9, we obtain
∫ π

π
2

(
fn(t)

)2
dt ≤

(∫ π

π
2

|fn(t)| dt
) 2

3
(∫ π

π
2

(
fn(t)

)4
dt

) 1
3

≤
(∫ π

π
2

|fn(t)| dt
) 2

3
(
8π

{( n∑

k=1

ak

)2

+

n∑

k=1

a2k

}2)1
3

≤
(∫ π

π
2

|fn(t)| dt
) 2

3
(
8π

{∫ π

π
2

4

π

(
fn(t)

)2
dt

}2)1
3

,

and the result follows. �

The following theorem involves absolutely convergent cosine series.

Theorem 7.4.12. Let (ak)
∞
k=1 be a sequence of real numbers such that∑∞

k=1 | ak | converges. Then there exists ψ ∈ L1([0, π]) such that

ψ(t) = 1
t

∑∞
k=1 ak(1 − cos 2kt) for µ1-almost all t ∈ [0, π] if and only if

∞∑

k=0

√√√√
( ∞∑

j=k+1

aj

)2

+

∞∑

j=k+1

a2j <∞.

Proof. (⇐=) For each j ∈ N and x ∈ [0, π], let Cj(x) = 1− cos 2jx. For

any N ∈ N, we have
∫ π

π

2N+1

∣∣∣∣∣∣

∞∑

j=1

ajCj(t)

t

∣∣∣∣∣∣
dt

≤
N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

k∑

j=1

ajCj(t)

t

∣∣∣∣∣∣
dt+

N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

∞∑

j=k+1

ajCj(t)

t

∣∣∣∣∣∣
dt. (7.4.6)

The first term on the right-hand side of (7.4.6) is bounded above by

π
∑∞

j=1 | aj |:
N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

k∑

j=1

ajCj(t)

t

∣∣∣∣∣∣
dt ≤ π

∞∑

k=1

k∑

j=1

∣∣∣∣
aj 2

j

2k+1

∣∣∣∣ = π
∞∑

j=1

| aj | . (7.4.7)



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

Some selected topics in trigonometric series 225

The second term on the right-hand side of (7.4.6) is bounded above by

π
2

∑∞
k=0

√(∑∞
j=k+1 aj

)2

+
∑∞

j=k+1 a
2
j :

N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

∞∑

j=k+1

ajCj(t)

t

∣∣∣∣∣∣
dt =

N∑

k=0

∫ π

π
2

∣∣∣∣∣∣

∞∑

j=k+1

ajCj−k(t)

t

∣∣∣∣∣∣
dt

≤
N∑

k=0

√√√√√
∫ π

π
2

∣∣∣∣∣∣

∞∑

j=k+1

ajCj−k(t)

∣∣∣∣∣∣

2

dt

≤ π

2

∞∑

k=0

√√√√
( ∞∑

j=k+1

aj

)2

+

∞∑

j=k+1

a2j .

As N is arbitrary, we deduce from the above inequalities that

sup
N∈N

∫ π

π

2N+1

∣∣∣∣∣

∞∑

k=1

akCk(t)

t

∣∣∣∣∣ dt ≤ 2π
∞∑

k=0

√√√√
( ∞∑

j=k+1

aj

)2

+
∞∑

j=k+1

a2j ; (7.4.8)

hence the conclusion follows from Theorem 3.7.1.

(=⇒) Conversely, suppose that there exists ψ ∈ L1([0, π]) such that

ψ(t) =
∑∞

k=1
akCk(t)

t
for µ1-almost all t ∈ [0, π]. Since

∑∞
k=1 | ak | is as-

sumed to be convergent, it suffices to prove that

sup
N∈N

N∑

k=0

√√√√
( ∞∑

j=k+1

aj

)2

+

∞∑

j=k+1

a2j ≤ 8

{∫ π

0

|ψ | dµ1 + π

∞∑

k=1

| ak |
}
.

(7.4.9)

But (7.4.9) follows from Lemmas 7.4.9 and 7.4.11, and (7.4.7):

N∑

k=0

√√√√
( ∞∑

j=k+1

aj

)2

+

∞∑

j=k+1

a2j ≤
√
512

π

N∑

k=0

∫ π

π
2

∣∣∣∣∣∣

∞∑

j=k+1

ajCj−k(t)

∣∣∣∣∣∣
dt

≤ 23

π

N∑

k=0

∫ π

2k

π

2k+1

2k

∣∣∣∣∣∣

∞∑

j=k+1

ajCj(t)

∣∣∣∣∣∣
dt

≤ 8
N∑

k=0

∫ π

2k

π

2k+1

∣∣∣∣∣∣

∞∑

j=k+1

ajCj(t)

t

∣∣∣∣∣∣
dt

≤ 8

{∫ π

0

|ψ | dµ1 + π
∞∑

k=1

| ak |
}
.

�
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The following example follows from Theorem 7.4.12.

Example 7.4.13. limδ→0+
∫ π

δ
1
t

∣∣∣
∑∞

k=1
(−1)k

k
3
2

(1− cos 2kt)
∣∣∣ dt = ∞.

We are now ready to state and prove an analogous version of Theorem

7.4.6 for single sine series.

Theorem 7.4.14. Let (bk)
∞
k=1 be a sequence of real numbers such that

bk − bk+1 = 0 for all k ∈ N\{2r : r ∈ N}. If
∑∞

k=1 |bk − bk+1| converges
and limn→∞ bn = 0, then

∑∞
k=1 bk sin kt is a Fourier series if and only if

∞∑

k=0

√√√√
∞∑

j=k+1

(b2j − b2j+1)2 +

( ∞∑

j=k+1

(b2j − b2j+1)

)2

<∞.

Proof. Since Theorem 7.1.2(iii), (7.1.3) and our hypotheses yield

sup
t∈(0,π)

∣∣∣∣∣

∞∑

k=1

bk sinkt−
∞∑

k=1

(b2k − b2k+1)
1− cos 2kt

2 tan t
2

∣∣∣∣∣ ≤
∞∑

k=1

| bk − bk+1 | <∞,

the result follows from Theorem 7.4.12. �

Example 7.4.15. Let b1 = 0, let

bk =

∞∑

j=k

(−1)
ln j
ln 2

χ{2r :r∈N}(j)

(ln j)
3
2

for k ∈ N\{1},

and let Bj = b2j − b2j+1 for j = 1, 2, . . . . Since
∑∞

k=1 |bk − bk+1| converges,
limn→∞ bn = 0, and

∞∑

k=0

√√√√
∞∑

j=k+1

B2
j +

( ∞∑

j=k+1

Bj

)2

≥
∞∑

k=0

√√√√
∞∑

j=k+1

1

j3
= ∞,

we infer from Theorem 7.4.14 that
∑∞

k=1 bk sin kt is not the Fourier series

of a function in L1(T).

7.5 Boas’ results

Let (bk)
∞
k=1 be a sequence of real numbers such that limn→∞ bn = 0 and∑∞

k=1 |bk − bk+1| converges. According to Examples 7.2.4, 7.2.5 and 7.4.15,∑∞
k=1 bk sinkt need not be the Fourier series of a function in L1(T). In

1951, Boas [7] proved that limδ→0+
∫ π

δ

∑∞
k=1 bk sin kt dt exists if and only

if
∑∞

k=1
bk
k

converges. The next theorem generalizes this particular result.
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Theorem 7.5.1. Let (ck)
∞
k=1 be a sequence of real numbers such that

limn→∞ cn = 0 and
∑∞

k=1 | ck − ck+1 | converges. If (Φn)
∞
n=1 is a sequence

in C[a, b] satisfying
{
sup
n∈N

||Φn||C[a,b] + sup
a<x<b

sup
n∈N

∣∣∣∣
Φn(x)− Φn(a)

n(x− a)

∣∣∣∣

+ sup
x∈[a,b]

sup
n∈N

∣∣∣∣∣

n∑

k=1

(x− a)Φk(x)

∣∣∣∣∣

}
<∞,

then the following assertions hold.

(i) If x ∈ (a, b], then
∑∞

k=1
ckΦk(x)

k
converges.

(ii) limδ→0+
{∑b 1

δ
c

k=1
ckΦk(a)

k
−∑∞

k=1
ckΦk(a+δ)

k

}
= 0.

Proof. Assertion (i) is a consequence of Theorem 7.1.2(iii). To prove

assertion (ii) we may further assume that the sequence (ck)
∞
k=1 is decreasing

and {
sup
n∈N

||Φn||C[a,b] + sup
a<x<b

sup
n∈N

∣∣∣∣
Φn(x) − Φn(a)

n(x− a)

∣∣∣∣

+ sup
x∈[a,b]

sup
n∈N

∣∣∣∣∣

n∑

k=1

(x− a)Φk(x)

∣∣∣∣∣

}
≤ 1

2
. (7.5.1)

Since limn→∞ cn = 0 , it remains to prove that
∣∣∣∣∣∣

b 1
δ
c∑

k=1

ckΦk(a)

k
−

∞∑

k=1

ckΦk(a+ δ)

k

∣∣∣∣∣∣
≤ 1

b 1
δ
c

b 1
δ
c∑

k=1

ck + 2cb 1
δ
c (7.5.2)

for all δ ∈ (0, 1). But (7.5.2) is a consequence of (7.5.1) and Theorem

7.1.2(iii):
∣∣∣∣∣∣

b 1
δ
c∑

k=1

ckΦk(a)

k
−

∞∑

k=1

ckΦk(a+ δ)

k

∣∣∣∣∣∣

≤
b 1
δ
c∑

k=1

ck

∣∣∣∣
Φk(a+ δ)− Φk(a)

k

∣∣∣∣+

∣∣∣∣∣∣

∞∑

k=b 1
δ
c+1

ckΦk(a+ δ)

k

∣∣∣∣∣∣

≤ 1

b 1
δ
c

b 1
δ
c∑

k=1

ck +
1

b 1
δ
ccb 1

δ
c sup
n≥b 1

δ
c+1

∣∣∣∣∣∣

n∑

k=b 1
δ
c+1

Φk(a+ δ)

∣∣∣∣∣∣

≤ 1

b 1
δ
c

b 1
δ
c∑

k=1

ck + 2cb 1
δ
c.

�
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The following results of Boas are immediate consequences of Theorem

7.5.1.

Theorem 7.5.2. Let (bk)
∞
k=1 be a sequence of real numbers such that

limn→∞ bn = 0 and
∑∞

k=1 |bk − bk+1| converges. Then
∑∞

k=1
bk
k

converges

if and only if limx→0+
∑∞

k=1
bk cos kx

k
exists.

Proof. Applying Theorem 7.5.1 with [a, b] = [0, π], ck = bk and

Φk(t) = cos kt, we get the result. �

Theorem 7.5.3. Let (bk)
∞
k=1 be a sequence of real numbers such that

limn→∞ bn = 0 and
∑∞

k=1 | bk − bk+1 | converges. Then
∑∞

k=1
bk
k

converges

if and only if limδ→0+
∫ π

δ

∑∞
k=1 bk sin kt dt exists.

Proof. Since limn→∞ bn = 0 and
∑∞

k=1 |bk − bk+1| converges, it follows

from Theorem 7.1.2 that the series
∑∞

k=1
(−1)k−1bk

k
converges. Hence, by

Theorem 7.1.9, it is easy to check that limδ→0+
∫ π

δ

∑∞
k=1 bk sin kt dt exists if

and only if limδ→0+
∑∞

k=1
bk cos kδ

k
exists. An application of Theorem 7.5.2

yields the desired result. �

Theorem 7.5.4. Let (ak)
∞
k=0 be a sequence of real numbers such that

limn→∞ an = 0 and
∑∞

k=0 | ak − ak+1 | converges. Then

lim
δ→0+

∫ π

δ

{
a0
2

+
∞∑

k=1

ak cos kt

}
dt exists.

Proof. By Theorem 7.1.9, limδ→0+
∫ π

δ

∑∞
k=1 ak cos kt dt exists if and

only if limδ→0+
∑∞

k=1
ak sin kδ

k
exists. Now we apply Theorem 7.5.1 with

[a, b] = [0, π], ck = ak and Φk(t) = sin kt to conclude that

limδ→0+
∑∞

k=1
ak sin kδ

k
exists. �

Theorem 7.5.5. If
∑∞

k=1 bk is an absolutely convergent series of real num-

bers, then limδ→0+
∫ π

δ
1
t

∑∞
k=1 bk sin kt dt exists.

Proof. This is an immediate consequence of Theorem 7.5.4, since∑∞
k=1

∣∣∣
∑∞

j=k bj −
∑∞

j=k+1 bj

∣∣∣ converges, limn→∞
∑∞

j=n bj = 0, and

sup
t∈(0,π)

∣∣∣∣∣∣

∞∑

k=1

bk sin kt

t
−

∞∑

k=1

( ∞∑

j=k

bj

)
cos kt

∣∣∣∣∣∣
≤ 2

∞∑

k=1

| bk | <∞.
�

The following example sharpens Example 7.4.5.

Example 7.5.6. There exists a function h ∈ HK[0, π]\L1[0, π] such that

h(t) = 1
t

∑∞
k=1 k

− 3
2 sin 2kt for all t ∈ (0, π].
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Proof. This follows from Theorem 7.5.5 and Example 7.4.5. �

The following example is a consequence of Theorem 7.5.5 and Example

7.4.7.

Example 7.5.7. Let (ak)
∞
k=0 be given as in Example 7.4.7. Then there

exists f ∈ HK[0, π]\L1[0, π] such that f(t) = a0

2 +
∑∞

k=1 ak cos kt for all

t ∈ (0, π].

The following example is a consequence of Theorem 7.5.3 and Example

7.4.15.

Example 7.5.8. Let (bk)
∞
k=1 be given as in Example 7.4.15. Then there

exists g ∈ HK[0, π]\L1[0, π] such that g(t) =
∑∞

k=1 bk sin kt for all

t ∈ [0, π].

7.6 On a result of Hardy and Littlewood concerning Fourier

series

Let f ∈ L1(T) and suppose that

f(t) ∼ a0
2

+

∞∑

k=1

(ak cos kt+ bk sin kt).

According to Example 7.3.9, the series
∑∞

k=1
ak

k
need not be convergent.

In 1924, Hardy and Littlewood proved the following result.

Lemma 7.6.1. Let f ∈ L1(T) and suppose that

f(t) ∼ a0
2

+

∞∑

k=1

(ak cos kt+ bk sin kt).

Then the series
∑∞

k=1
ak

k
converges if and only if

lim
ε→0+

∫ π

ε

{
1

x

∫ x

−x

f dµ1

}
dx

exists. In this case,

lim
ε→0+

1

π

∫ π

ε

{(
cot

x

2

)∫ x

−x

f dµ1

}
dx = 2a0 ln 2 + 2

∞∑

k=1

ak
k
.
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Proof. According to Theorem 7.2.3,

lim
n→∞

max
x∈[0,π]

∣∣∣∣∣

n∑

k=1

2ak
k

sinkx−
∫ x

−x

(
f − a0

2

)
dµ1

∣∣∣∣∣ = 0. (7.6.1)

Since the function x 7→ 1
x
− 1

2 cot
x
2 is bounded on (0, π), we deduce from

(7.6.1) that

lim
δ→0+

∫ π

δ

{
1

x

(∫ x

−x

(
f − a0

2

)
dµ1

)
−

∞∑

k=1

ak sinkx

k tan x
2

}
dx exists.(7.6.2)

We will next prove that

lim
δ→0+

{∫ π

δ

∞∑

k=1

ak sin kx

k tan x
2

dx−
∞∑

k=1

ak
k2

∫ π

δ

1− cos kx

1− cosx
dx

}
= 0. (7.6.3)

For each δ ∈ (0, 1) we use (7.6.1) and integration by parts to conclude that

∫ π

δ

∞∑

k=1

ak sin kx

k tan x
2

dx

=

∞∑

k=1

∫ π

δ

ak sin kx

k tan x
2

dx

= −
∞∑

k=1

2ak

k2 tan δ
2

(1 − cos kδ) +
∞∑

k=1

ak
k2

∫ π

δ

1− cos kx

1− cosx
dx

= − 2

tan δ
2

∞∑

k=1

∫ δ

0

ak sin kx

k
dx+

∞∑

k=1

ak
k2

∫ π

δ

1− cos kx

1− cosx
dx. (7.6.4)

Since (7.6.1) implies

lim
δ→0+

1

tan δ
2

∞∑

k=1

∫ δ

0

ak
k

sinkx dx = lim
δ→0+

1

tan δ
2

∫ δ

0

∞∑

k=1

ak
k

sin kx dx = 0,

(7.6.3) follows from (7.6.4).

We will next prove that

the series

∞∑

k=1

ak
k

converges

⇐⇒ lim
δ→0+

∞∑

k=1

ak
k2

∫ π

δ

1− cos kx

1− cosx
dx exists. (7.6.5)
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For each δ ∈ (0, 1) we have
∣∣∣∣∣∣
π

b 1
δ
c∑

k=1

ak
k

−
∞∑

k=1

ak
k2

∫ π

δ

1− cos kx

1− cosx
dx

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

b 1
δ
c∑

k=1

ak
k2

∫ δ

0

1− cos kx

1− cosx
dx

∣∣∣∣∣∣
+

∣∣∣∣∣∣

∞∑

k=b 1
δ
c+1

ak
k2

∫ π

δ

1− cos kx

1− cosx
dx

∣∣∣∣∣∣

≤ π2

2b 1
δ
c

b 1
δ
c∑

k=1

|ak|+
{

sup
k≥b 1

δ
c
|ak|

} ∞∑

k=b 1
δ
c+1

π2

k2δ

≤ π2

2b 1
δ
c

b 1
δ
c∑

k=1

|ak|+
{

sup
k≥b 1

δ
c
|ak|

}
2π2

δ(b 1
δ
c+ 1)

≤ π2

2b 1
δ
c

b 1
δ
c∑

k=1

|ak|+ 2π2

{
sup

k≥b 1
δ
c
|ak|

}
. (7.6.6)

Since δ ∈ (0, 1) is arbitrary, (7.6.5) follows from (7.6.6) and the Riemann

Lebesgue Lemma.

It is now clear that the first part of the lemma follows from (7.6.5),

(7.6.3) and (7.6.2). To prove the second part of the lemma, we suppose that∑∞
k=1

ak

k
converges. In this case, we infer from (7.6.1), (7.6.3), Lemma 7.1.6

(with x replaced by π − x), Lebesgue’s Dominated Convergence Theorem

and (7.6.6) that

lim
δ→0+

∫ π

δ

{
1

tan x
2

∫ x

−x

f dµ1

}
dx

= a0

∫ π

0

x cot
x

2
dx + 2 lim

δ→0+

∫ π

δ

∞∑

k=1

ak sin kx

k tan x
2

dx

= a0

∫ π

0

x cot
x

2
dx + 2 lim

δ→0+

∞∑

k=1

∫ π

δ

ak
k2

1− cos kx

1− cosx
dx

= a0

∫ π

0

∞∑

k=1

2(−1)k−1

k
sin kx cot

x

2
dx+ 2 lim

δ→0+

∞∑

k=1

∫ π

δ

ak
k2

1− cos kx

1− cosx
dx

= 2a0

∞∑

k=1

∫ π

0

(−1)k−1

k
sin kx cot

x

2
dx+ 2 lim

δ→0+

∞∑

k=1

∫ π

δ

ak
k2

1− cos kx

1− cosx
dx

= 2a0π ln 2 + 2π

∞∑

k=1

ak
k
.

�
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7.7 Notes and Remarks

There are many excellent monographs on trigonometric series; consult, for

instance, Boas [8], Thomson [153], and Zygmund [165]. The formulation

and proof of Theorem 7.1.2 is based on [103, Theorem 2.3]. Theorem 7.2.3

is due to W.H. Young [157, 158]. A more general version of Example 7.2.5

can be found in Perron [142].

Theorem 7.3.1 is also a special case of [103, Theorem 2.3]. W.H. Young

[158,161] proved Theorem 7.3.4. Theorem 7.3.7 and Corollary 7.3.8 are also

due to W.H. Young [161]. For other results concerning Lebesgue integra-

bility of trigonometric series; see, for example, Fridli [43], Leindler [112],

and Móricz [128].

Proofs of Lemmas 7.4.2 and 7.4.3 depend on that of [47, Theorem 3.7.4].

A more general version of Theorem 7.4.6 can be obtained; see [8, Theorem

5.2.7]. Example 7.4.5 is taken from [8, p.19], proofs of Lemmas 7.4.10 and

7.4.11 depend on that of [47, Theorem 3.7.4], and the rest of Section 7.4 is

based on the paper [107].

Theorem 7.5.1 is due to Lee [101, Theorem 2.2]. Theorems 7.5.2, 7.5.3,

7.5.4, and 7.5.5 are due to Boas [7]. For other related results involving

improper Riemann integrals; consult, for example, Edmonds [32–35], Hey-

wood [60], and Boas [8].

The proof of Lemma 7.6.1 is similar to that of [108, Theorem 1.2]. For

other related results, see Hardy and Rogosinski [52, 53].
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Chapter 8

Some applications of the

Henstock-Kurzweil integral to double

trigonometric series

In Chapter 7 we apply the Henstock-Kurzweil integral to study certain

classes of single trigonometric series. In this chapter we use the double

Henstock-Kurzweil integral to study double trigonometric series. We begin

with the study of a sufficiently well-behaved conditionally convergent double

series.

8.1 Regularly convergent double series

Definition 8.1.1. Let (uk1,k2)(k1,k2)∈N2
0
be a double sequence of real num-

bers. The double series
∑

(k1,k2)∈N2
0
uk1,k2 converges in Pringsheim’s sense

to a real number s if for each ε > 0 there exists N(ε) ∈ N0 such that∣∣∣∣∣

n1∑

k1=0

n2∑

k2=0

uk1,k2 − s

∣∣∣∣∣ < ε

for all (n1, n2) ∈ N2
0 satisfying min{n1, n2} ≥ N(ε).

Example 8.1.2. Let

uk1,k2 =

{
(−1)k1k2 if (k1, k2) ∈ {0, 1} × N0,

0 otherwise.

Then
∑

(k1,k2)∈N2
0
uk1,k2 converges in Pringsheim’s sense to 0.

Proof. Let ε > 0 be given. If (n1, n2) ∈ N2 with min{n1, n2} ≥ 2, then
∣∣∣∣∣

n1∑

k1=0

n2∑

k2=0

uk1,k2

∣∣∣∣∣ =
∣∣∣∣∣

1∑

k1=0

n2∑

k2=0

(−1)k1k2

∣∣∣∣∣ = 0 < ε.

Since ε > 0 is arbitrary, the given double series converges in Pringsheim’s

sense to 0. �

233
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Theorem 8.1.3. The double series
∑

(k1,k2)∈N2
0
uk1,k2 of real numbers con-

verges in Pringsheim’s sense if and only if for each ε > 0 there exists

N(ε) ∈ N0 such that∣∣∣∣∣

q1∑

k1=0

q2∑

k2=0

uk1,k2 −
p1∑

k1=0

p2∑

k2=0

uk1,k2

∣∣∣∣∣ < ε (8.1.1)

for all (p1, p2), (q1, q2) ∈ N2
0 satisfying qi ≥ pi (i = 1, 2) and min{p1, p2} ≥

N(ε).

Proof. (=⇒) This is obvious.

(⇐=) We infer from (8.1.1) that
(∑n

k1=0

∑n
k2=0 uk1,k2

)∞
n=0

is a Cauchy

sequence of real numbers; hence the completeness of R implies that(∑n
k1=0

∑n
k2=0 uk1,k2

)∞
n=0

converges to some L ∈ R. Using (8.1.1) again,

we conclude that the double series
∑

(k1,k2)∈N2
0
uk1,k2 converges in Pring-

sheim’s sense to L. �

We observe that if a double series
∑

(k1,k2)∈N2
0
uk1,k2 of real

numbers converges in Pringsheim’s sense, then the double sequence

(un1,n2)(n1,n2)∈N2
0
may not be bounded (cf. Example 8.1.2). In order to

overcome this deficiency, we use the following definition due to Hardy [50].

Definition 8.1.4. A double series
∑

(k1,k2)∈N2
0
uk1,k2 of real numbers

converges regularly if for each ε > 0 there exists N(ε) ∈ N0 such that∣∣∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

uk1,k2

∣∣∣∣∣∣
< ε

for all (p1, p2), (q1, q2) ∈ N2
0 with qi ≥ pi (i = 1, 2) and

max{p1, p2} ≥ N(ε).

Example 8.1.5. The double series
∑

(k1,k2)∈N2
0

(−1)k1+k2

(k1+k2+1)2 converges regu-

larly.

Proof. For each (p1, p2), (q1, q2) ∈ N2
0 satisfying qi ≥ pi (i = 1, 2), we

have ∣∣∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

(−1)k1+k2

(k1 + k2 + 1)2

∣∣∣∣∣∣
≤

q1∑

k1=p1

∣∣∣∣∣∣

q2∑

k2=p2

(−1)k2

(k1 + k2 + 1)2

∣∣∣∣∣∣

≤
∞∑

k1=p1

4

(k1 + p2 + 1)(k1 + p2 + 2)

=
4

p1 + p2 + 1
.
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It is now clear that the given double series converges regularly. �

The following theorem follows from Definition 8.1.4.

Theorem 8.1.6. Every absolutely convergent double series of real numbers

is regularly convergent.

Remark 8.1.7. Since the double series
∑

(k1,k2)∈N2
0

1
(k1+k2+1)2 is not con-

vergent in Pringsheim’s sense, Example 8.1.5 shows that the converse of

Theorem 8.1.6 need not be true.

Theorem 8.1.8. If the double series
∑

(k1,k2)∈N2
0
uk1,k2 of real numbers

converges regularly, then it converges in Pringsheim’s sense.

Proof. This is an easy consequence of Definition 8.1.4 and Theorem 8.1.3.

�

Example 8.1.2 shows that the converse of Theorem 8.1.8 is not true in

general. The next theorem gives a necessary and sufficient condition for a

double series of real numbers to be regularly convergent.

Theorem 8.1.9. The double series
∑

(k1,k2)∈N2
0
uk1,k2 of real numbers is

regularly convergent if and only if

(i)
∑

(k1,k2)∈N2
0
uk1,k2 converges in Pringsheim’s sense, and

(ii) all the single series
∑∞

k1=0 uk1,k2 (k2 = 0, 1, . . . ) and∑∞
k2=0 uk1,k2 (k1 = 0, 1, . . . ) converge.

Proof. (=⇒) Suppose that the double series
∑

(k1,k2)∈N2
0
uk1,k2 is reg-

ularly convergent. An application of Theorem 8.1.8 gives conclusion (i).

Conclusion (ii) follows from Definition 8.1.4.

(⇐=) Let ε > 0 be given. According to (i), there exists an integer

N0 ≥ 2 such that
∣∣∣∣∣

w1∑

k1=t1

w2∑

k2=t2

uk1,k2

∣∣∣∣∣ <
ε

2

for every integers w1, w2, t1, t2 satisfying wi ≥ ti ≥ N0 (i = 1, 2). Using

(ii), there exists an integer N ≥ N0 such that

si ≥ ri ≥ N (i = 1, 2)

=⇒ max
k1=0,...,N0−1

∣∣∣∣∣

s2∑

k2=r2

uk1,k2

∣∣∣∣∣+ max
k2=0,...,N0−1

∣∣∣∣∣

s1∑

k1=r1

uk1,k2

∣∣∣∣∣ <
ε

2N0
.
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To this end, we let (p1, p2), (q1, q2) ∈ N2
0 such that qi ≥ pi (i = 1, 2) and

max{p1, p2} ≥ N . There are five cases to consider.

Case 1: p1 ≤ q1 ≤ N0.

In this case, we have p2 ≥ N ≥ N0 and so
∣∣∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

uk1,k2

∣∣∣∣∣∣
< ε. (8.1.2)

Case 2: p2 ≤ q2 ≤ N0.

Following the proof of case 1, we have (8.1.2) too.

Case 3: p1 ≤ N0 < q1.

In this case, p2 ≥ N ≥ N0 and so
∣∣∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

uk1,k2

∣∣∣∣∣∣
≤

∣∣∣∣∣∣

N0∑

k1=p1

q2∑

k2=p2

uk1,k2

∣∣∣∣∣∣
+

∣∣∣∣∣∣

q1∑

k1=N0+1

q2∑

k2=p2

uk1,k2

∣∣∣∣∣∣
< ε.

Case 4: p2 ≤ N0 < q2.

Arguing as in the proof of case 3, we have (8.1.2) too.

Case 5: qi ≥ pi ≥ N0 (i = 1, 2).

In this case, we have (8.1.2) too.

Combining the above cases, we conclude that (8.1.2) holds. �

The following corollary shows that Fubini’s Theorem holds for regularly

convergent double series.

Corollary 8.1.10. If the double series
∑

(k1,k2)∈N2
0
uk1,k2 of real num-

bers converges regularly, then the iterated series
∑∞

k1=0

{∑∞
k2=0 uk1,k2

}
,∑∞

k2=0

{∑∞
k1=0 uk1,k2

}
converge and

∑

(k1,k2)∈N2
0

uk1,k2 =

∞∑

k1=0

{ ∞∑

k2=0

uk1,k2

}
=

∞∑

k2=0

{ ∞∑

k1=0

uk1,k2

}
.

Proof. According to Theorem 8.1.9, the single series

∞∑

k1=0

uk1,k2 (k2 = 0, 1, . . . ) and

∞∑

k2=0

uk1,k2 (k1 = 0, 1, . . . )

converge. To prove that the iterated series
∑∞

k1=0

{∑∞
k2=0 uk1,k2

}

converges, it suffices to observe that the regular convergence of
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∑
(k1,k2)∈N2

0
uk1,k2 implies

q∑

k1=p

∞∑

k2=0

uk1,k2 → 0 as p, q → ∞.

A similar reasoning shows that the iterated series
∑∞

k2=0

{∑∞
k1=0 uk1,k2

}

converges.

Now we prove that∣∣∣∣∣

n1∑

k1=0

n2∑

k2=0

uk1,k2 −
∞∑

k1=0

{ ∞∑

k2=0

uk1,k2

} ∣∣∣∣∣ → 0 as min{n1, n2} → ∞.

But this is easy, since the regular convergence of
∑

(k1,k2)∈N2
0
uk1,k2 implies

∣∣∣∣∣

n1∑

k1=0

n2∑

k2=0

uk1,k2 −
∞∑

k1=0

{ ∞∑

k2=0

uk1,k2

} ∣∣∣∣∣

≤
∣∣∣∣∣

n1∑

k1=0

n2∑

k2=0

uk1,k2 −
n1∑

k1=0

{ ∞∑

k2=0

uk1,k2

}∣∣∣∣∣

+

∣∣∣∣∣

n1∑

k1=0

{ ∞∑

k2=0

uk1,k2

}
−

∞∑

k1=0

{ ∞∑

k2=0

uk1,k2

}∣∣∣∣∣

≤
∣∣∣∣∣

n1∑

k1=0

∞∑

k2=n2+1

uk1,k2

∣∣∣∣∣+
∣∣∣∣∣

∞∑

k1=n1+1

∞∑

k2=0

uk1,k2

∣∣∣∣∣

→ 0 as min{n1, n2} → ∞.

Since a similar reasoning shows that
∞∑

k1=0

{ ∞∑

k2=0

uk1,k2

}
=

∞∑

k2=0

{ ∞∑

k1=0

uk1,k2

}
,

the corollary follows. �

Our next aim is to establish a useful generalized Dirichlet test for reg-

ularly convergent double series of real numbers. For any double sequence

(vk1,k2)(k1,k2)∈N2
0
of real numbers, we write

∆∅(vk1,k2) = vk1,k2 ,

∆{1}(vk1,k2) = vk1,k2 − vk1+1,k2 , ∆{2}(vk1,k2) = vk1,k2 − vk1,k2+1,

and

∆{1,2}(vk1,k2) = ∆{1}
(
∆{2}(vk1,k2)

)

= vk1,k2 − vk1,k2+1 + vk1+1,k2+1 − vk1+1,k2 .
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The following observation is a consequence of the single summation by

parts (Theorem 7.1.1).

Observation 8.1.11. Let (uk1,k2)(k1,k2)∈N2
0
and (vk1,k2)(k1,k2)∈N2

0
be two

double sequences of real numbers. Then

n1∑

k1=0

n2∑

k2=0

uk1,k2vk1,k2

=

n1∑

k1=0

{
vk1,n2

n2∑

k2=0

uk1,k2 +

n2−1∑

k2=0

∆{2}(vk1,k2)

k2∑

j2=0

uk1,j2

}

=

n1∑

k1=0

vk1,n2

n2∑

k2=0

uk1,k2 +

n2−1∑

k2=0

n1∑

k1=0

∆{2}(vk1,k2)

k2∑

j2=0

uk1,j2

=

{
vn1,n2

n1∑

k1=0

n2∑

k2=0

uk1,k2 +

n1−1∑

k1=0

∆{1}(vk1,n2)

k1∑

j1=0

n2∑

k2=0

uj1,k2

}

+

n2−1∑

k2=0

{
∆{2}(vn1,k2)

n1∑

k1=0

k2∑

j2=0

uk1,j2 +

n1−1∑

k1=0

∆{1,2}(vk1,k2)

k1∑

j1=0

k2∑

j2=0

uj1,j2

}

=
∑

Γ⊆{1,2}

∑

(k1,k2)∈N2
0

0≤ ki ≤ni−1 ∀ i∈Γ
k` =n` ∀ `∈{1,2}\Γ

{
∆Γ(vk1,k2)

k1∑

j1=0

k2∑

j2=0

uj1,j2

}
.

The following theorem is an immediate consequence of Observation

8.1.11.

Theorem 8.1.12. Let (vk1,k2)(k1,k2)∈N2
0
be a double sequence of real num-

bers such that limmax{n1,n2}→∞ vn1,n2 = 0 and
∑

(k1,k2)∈N2
0

∣∣∆{1,2}(vk1,k2)
∣∣

converges. If (uk1,k2)(k1,k2)∈N2
0
is a double sequence of real numbers and

(n1, n2) ∈ N2
0, then

n1∑

k1=0

n2∑

k2=0

uk1,k2vk1,k2

=
∑

Γ⊆{1,2}

∑

(k1,k2)∈N2
0

0≤ ki ≤ni−1 ∀ i∈Γ
k` ≥n` ∀ `∈{1,2}\Γ

{
∆{1,2}(vk1,k2)

∑

(j1,j2)∈N2
0

0≤ ji ≤ ki ∀ i∈Γ
0≤ j` ≤n` ∀ `∈{1,2}\Γ

uj1,j2

}
.

(8.1.3)
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The next theorem, which is an easy consequence of Theorem 8.1.12, is

a proper generalization of the classical Dirichlet test [122, Theorem 3].

Theorem 8.1.13. Let (uk1,k2)(k1,k2)∈N2
0
and (vk1,k2)(k1,k2)∈N2

0
be two double

sequences of real numbers such that limmax{n1,n2}→∞ vn1,n2 = 0 and

∑

(k1,k2)∈N2
0

∣∣∆{1,2}(vk1,k2)
∣∣ max
r1=0,...,k1

r2=0,...,k2

∣∣∣∣∣∣

r1∑

j1=0

r2∑

j2=0

uj1,j2

∣∣∣∣∣∣
<∞. (8.1.4)

Then the following assertions hold.

(i) The double series
∑

(k1,k2)∈N2
0
∆{1,2}(vk1,k2)

∑k1

j1=0

∑k2

j2=0 uj1,j2 con-

verges absolutely.

(ii) If (n1, n2) ∈ N2
0, then∣∣∣∣∣∣

n1∑

k1=0

n2∑

k2=0

uk1,k2vk1,k2 −
∑

(k1,k2)∈N2
0

∆{1,2}(vk1,k2)

k1∑

j1=0

k2∑

j2=0

uj1,j2

∣∣∣∣∣∣

≤
∑

∅6=Γ⊂{1,2}

∑

(k1,k2)∈N2
0

ki ≥ 0 ∀ i∈Γ
k` ≥n` ∀ `∈{1,2}\Γ

3
∣∣∆{1,2}(vk1,k2)

∣∣ max
r1=0,...,k1

r2=0,...,k2

∣∣∣∣∣∣

r1∑

j1=0

r2∑

j2=0

uj1,j2

∣∣∣∣∣∣
.

(iii) For any (p1, p2), (q1, q2) ∈ N2
0 satisfying qi ≥ pi (i = 1, 2), we have

∣∣∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

uk1,k2vk1,k2

∣∣∣∣∣∣

≤ 16

∞∑

k1=p1

∞∑

k2=p2

∣∣∆{1,2}(vk1,k2)
∣∣ max
r1=0,...,k1

r2=0,...,k2

∣∣∣∣∣∣

r1∑

j1=0

r2∑

j2=0

uj1,j2

∣∣∣∣∣∣
. (8.1.5)

(iv) The double series
∑

(k1,k2)∈N2
0
uk1,k2vk1,k2 converges regularly and

∑

(k1,k2)∈N2
0

uk1,k2vk1,k2 =
∑

(k1,k2)∈N2
0

∆{1,2}(vk1,k2)

k1∑

j1=0

k2∑

j2=0

uj1,j2 . (8.1.6)

Proof. Assertion (i) follows from (8.1.4). To prove assertion (ii), we let

(n1, n2) ∈ N2
0 be arbitrary and consider two cases.

Case 1: Suppose that

sup
(n1,n2)∈N2

0

max
r1=0,...,n1
r2=0,...,n2

∣∣∣∣∣∣

r1∑

j1=0

r2∑

j2=0

uj1,j2

∣∣∣∣∣∣
= 0.
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In this case, it is clear that assertion (ii) holds.

Case 2: Suppose that

sup
(n1,n2)∈N2

0

max
r1=0,...,n1
r2=0,...,n2

∣∣∣∣∣∣

r1∑

j1=0

r2∑

j2=0

uj1,j2

∣∣∣∣∣∣
> 0.

To prove (ii), we write

L0 =
∑

(k1,k2)∈N2
0

∆{1,2}(vk1,k2)

k1∑

j1=0

k2∑

j2=0

uj1,j2

and

LΓ,n1,n2 =
∑

(k1,k2)∈N2
0

0≤ ki ≤ni−1∀ i∈Γ
k` ≥n` ∀ `∈{1,2}\Γ

∆{1,2}(vk1,k2)
∑

(j1,j2)∈N2
0

0≤ ji ≤ ki ∀ i∈Γ
0≤ j` ≤n` ∀ `∈{1,2}\Γ

uj1,j2

for every Γ ⊆ {1, 2} and (n1, n2) ∈ N2
0. According to (8.1.3),∣∣∣∣∣

n1∑

k1=0

n2∑

k2=0

uk1,k2vk1,k2 − L0

∣∣∣∣∣

=

∣∣∣∣∣∣

∑

Γ⊆{1,2}
LΓ,n1,n2 − L0

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

n1−1∑

k1=0

n2−1∑

k2=0

∆{1,2}(vk1,k2)

k1∑

j1=0

k2∑

j2=0

uj1,j2 − L0

∣∣∣∣∣∣
+

∑

Γ⊂{1,2}
|LΓ,n1,n2 |

≤ 3
∑

∅6=Γ⊂{1,2}

∑

(k1,k2)∈N2
0

ki ≥ 0 ∀ i∈Γ
k` ≥n` ∀ `∈{1,2}\Γ

∣∣∆{1,2}(vk1,k2)
∣∣ max
r1=0,...,k1

r2=0,...,k2

∣∣∣∣∣∣

r1∑

j1=0

r2∑

j2=0

uj1,j2

∣∣∣∣∣∣
.

Since (iii) follows from (8.1.3), and (iv) is an immediate consequence of

(iii), (8.1.4) and (ii), the proof is complete. �

8.2 Double Fourier series

A function f : R2 −→ R is said to be in L1(T2) if f is 2π-periodic in each

variable, and f ∈ L1([−π, π]2). For any f ∈ L1(T2), we say that
∑

(k1,k2)∈N2
0

λk1λk2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sin k2t2

+ck1,k2 sin k1t1 cos k2t2 + dk1,k2 sin k1t1 sin k2t2

}
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is the double Fourier series of f , where λ0 = 1
2 , λk = 1 (k ∈ N), and

ak1,k2 =
1

π2

∫

[−π,π]2
f(t1, t2) cos k1t1 cos k2t2 dµ2(t1, t2) ((k1, k2) ∈ N2

0);

bk1,k2 =
1

π2

∫

[−π,π]2
f(t1, t2) cos k1t1 sink2t2 dµ2(t1, t2) ((k1, k2) ∈ N2

0);

ck1,k2 =
1

π2

∫

[−π,π]2
f(t1, t2) sin k1t1 cos k2t2 dµ2(t1, t2) ((k1, k2) ∈ N2

0);

dk1,k2 =
1

π2

∫

[−π,π]2
f(t1, t2) sink1t1 sin k2t2 dµ2(t1, t2) ((k1, k2) ∈ N2

0).

Here ak1,k2 , bk1,k2 , ck1,k2 and dk1,k2 are known as Fourier coefficients of f ,

and we write

f(t1, t2) ∼
∑

(k1,k2)∈N2
0

λk1λk2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sink2t2

+ck1,k2 sin k1t1 cos k2t2 + dk1,k2 sink1t1 sin k2t2

}
.

Moreover, for every (n1, n2) ∈ N2
0 and (t1, t2) ∈ R2, let

sn1,n2f(t1, t2)

:=

n1∑

k1=0

n2∑

k2=0

λk1λk2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sin k2t2

+ck1,k2 sin k1t1 cos k2t2 + dk1,k2 sink1t1 sin k2t2

}
.

(8.2.1)

A two-dimensional analogue of Theorem 7.2.2 holds for double Fourier

series.

Theorem 8.2.1 (Riemann Lebesgue Lemma). Let f ∈ L1(T2) and

assume that

f(t1, t2) ∼
∑

(k1,k2)∈N2
0

λk1λk2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sin k2t2

+ck1,k2 sin k1t1 cos k2t2 + dk1,k2 sink1t1 sin k2t2

}
.

Then limmax{n1,n2}→∞ an1,n2 = limmax{n1,n2}→∞ bn1,n2 =

limmax{n1,n2}→∞ cn1,n2 = limmax{n1,n2}→∞ dn1,n2 = 0.

Proof. Exercise. �
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We need the following lemmas in order to prove Theorem 8.2.4 below.

Lemma 8.2.2. If f ∈ L1([−π, π]2), then for each ε > 0 there exists a

positive integer N such that

sup
(x1,x2)∈[−π,π]2

∣∣∣∣∣∣

∫

[−π,π]2
f(t1, t2)

2∏

i=1

qi∑

ki=pi

sin ki(ti − xi)

ki
dµ2(t1, t2)

∣∣∣∣∣∣
< ε

for all positive integers p1, q1, p2, q2 satisfying qi ≥ pi (i = 1, 2) and

max{p1, p2} ≥ N .

Proof. Let ε > 0 be given. Since f ∈ L1([−π, π]2) there exists η ∈ (0, π8 )

such that

sup
(x1,x2)∈[−π,π]2

‖fχU(x1)×U(x2)‖L1([−π,π]2 <
ε

2(6π)2
,

where U(θ) denotes the set [−π,−π+η)∪
(
[θ−η, θ+η]∩[−π, π]

)
∪(π−η, π].

According to Lemma 7.1.5 and our choice of η, we select a positive integer

N so that

sup
θ∈[η,2π−η]

∣∣∣∣∣∣

q∑

k=p

sinkθ

k

∣∣∣∣∣∣
<

ε

2(1 + 6π‖f‖L1([−π,π]2))

whenever p, q are positive integers with q ≥ p ≥ N . Then, for every positive

integers p1, p2, q1, q2 satisfying qi ≥ pi (i = 1, 2) and maxi=1,2 pi ≥ N , we

apply Lemma 7.1.7 to get

sup
(x1,x2)∈[−π,π]2

∣∣∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

∫

[−π,π]2
f(t1, t2)

2∏

i=1

sinki(ti − xi)

ki
dµ2(t1, t2)

∣∣∣∣∣∣

≤ sup
(x1,x2)∈[−π,π]2

{
(6π)2‖fχU(x1)×U(x2)‖L1([−π,π]2)

+ 6π‖f − fχU(x1)×U(x2)‖L1([−π,π]2) min
i=1,2

sup
θ∈[η,2π−η]

∣∣∣∣∣∣

qi∑

ki=pi

sin kiθ

ki

∣∣∣∣∣∣

}

< ε.
�

Lemma 8.2.3. Let f ∈ L1(T2) and assume that

f(t1, t2) ∼
∑

(k1,k2)∈N2
0

λk1λk2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sink2t2

+ck1,k2 sin k1t1 cos k2t2 + dk1,k2 sink1t1 sin k2t2

}
.
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Then the following double series
∑

(k1,k2)∈N2

ak1,k2

k1k2
sin k1x1 sin k2x2,

∑

(k1,k2)∈N2

bk1,k2

k1k2
sin k1x1 cos k2x2,

∑

(k1,k2)∈N2

ck1,k2

k1k2
cos k1x1 sin k2x2 and

∑

(k1,k2)∈N2

dk1,k2

k1k2
cos k1x1 cos k2x2

converge regularly for all (x1, x2) ∈ [−π, π]2. Moreover, the convergence is

uniform on [−π, π]2.

Proof. Since 2 sinα cosβ = sin(α + β) + sin(α − β) for every α, β ∈ R,

the lemma follows from Lemma 8.2.2. �

The following theorem refines a result of W.H. Young concerning double

Fourier series.

Theorem 8.2.4. Let f ∈ L1(T2) and assume that

f(t1, t2)

∼
∑

(k1,k2)∈N2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sin k2t2

+ck1,k2 sin k1t1 cos k2t2 + dk1,k2 sin k1t1 sin k2t2

}
. (8.2.2)

Then the following assertions hold.

(i) limmin{n1,n2}→∞ ‖sn1,n2f − f‖HK([−π,π]2) = 0.

(ii) (Parseval’s formula). If g ∈ BVHK([−π, π]2), then∫

[−π,π]2
fg dµ2 =

∑

(k1,k2)∈N2

∫

[−π,π]2
g∆{1,2}

(
sk1−1,k2−1f

)
dµ2; (8.2.3)

the double series on the right being regularly convergent.

Proof. In view of Fubini’s Theorem, we may assume that both func-

tions t2 7→
∫ π

−π
f(t1, t2) dµ1(t1) and t1 7→

∫ π

−π
f(t1, t2) dµ1(t2) belong to

L1[−π, π]. Then (8.2.2) implies that∣∣∣∣
∣∣∣∣
∫ π

−π

f(t1, ·) dµ1(t1)

∣∣∣∣
∣∣∣∣
L1[−π,π]

+

∣∣∣∣
∣∣∣∣
∫ π

−π

f(·, t2) dµ1(t2)

∣∣∣∣
∣∣∣∣
L1[−π,π]

= 0.

(8.2.4)

Since f ∈ L1(T2) and (8.2.4) holds, we define the function F : R2 −→ R by

setting

F (x1, x2) =

∫

[−π,x1]×[−π,x2]

f dµ2 ((x1, x2) ∈ [−π, π]2),
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and F (x1 + 2π, x2) = F (x1, x2 + 2π) = F (x1, x2) whenever (x1, x2) ∈ R2.

To determine the double Fourier series of F , we write

SΓ,W (x1, x2)

=
∑

(k1,k2)∈N2
0

ki≥1 ∀ i∈Γ∪W
kj=0∀ j ∈{1,2}\(Γ∪W )

Ak1,k2

22−card(W∪Γ)

{∏

i∈Γ

sin kixi

}{ ∏

j∈W

cos kjxj

}

(Γ ⊆ {1, 2},W ⊆ {1, 2}\Γ, and (x1, x2) ∈ [−π, π]2)

and let
∑

Γ⊆{1,2}
∑

W⊆{1,2}\Γ SΓ,W (x1, x2) be the double Fourier series

of F . In view of Lemma 8.2.3, it suffices to prove if Γ ⊆ {1, 2} and

W ⊆ {1, 2}\Γ, then

SΓ,W (x1, x2)

=
∑

(k1,k2)∈N2

ck1,k2,Γ

∏

i∈Γ

sin kixi
ki

∏

j∈W

(
− cos kjxj

kj

) ∏

`∈{1,2}\(Γ∪W )

cos k`π

k`
,

(8.2.5)

where

ck1,k2,Γ =
1

π2

∫

[−π,π]2
f(t1, t2)

{∏

i∈Γ

cos kiti

}{ ∏

j∈{1,2}\Γ
sin kjtj

}
dµ2(t1, t2).

We consider two cases.

Case 1: W 6= {1, 2}\Γ.
Let

ψr(α) =






sinα if r ∈ Γ and α ∈ R,

− cosα if r ∈ {1, 2}\Γ and α ∈ R,

and write (Γ∪W )′ = {1, 2}\(Γ∪W ). Then, for each (k1, k2) ∈ N2
0 satisfying

{i ∈ {1, 2} : ki 6= 0} = Γ ∪W , we have
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π2Ak1,k2

∏

j∈W

(−1)

=

∫

[−π,π]2
F (t1, t2)

∏

i∈Γ

sin kiti
∏

j∈W

(− cos kjtj) dµ2(t1, t2)

=

∫

[−π,π]2
f(t1, t2)

∏

i∈Γ∪W

−ψ′
i(kiπ) + ψ′

i(kiti)

ki

∏

`∈(Γ∪W )′

(π − t`) dµ2(t1, t2)

=

∫

[−π,π]2
f(t1, t2)

∏

i∈Γ∪W

ψ′
i(kiti)

ki

∏

`∈(Γ∪W )′

(−t`) dµ2(t1, t2) (by (8.2.2))

=

∫

[−π,π]2
f(t1, t2)

∏

i∈Γ∪W

ψ′
i(kiti)

ki

∏

`∈(Γ∪W )′

∞∑

r`=1

2(−1)r` sin r`t`
r`

dµ2(t1, t2)

= π2
∑

(r1,r2)∈N2

ri=ki ∀ i∈Γ∪W
rj ≥ 1∀ j ∈(Γ∪W )′

cr1,r2,Γ
r1r2

∏

`∈(Γ∪W )′

2(−1)r` ,

where the last equality follows from Lebesgue’s Dominated Convergence

Theorem.

Case 2: W = {1, 2}\Γ.
In this case, we can follow the proof of case 1 to conclude that

Ak1,k2

∏

j∈{1,2}\Γ
(−1) =

ck1,k2,Γ

k1k2
((k1, k2) ∈ N2).

Finally, we deduce from the above cases, Lemma 8.2.3 and Corollary

8.1.10 that (8.2.5) holds:

∑

(k1,k2)∈N2
0

ki ≥ 1 ∀ i∈Γ∪W
kj=0∀ j ∈(Γ∪W )′

Ak1,k2

22−card(W∪Γ)

∏

i∈Γ

sin kixi
∏

j∈W

cos kjxj

=
∑

(k1,k2)∈N
2
0

ki ≥ 1 ∀ i∈Γ∪W
kj=0∀ j ∈(Γ∪W )′

∑

(r1,r2)∈N
2

ri=ki ∀ i∈Γ∪W
rj ≥ 1∀ j ∈(Γ∪W )′

cr1,r2,Γ
r1r2

∏

`∈(Γ∪W )′

(−1)r`
∏

i∈Γ∪W

ψi(kixi)

=
∑

(k1,k2)∈N2

ck1,k2,Γ

k1k2

∏

`∈(Γ∪W )′

(−1)k`

∏

i∈Γ∪W

ψi(kixi)

=
∑

(k1,k2)∈N2

ck1,k2,Γ

{∏

i∈Γ

sinkixi
ki

}{ ∏

j∈W

(
− cos kjxj

kj

) ∏

`∈(Γ∪W )′

cos k`π

k`

}
.
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Since (ii) is an immediate consequence of (i), Theorem 6.5.9 and Lemma

8.2.3, the theorem is proved. �

The following corollary is a special case of Lemma 8.2.3.

Corollary 8.2.5. Let f be given as in Theorem 8.2.4. Then the double

series

∑

(k1,k2)∈N2

dk1,k2

k1k2

is regularly convergent.

The following example follows from Corollary 8.2.5.

Example 8.2.6. The double sine series

∑

(k1,k2)∈N2

sink1t1 sin k2t2
(ln(k1 + k2 + 2))2

is not the double Fourier series of a function in L1(T2).

8.3 Some examples of double Fourier series

An analogue of Theorem 8.1.3 holds for Lebesgue integrable functions.

Theorem 8.3.1. Let (hn1,n2)(n1,n2)∈N2
0

be a double sequence in

L1([a1, b1]× [a2, b2]). The following conditions are equivalent.

(i) There exists h ∈ L1([a1, b1]× [a2, b2]) such that

lim
min{n1,n2}→∞

∣∣∣∣
∣∣∣∣

n1∑

k1=0

n2∑

k2=0

hk1,k2 − h

∣∣∣∣
∣∣∣∣
L1([a1,b1]×[a2,b2])

= 0.

(ii) For each ε > 0 there exists N(ε) ∈ N0 such that

∣∣∣∣
∣∣∣∣

q1∑

k1=0

q2∑

k2=0

hk1,k2 −
p1∑

k1=0

p2∑

k2=0

hk1,k2

∣∣∣∣
∣∣∣∣
L1([a1,b1]×[a2,b2])

< ε

for all (p1, p2), (q1, q2) ∈ N2
0 satisfying qi ≥ pi (i = 1, 2) and

min{p1, p2} ≥ N(ε).

The following theorem is a consequence of Theorem 8.3.1.
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Theorem 8.3.2. Let (hn1,n2)(n1,n2)∈N2
0

be a double sequence in

L1([a1, b1]× [a2, b2]) and suppose that
∑

(k1,k2)∈N2
0
hk1,k2 converges regularly

in the L1-norm; that is, for each ε > 0 there exists N ∈ N0 such that

∣∣∣∣

∣∣∣∣
q1∑

k1=p1

q2∑

k2=p2

hk1,k2

∣∣∣∣

∣∣∣∣
L1([a1,b1]×[a2,b2])

< ε

for all (p1, p2), (q1, q2) ∈ N2
0 satisfying qi ≥ pi (i = 1, 2) and

max{p1, p2} ≥ N(ε). Then there exists h ∈ L1([a1, b1] × [a2, b2]) such

that

lim
min{n1,n2}→∞

∣∣∣∣
∣∣∣∣

n1∑

k1=0

n2∑

k2=0

hk1,k2 − h

∣∣∣∣
∣∣∣∣
L1([a1,b1]×[a2,b2])

= 0.

We are now ready to state and prove another convergence theorem for

Lebesgue integrals.

Theorem 8.3.3. Let (ck1,k2)(k1,k2)∈N2
0
be a double sequence of real numbers

such that limmax{n1,n2}→∞ cn1,n2 = 0. If (fk1,k2)(k1,k2)∈N2
0
is a sequence in

L1([a1, b1]× [a2, b2]) and

∑

(k1,k2)∈N2
0

∣∣∆{1,2}(ck1,k2)
∣∣ max
r1=0,...,k1

r2=0,...,k2

∣∣∣∣

∣∣∣∣
r1∑

j1=0

r2∑

j2=0

fj1,j2

∣∣∣∣

∣∣∣∣
L1([a1,b1]×[a2,b2])

<∞,

then there exists f ∈ L1([a1, b1]× [a2, b2]) such that

lim
min{n1,n2}→∞

∣∣∣∣

∣∣∣∣
n1∑

k1=0

n2∑

k2=0

ck1,k2fk1,k2 − f

∣∣∣∣

∣∣∣∣
L1([a1,b1]×[a2,b2])

= 0.

Proof. Following the proof of Theorem 8.1.13, we conclude that∑
(k1,k2)∈N2

0
ck1,k2fk1,k2 converges regularly in the L1-norm. An applica-

tion of Theorem 8.3.2 yields the result. �

The following two-dimensional analogue of Lemma 7.3.2 is a conse-

quence of Theorems 8.1.12 and 8.1.13.

Lemma 8.3.4. Let (uk1,k2)(k1,k2)∈N2
0
be a double sequence of real numbers

such that inf(k1,k2)∈N2
0
∆{1,2}(uk1,k2) ≥ 0 and limmax{n1,n2}→∞ un1,n2 = 0.

If (vk1,k2)(k1,k2)∈N2
0
is a double sequence of non-negative numbers, then

the double series
∑

(k1,k2)∈N2
0
uk1,k2vk1,k2 converges if and only if

∑
(k1,k2)∈N2

0
∆{1,2}(uk1,k2)

∑k1

j1=0

∑k2

j2=0 vj1,j2 converges.



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

248 HENSTOCK-KURZWEIL INTEGRATION ON EUCLIDEAN SPACES

The following theorem is a two-dimensional analogue of Theorem 7.3.4.

Theorem 8.3.5. Let (bk1,k2)(k1,k2)∈N2 be a double sequence of real numbers

such that inf(n1,n2)∈N2 ∆{1,2}(bn1,n2) ≥ 0 and limmax{n1,n2}→∞ bn1,n2 = 0.

Then
∑

(k1,k2)∈N2 bk1,k2 sin k1t1 sin k2t2 is a double Fourier series if and only

if
∑

(k1,k2)∈N2

bk1,k2

k1k2
converges.

Proof. (=⇒) This follows from Corollary 8.2.5.

(⇐=) Suppose that
∑

(k1,k2)∈N2

bk1,k2

k1k2
converges. In this case, we deduce

from Lemmas 8.3.4 and 7.3.3 that

∑

(k1,k2)∈N2

∣∣∆{1,2}(bk1,k2)
∣∣

2∏

i=1

max
ri=1,...,ki

∫ π

0

∣∣∣∣∣∣

ri∑

ji=1

sin jiti

∣∣∣∣∣∣
dti

converges and hence the result follows from Theorem 8.3.3. �

The following theorem is a two-dimensional analogue of Corollary 7.3.8.

Theorem 8.3.6. Let (ak1,k2)(k1,k2)∈N2
0
be a double sequence of real numbers

such that inf(n1,n2)∈N2
0
∆{1,2}(∆{1,2}(an1,n2)) ≥ 0 and

limmax{n1,n2}→∞ an1,n2 = 0. Then there exists f ∈ L1(T2) such that

f(t1, t2) ∼
∑

(k1,k2)∈N2
0
λk1λk2ak1,k2 cos k1t1 cos k2t2.

Proof. For each (t1, t2) ∈ (0, π]2, it follows from part (iv) of Theo-

rem 8.1.13 that
∑

(k1,k2)∈N2
0
λk1λk2ak1,k2 cos k1t1 cos k2t2 converges regu-

larly and
∑

(k1,k2)∈N2
0

λk1λk2ak1,k2 cos k1t1 cos k2t2

=
1

16

∑

(k1,k2)∈N2
0

∆{1,2}(∆{1,2}(ak1,k2))
2∏

i=1

1− cos(ki + 1)ti
1− cos ti

. (8.3.1)

Let

f(t1, t2)

=






∑
(k1,k2)∈N2

0
λk1λk2ak1,k2 cos k1t1 cos k2t2 if (t1, t2) ∈ (0, π]2,

0 if (t1, t2) ∈ [0, π]2\(0, π]2,
f(t1, t2 + 2π) = f(t1 + 2π, t2) if (t1, t2) ∈ R2.

According to the definition of f and (8.3.1), f is 2π-periodic in each variable

and f(t1, t2) ≥ 0 for all (t1, t2) ∈ [−π, π]2.
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It remains to prove that f ∈ L1([−π, π]2) and

f(t1, t2) ∼
∑

(k1,k2)∈N2
0

λk1λk2ak1,k2 cos k1t1 cos k2t2.

Since

inf
(n1,n2)∈N2

0

∆{1,2}(∆{1,2}(an1,n2)) ≥ 0 and lim
max{n1,n2}→∞

an1,n2 = 0,

Lemma 8.3.4 implies that the double series
∑

(k1,k2)∈N2
0

(k1 + 1)(k2 + 1)∆{1,2}(∆{1,2}(ak1,k2)) <∞;

the Monotone Convergence Theorem yields f ∈ L1([−π, π]2) and
∫

[−π,π]2
f(t1, t2) dµ2(t1, t2)

=
1

4

∑

(k1,k2)∈N2
0

∆{1,2}(∆{1,2}(ak1,k2))

2∏

i=1

∫ π

0

(
1− cos(ki + 1)ti

1− cos ti

)2

dti

=
1

4

∑

(k1,k2)∈N2
0

(k1 + 1)(k2 + 1)∆{1,2}
(
∆{1,2}(ak1,k2)

)
.

Finally, for any (p1, p2) ∈ N2
0, it follows from Lebesgue’s Dominated

Convergence Theorem and part (iv) of Theorem 8.1.13 that
∫

[−π,π]2
f(t1, t2) cos p1t1 cos p2t2 dµ2(t1, t2)

=
∑

(k1,k2)∈N2
0

∆{1,2}(∆{1,2}(ak1,k2))
2∏

i=1

∫ π

0

(
1− cos(ki + 1)ti
2(1− cos ti)

)2

cos piti dti

= 4
∑

(k1,k2)∈N2
0

∆{1,2}
(
∆{1,2}(ak1,k2)

) 2∏

i=1

∫

[0,π]

ki∑

ji=0

Dji(ti) cos piti dti

= 4λp1λp2

∞∑

k1=p1

∞∑

k2=p2

∆{1,2}
(
∆{1,2}(ak1,k2)

)π2

4
(k1 − p1 + 1)(k2 − p2 + 1)

= π2λp1λp2

∞∑

k1=p1

∞∑

k2=p2

∆{1,2}(ak1,k2)

= π2λp1λp2ap1,p2 .

This completes the proof of the theorem. �
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8.4 A Lebesgue integrability theorem for double cosine

series

The main aim of this section is to establish two-dimensional analogues of

Theorems 7.4.4 and 7.4.6. We begin with two lemmas.

Lemma 8.4.1. Let (N1, N2) ∈ N2 and assume that {ck1,k2 : (k1, k2) ∈∏2
i=1{1, . . . , Ni}} ⊂ R. Then

∫

[π2 ,π]2

( N1∑

k1=1

N2∑

k2=1

ck1,k2 sin 2
k1t1 sin 2

k2t2

)4

d(t1, t2)≤
(
3π

4

N1∑

k1=1

N2∑

k2=1

c2k1,k2

)2

.

Proof. For each j ∈ N and x ∈ R, letSj(x) = sin(2jx). By Lemma 7.4.2,

∫

[π2 ,π]2

( N1∑

k1=1

N2∑

k2=1

ck1,k2Sk1(t1)Sk2(t2)

)4

d(t1, t2)

=

∫ π

π
2

{∫ π

π
2

{ N1∑

k1=1

( N2∑

k2=1

ck1,k2Sk2(t2)

)
Sk1(t1)

}4

dt1

}
dt2

≤ 3π

4

∫ π

π
2

{ N1∑

k1=1

( N2∑

k2=1

ck1,k2Sk2(t2)

)2}2

dt2. (8.4.1)

Now we obtain an upper bound for the right-hand side of (8.4.1):

∫ π

π
2

{ N1∑

k1=1

( N2∑

k2=1

ck1,k2Sk2(t2)

)2}2

dt2

=

∫ π

π
2

N1∑

k1=1

( N2∑

k2=1

ck1,k2Sk2(t2)

)4

dt2

+2

N1−1∑

j1=1

N1∑

k1=j1+1

∫ π

π
2

( N2∑

k2=1

cj1,k2Sk2(t2)

)2( N2∑

k2=1

ck1,k2Sk2(t2)

)2

dt2

≤
∫ π

π
2

N1∑

k1=1

( N2∑

k2=1

ck1,k2Sk2(t2)

)4

dt2

+2

N1−1∑

j1=1

N1∑

k1=j1+1

∏

r1∈{j1,k1}

√√√√
∫ π

π
2

( N2∑

k2=1

cr1,k2Sk2(t2)

)4

dt2. (8.4.2)
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Combining (8.4.1), (8.4.2) and Lemma 7.4.2, we get
∫

[π2 ,π]2

( N1∑

k1=1

N2∑

k2=1

ck1,k2Sk1(t1)Sk2(t2)

)4

d(t1, t2)

≤
(
3π

4

)2{ N1∑

k1=1

( N2∑

k2=1

c2k1,k2

)2

+ 2

N1−1∑

j1=1

N1∑

k1=j1+1

( N2∑

k2=1

N2∑

k2=1

c2j1,k2
c2k1,k2

)}

=

(
3π

4

)2( N1∑

k1=1

N2∑

k2=1

c2k1,k2

)2

.
�

The following lemma is a two-dimensional version of Lemma 7.4.3.

Lemma 8.4.2. Let (N1, N2) ∈ N2 and suppose that

{ck1,k2 : (k1, k2) ∈
∏2

i=1{1, . . . , Ni}} ⊂ R. Then
∫

[π2 ,π]2

∣∣∣∣
N1∑

k1=1

N2∑

k2=1

ck1,k2 sin 2
k1t1 sin 2

k2t2

∣∣∣∣ d(t1, t2)

≥ π

12

√√√√
∫

[π2 ,π]2

∣∣∣∣
N1∑

k1=1

N2∑

k2=1

ck1,k2 sin 2
k1t1 sin 2k2t2

∣∣∣∣
2

d(t1, t2).

Proof. Let

gN1,N2(t1, t2) =

N1∑

k1=1

N2∑

k2=1

ck1,k2 sin 2
k1t1 sin 2

k2t2
(
(t1, t2) ∈ [

π

2
, π]2

)
.

Then Hölder’s inequality (with p = 3
2 and q = 3) and Lemma 8.4.1 give

‖gN1,N2‖3L2([π2 ,π]2)
≤ ‖gN1,N2‖L1([π2 ,π]2)‖gN1,N2‖2L4([π2 ,π]2)

≤ ‖gN1,N2‖L1([π2 ,π]2)

(
3π

4

N1∑

k1=1

N2∑

k2=1

c2k1,k2

)

≤ 12

π
‖gN1,N2‖L1([π2 ,π]

2)‖gN1,N2‖2L2([π2 ,π]
2)
.

�

We are now ready to state and prove a two-dimensional analogue of

Theorem 7.4.4.

Theorem 8.4.3. Let (bk1,k2)(k1,k2)∈N2 be a double sequence of real numbers

such that

∑

(k1,k2)∈N2

{
| bk1,k2 |+

√√√√
∞∑

r1=k1

b2r1,k2
+

√√√√
∞∑

r2=k2

b2k1,r2

}
<∞. (8.4.3)
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Then there exists h ∈ L1([0, π]2) such that

h(t1, t2) =
∑

(k1,k2)∈N2

bk1,k2

sin 2k1t1 sin 2
k2t2

t1t2

µ2-almost everywhere on [0, π]2 if and only if

∑

(k1,k2)∈N
2

√√√√
∞∑

r1=k1

∞∑

r2=k2

b2r1,r2 <∞.

Proof. We write Sj(x) = sin 2j(x) (j ∈ N; x ∈ R). Clearly, it suffices

to prove that

sup
(N1,N2)∈N2

0

∫

[ π

2N1+1 ,π]×[ π

2N2+1 ,π]

∣∣∣∣∣∣

∑

(k1,k2)∈N2

bk1,k2

2∏

i=1

Ski
(ti)

ti

∣∣∣∣∣∣
d(t1, t2) <∞

⇐⇒
∑

(k1,k2)∈N2

√√√√
∞∑

r1=k1

∞∑

r2=k2

b2r1,r2 <∞. (8.4.4)

Let (N1, N2) ∈ N2
0 be given. For each (k1, k2) ∈ N2

0 we write

Ek1,k2 = [
π

2k1+1
,
π

2k1
]× [

π

2k2+1
,
π

2k2
]

to get

∫

[ π

2N1+1 ,π]×[ π

2N2+1 ,π]

∣∣∣∣∣∣

∑

(k1,k2)∈N2

bk1,k2

2∏

i=1

Ski
(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

≤
N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

k1∑

j1=1

k2∑

j2=1

bj1,j2

2∏

i=1

Sji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

+

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

k2∑

j2=1

bj1,j2

2∏

i=1

Sji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

+

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

k1∑

j1=1

∞∑

j2=k2+1

bj1,j2

2∏

i=1

Sji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

+

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

bj1,j2

2∏

i=1

Sji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

= S(N1,N2),∅ + S(N1,N2),{1} + S(N1,N2),{2} + S(N1,N2),{1,2},
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say.

The sum S(N1,N2),∅ is bounded above by π2
∑

(k1,k2)∈N2 |bk1,k2 |:

S(N1,N2),∅

=

N1∑

k1=0

N2∑

k2=0

∫
∏

2
i=1[

π

2ki+1 , π

2ki
]

∣∣∣∣∣∣

k1∑

j1=1

k2∑

j2=1

bj1,j2
Sj1(t1)Sj2(t2)

t1t2

∣∣∣∣∣∣
d(t1, t2)

≤
N1∑

k1=0

N2∑

k2=0

π2

2k1+12k2+1

k1∑

j1=1

k2∑

j2=1

∣∣bj1,j22j1+j2
∣∣

≤
∑

(k1,k2)∈N2

π2

2k1+12k2+1

k1∑

j1=1

k2∑

j2=1

∣∣bj1,j22j1+j2
∣∣

= π2
∑

(k1,k2)∈N2

| bk1,k2 | . (8.4.5)

Now we use Cauchy-Schwarz inequality to prove that

S(N1,N2),{1} ≤ π
∑

(k1,k2)∈N2

√√√√
∞∑

r1=k1

b2r1,k2
. (8.4.6)

For each (k1, k2) ∈ N2
0 satisfying 0 ≤ ki ≤ Ni (i = 1, 2), we have

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

k2∑

j2=1

bj1,j2

2∏

i=1

Sji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

≤
k2∑

j2=1

π2j2

2k2+1

∫ π

2k1

π

2k1+1

∣∣∣∣∣∣

∞∑

j1=k1+1

bj1,j2
Sj1(t1)

t1

∣∣∣∣∣∣
dt1

≤
k2∑

j2=1

π2j2

2k2+1

∫ π

π
2

∣∣∣∣∣∣

∞∑

j1=k1+1

bj1,j2
Sj1−k1(t1)

t1

∣∣∣∣∣∣
dt1

≤
k2∑

j2=1

π2j2

2k2+1

√√√√√
∫ π

π
2

∣∣∣∣∣∣

∞∑

j1=k1+1

bj1,j2Sj1−k1(t1)

∣∣∣∣∣∣

2

dt1

√∫ π

π
2

1

t2
dt

≤
k2∑

j2=1

π2j2

2k2+1

√√√√
∞∑

j1=k1+1

b2j1,j2
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and hence (8.4.6) holds:

S(N1,N2),{1}

:=

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

k2∑

j2=1

bj1,j2Sj1(t1)Sj2(t2)

t1t2

∣∣∣∣∣∣
d(t1, t2)

≤
∑

(k1,k2)∈N2
0

k2∑

j2=1

π2j2

2k2+1

√√√√
∞∑

j1=k1+1

b2j1,j2

= π
∑

(k1,k2)∈N2

(
1

2k2
− 1

2k2+1

) k2∑

j2=1

2j2

√√√√
∞∑

j1=k1

b2j1,j2

= π
∑

(k1,k2)∈N2

√√√√
∞∑

r1=k1

b2r1,k2
.

Similarly, we have

S(N1,N2),{2} ≤ π
∑

(k1,k2)∈N2

√√√√
∞∑

r2=k2

b2k1,r2
. (8.4.7)

As (N1, N2) ∈ N2
0 is arbitrary, we infer from (8.4.3), (8.4.5), (8.4.6) and

(8.4.7) that

sup
(N1,N2)∈N2

0

{
S(N1,N2),∅ + S(N1,N2),{1} + S(N1,N2),{2}

}
<∞. (8.4.8)

Finally, for any (N1, N2) ∈ N2
0 we apply Cauchy-Schwartz inequality,

Lemma 8.4.2, and and Lebesgue’s Dominated Convergence Theorem to

obtain
N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

bj1,j2

2∏

i=1

Sji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

=

N1∑

k1=0

N2∑

k2=0

∫

[π2 ,π]
2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

bj1,j2

2∏

i=1

Sji−ki
(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

≤
N1∑

k1=0

N2∑

k2=0

√√√√√
∫

[π2 ,π]2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

bj1,j2

2∏

i=1

Sji−ki
(ti)

∣∣∣∣∣∣

2

d(t1, t2)

≤ 12

π

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

bj1,j2

2∏

i=1

Sji(ti)

ti

∣∣∣∣∣∣
d(t1, t2).
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Since (N1, N2) ∈ N2
0 is arbitrary, we conclude that

sup
(N1,N2)∈N2

0

S(N1,N2),{1,2} <∞ ⇐⇒
∑

(k1,k2)∈N2

√√√√
∞∑

r1=k1

∞∑

r2=k2

b2r1,r2 <∞; (8.4.9)

hence (8.4.4) follows from (8.4.8) and (8.4.9). �

The following theorem is a two-dimensional analogue of Theorem 7.4.6.

Theorem 8.4.4. Let (ak1,k2)(k1,k2)∈N2
0

be a double sequence

of real numbers such that limmax{n1,n2}→∞ an1,n2 = 0,

∆{1,2}(ak1,k2) = 0 ((k1, k2) ∈ N2
0\{2r : r ∈ N}2) and

∑

(k1,k2)∈N2

{ ∣∣∣∆{1,2}(a2k1 ,2k2 )
∣∣∣+

√√√√
∞∑

r1=k1

(
∆{1,2}(a2r1 ,2k2 )

)2

+

√√√√
∞∑

r2=k2

(
∆{1,2}(a2k1 ,2r2 )

)2 }
<∞. (8.4.10)

Then
∑

(k1,k2)∈N2
0
λk1λk2ak1,k2 cos k1t1 cos k2t2 is a double Fourier series if

and only if

∑

(k1,k2)∈N2

√√√√
∞∑

r1=k1

∞∑

r2=k2

(
∆{1,2}(a2r1 ,2r2 )

)2

<∞.

Proof. Let Ak1,k2 := ∆{1,2}(a2k1 ,2k2 ) ((k1, k2) ∈ N2). Then, for each

(t1, t2) ∈ (0, π]2, an application of Theorem 8.1.13 yields

∑

(k1,k2)∈N2
0

λk1λk2ak1,k2 cos k1t1 cos k2t2

=
1

4

∑

(k1,k2)∈N2

Ak1,k2

2∏

i=1

(
sin 2kiti cos

ti
2

sin ti
2

+ cos 2kiti

)

=
∑

Γ⊆{1,2}

∑

(k1,k2)∈N2

Ak1,k2

∏

i∈Γ

sin 2kiti cos
ti
2

2 sin ti
2

∏

`∈{1,2}\Γ

cos 2k`t`
2

.
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It is now clear that the theorem is a consequence of Theorem 8.4.3, since

Theorem 7.4.4 implies

lim
δ→0+

∫

[δ,π]2

∣∣∣∣∣∣

∑

(k1,k2)∈N2

Ak1,k2

sin 2k1t1 cos
t1
2

2 sin t1
2

cos 2k2t2
2

∣∣∣∣∣∣
d(t1, t2)

≤ lim
δ→0+

∞∑

k2=1

∫ π

δ

∣∣∣∣∣

∞∑

r1=1

Ar1,k2

sin 2r1t1

tan t1
2

∣∣∣∣∣ dt1

≤ 4π
∑

(k1,k2)∈N2

√√√√
∞∑

r1=k1

A2
r1,k2

,

lim
δ→0+

∫

[δ,π]2

∣∣∣∣∣∣

∑

(k1,k2)∈N2

Ak1,k2

sin 2k2t2 cos
t2
2

2 sin t2
2

cos 2k1t1
2

∣∣∣∣∣∣
d(t1, t2)

≤ lim
δ→0+

∞∑

k1=1

∫ π

δ

∣∣∣∣∣

∞∑

r2=1

Ak1,r2

sin 2r2t2

tan t2
2

∣∣∣∣∣ dt2

≤ 4π
∑

(k1,k2)∈N2

√√√√
∞∑

r2=k2

A2
k1,r2

,

lim
δ→0+

∫

[δ,π]2

∣∣∣∣∣∣

∑

(k1,k2)∈N2

Ak1,k2

cos 2k1t1 cos 2
k2t2

4

∣∣∣∣∣∣
d(t1, t2)

≤ π
∑

(k1,k2)∈N2

√√√√
∞∑

r2=k2

A2
k1,r2

,

and (8.4.10) holds. The proof is complete. �

Example 8.4.5. Let (bj,k)(j,k)∈N2
0
be a double sequence of real numbers

such that bj,k = 0
(
(j, k) ∈ N2

0\{2r : r ∈ N}2
)

and

b2j ,2k = 1
(j+k)3

(
(j, k) ∈ N2

)
. Then the double series

∑

(k1,k2)∈N2
0

λk1λk2

( ∞∑

r=k1

∞∑

s=k2

br,s

)
cos k1t1 cos k2t2 (8.4.11)

converges regularly for all (t1, t2) ∈ (0, π]2. However, (8.4.11) is not the

double Fourier series of a function in L1(T2).

Proof. This is a consequence of Theorems 8.1.13(iv) and 8.4.4. �
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8.5 A Lebesgue integrability theorem for double sine series

The main aim of this section is to prove a two-dimensional analogue of

Theorem 7.4.12. We need the following modification of Lemma 7.4.10.

Lemma 8.5.1. Let (N1, N2) ∈ N2 and assume that

{ck1,k2 : (k1, k2) ∈
∏2

i=1{1, . . . , Ni}} ⊂ R. Then
∫

[π2 ,π]2

( N1∑

k1=1

N2∑

k2=1

ck1,k2(1− cos 2k1t1)(1 − cos 2k2t2)

)4

d(t1, t2)

≤ 64π2

{ N1∑

k1=1

N2∑

k2=1

c2k1,k2
+

N1∑

k1=1

( N2∑

k2=1

ck1,k2

)2

+

N2∑

k2=1

( N1∑

k1=1

ck1,k2

)2

+

( N2∑

k2=1

N1∑

k1=1

ck1,k2

)2}2

.

Proof. We write Cj(x) := 1− cos 2j(x) (j ∈ N; x ∈ R),

f1(t2) =

N1∑

k1=1

( N2∑

k2=1

ck1,k2Ck2(t2)

)2

and f2(t2) =

( N1∑

k1=1

N2∑

k2=1

ck1,k2Ck2(t2)

)2

so that Lemma 7.4.10 and Cauchy-Schwarz inequality yield
∫

[π2 ,π]2

( N1∑

k1=1

N2∑

k2=1

ck1,k2Ck1(t1)Ck2(t2)

)4

d(t1, t2)

=

∫ π

π
2

{∫ π

π
2

( N1∑

k1=1

( N2∑

k2=1

ck1,k2Ck2(t2)

)
Ck1(t1)

)4

dt1

}
dt2

≤ 8π

∫ π

π
2

(
f2(t2) + f1(t2)

)2

dt2

≤ 8π

(√∫ π

π
2

(f1(t2))2 dt2 +

√∫ π

π
2

(f2(t2))2 dt2

)2

.

Now we obtain an upper bound for the integral
∫ π

π
2
(f1(t2))

2 dt2:∫ π

π
2

(f1(t2))
2 dt2

=

∫ π

π
2

N1∑

k1=1

( N2∑

k2=1

ck1,k2Ck2(t2)

)4

dt2

+2

N1−1∑

j1=1

N1∑

k1=j1+1

∫ π

π
2

({ N2∑

k2=1

cj1,k2Ck2(t2)

}{ N2∑

k2=1

ck1,k2Ck2(t2)

})2

dt2.
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For each ` ∈ {1, . . . , N1}, Lemma 7.4.10 yields

∫ π

π
2

( N2∑

k2=1

c`,k2Ck2 (t2)

)4

dt2 ≤ 8π

(( N2∑

k2=1

c`,k2

)2

+

N2∑

k2=1

c2`,k2

)2

;

hence, for each j1 ∈ {1, . . . , N1} and k1 ∈ {j1 + 1, . . . , N1}, it follows from
the Cauchy Schwarz inequality that

∫ π

π
2

( N2∑

k2=1

cj1,k2Ck2 (t2)

)2( N2∑

k2=1

ck1,k2Ck2 (t2)

)2

dt2

≤

√√√√
∫ π

π
2

( N2∑

k2=1

cj1,k2Ck2(t2)

)4

dt2

√√√√
∫ π

π
2

( N2∑

k2=1

ck1,k2Ck2 (t2)

)4

dt2

≤ 8π

{( N2∑

k2=1

cj1,k2

)2

+

N2∑

k2=1

c2j1,k2

}{( N2∑

k2=1

ck1,k2

)2

+

N2∑

k2=1

c2k1,k2

}
.

Combining the above inequalities, we get

∫ π

π
2

(f1(t2))
2 dt2 ≤ 8π

( N1∑

k1=1

{( N2∑

k2=1

ck1,k2

)2

+

N2∑

k2=1

c2k1,k2

})2

.

Finally, since a similar argument gives

∫ π

π
2

(f2(t2))
2 dt2 ≤ 8π

{ N2∑

k2=1

( N1∑

k1=1

ck1,k2

)2

+

( N2∑

k2=1

N1∑

k1=1

ck1,k2

)2}2

,

the result follows. �

We need the following lemmas in order to establish a two-dimensional

version of Lemma 7.4.11; see Lemma 8.5.3.

Lemma 8.5.2. Let (N1, N2) ∈ N2 and suppose that

{ck1,k2 : (k1, k2) ∈
∏2

i=1{1, . . . , Ni}} ⊂ R. Then

∫

[π2 ,π]2

( N1∑

k1=1

N2∑

k2=1

ck1,k2(1− cos 2k1t1)(1 − cos 2k2t2)

)2

d(t1, t2)

=
π2

4

( N1∑

k1=1

N2∑

k2=1

ck1,k2

)2

+
π2

8

N1∑

k1=1

( N2∑

k2=1

ck1,k2

)2

+
π2

8

N2∑

k2=1

( N1∑

k1=1

ck1,k2

)2

+
π2

16

N1∑

k1=1

N2∑

k2=1

c2k1,k2
.
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Proof. Exercise. �

Lemma 8.5.3. Let (N1, N2) ∈ N2 and assume that

{ck1,k2 : (k1, k2) ∈
∏2

i=1{1, . . . , Ni}} ⊂ R. Then
(∫

[π2 ,π]2

∣∣∣∣∣

N1∑

k1=1

N2∑

k2=1

ck1,k2(1 − cos 2k1t1)(1 − cos 2k2t2)

∣∣∣∣∣ d(t1, t2)
)2

≥
(

π

128

)2 ∫

[π2 ,π]2

( N1∑

k1=1

N2∑

k2=1

ck1,k2(1− cos 2k1t1)(1 − cos 2k2t2)

)2

d(t1, t2).

Proof. We write

fN1,N2(t1, t2) :=

N1∑

k1=1

N2∑

k2=1

ck1,k2

2∏

i=1

(1− cos 2kiti) ((t1, t2) ∈ [
π

2
, π]2).

Then, using Hölder’s inequality (with p = 3
2 and q = 3), Lemmas 8.5.1 and

8.5.2, we get

‖fN1,N2‖3L2([π2 ,π]2)
≤‖fN1,N2‖2L1([π2 ,π]2)

‖fN1,N2‖L4([π2 ,π]2)

≤‖fN1,N2‖2L1([π2 ,π]2)
× 64π2 ×

(
16

π2
‖fN1,N2‖L2([π2 ,π]2)

)2

,

and the result follows. �

The following theorem is a two-dimensional analogue of Theorem 7.4.12.

Theorem 8.5.4. Let (ak1,k2)(k1,k2)∈N2
0
be a double sequence of real numbers

such that

∑

(k1,k2)∈N2
0

{
|ak1,k2 |+

√√√√
∞∑

j1=k1+1

a2j1,k2
+

( ∞∑

j1=k1+1

aj1,k2

)2

+

√√√√
∞∑

j2=k2+1

a2k1,j2
+

( ∞∑

j2=k2+1

ak1,j2

)2}
<∞. (8.5.1)

Then there exists h ∈ L1([0, π]2) such that

h(t1, t2) =
1

t1t2

∑

(k1,k2)∈N2
0

ak1,k2(1− cos 2k1t1)(1− cos 2k2t2)

µ2-almost everywhere on [0, π]2 if and only if
∑

(k1,k2)∈N2
0

{ ∞∑

j1=k1+1

∞∑

j2=k2+1

a2j1,j2 +

∞∑

j1=k1+1

( ∞∑

r2=k2+1

aj1,r2

)2

+
∞∑

j2=k2+1

( ∞∑

r1=k1+1

ar1,j2

)2

+

( ∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

)2} 1
2

<∞.
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Proof. For each j ∈ N and x ∈ R, we set Cj(x) := 1 − cos 2j(x),

and let (N1, N2) ∈ N2
0 be arbitrary. For each (k1, k2) ∈ N2

0 we write

Ek1,k2 = [ π
2k1+1 ,

π
2k1

]× [ π
2k2+1 ,

π
2k2

]. Then

∫

[ π

2N1+1 ,π]×[ π

2N2+1 ,π]

∣∣∣∣∣∣

∑

(k1,k2)∈N2
0

ak1,k2

2∏

i=1

Cki
(ti)

∣∣∣∣∣∣
d(t1, t2)

≤
N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

k1∑

j1=0

k2∑

j2=0

aj1,j2

2∏

i=1

Cji (ti)

t1t2

∣∣∣∣∣∣
d(t1, t2)

+

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

k2∑

j2=0

aj1,j2

2∏

i=1

Cji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

+

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

k1∑

j1=0

∞∑

j2=k2+1

aj1,j2

2∏

i=1

Cji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

+

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

2∏

i=1

Cji (ti)

ti

∣∣∣∣∣∣
d(t1, t2)

=: C(N1,N2),∅ + C(N1,N2),{1} + C(N1,N2),{2} + C(N1,N2),{1,2}.

The rest of the proof is similar to that of Theorem 8.4.3. The term

C(N1,N2),∅ is bounded above by π2
∑

(k1,k2)∈N2
0
|ak1,k2 |:

C(N1,N2)∅ ≤
N1∑

k1=0

N2∑

k2=0

k1∑

j1=0

k2∑

j2=0

π22j1+j2 |aj1,j2 |
2k1+k2+2

≤ π2
∑

(k1,k2)∈N2
0

|ak1,k2 | .

(8.5.2)

We will next prove that

C(N1,N2),{1} ≤ π

∞∑

k1=0

∞∑

k2=0

√√√√
∞∑

r1=k1+1

a2r1,k2
+

( ∞∑

r1=k1+1

ar1,k2

)2

.(8.5.3)

To prove (8.5.3), we let (k1, k2) ∈ N2
0 and compute:
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∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

k2∑

j2=0

aj1,j2Cj1(t1)Cj2 (t2)

t1t2

∣∣∣∣∣∣
d(t1, t2)

≤
k2∑

j2=0

π2j2

2k2+1

∫

[π2 ,π]

∣∣∣∣∣

∞∑

r1=k1+1

ar1,j2Cr1−k1(t1)

t1

∣∣∣∣∣ dt1

≤
k2∑

j2=0

π2j2

2k2+1

√√√√
∫

[π2 ,π]

∣∣∣∣∣

∞∑

r1=k1+1

ar1,j2Cr1−k1(t1)

∣∣∣∣∣

2

dt1

≤
k2∑

j2=0

π2j2

2k2+1

√√√√
∞∑

r1=k1+1

a2r1,j2 +

( ∞∑

r1=k1+1

ar1,j2

)2

and so

C(N1,N2),{1} ≤
N1∑

k1=0

N2∑

k2=0

k2∑

j2=0

π2j2

2k2+1

√√√√
∞∑

r1=k1+1

a2r1,j2 +

( ∞∑

r1=k1+1

ar1,j2

)2

≤ π
∞∑

k1=0

∞∑

k2=0

√√√√
∞∑

r1=k1+1

a2r1,k2
+

( ∞∑

r1=k1+1

ar1,k2

)2

.

A similar argument shows that

C(N1,N2),{2} ≤ π

∞∑

k1=0

∞∑

k2=0

√√√√
∞∑

r2=k2+1

a2k1,r2
+

( ∞∑

r2=k2+1

ak1,r2

)2

.(8.5.4)

Since (N1, N2) ∈ N2
0 is arbitrary, it follows from (8.5.1), (8.5.2), (8.5.3)

and (8.5.4) that

sup
(N1,N2)∈N2

0

{
C(N1,N2),∅ + C(N1,N2),{1} + C(N1,N2),{2}

}
<∞. (8.5.5)

In view of (8.5.5), it remains to prove that

sup
(N1,N2)∈N2

0

C(N1,N2),{1,2} <∞

⇐⇒
∑

(k1,k2)∈N2
0

{ ∞∑

j1=k1+1

∞∑

j2=k2+1

a2j1,j2 +
∞∑

j1=k1+1

( ∞∑

r2=k2+1

aj1,r2

)2

+

∞∑

j2=k2+1

( ∞∑

r1=k1+1

ar1,j2

)2

+

( ∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

)2} 1
2

<∞.

(8.5.6)
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For any (N1, N2) ∈ N2
0, we apply Cauchy Schwarz inequality, Lemmas 8.5.3

and 8.5.2 to obtain
N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

2∏

i=1

Cji(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

=

N1∑

k1=0

N2∑

k2=0

∫

[π2 ,π]2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

2∏

i=1

Cji−ki
(ti)

ti

∣∣∣∣∣∣
d(t1, t2)

≤
N1∑

k1=0

N2∑

k2=0

√√√√√
∫

[π2 ,π]2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

2∏

i=1

Cji−ki
(ti)

∣∣∣∣∣∣

2

d(t1, t2)

≤ 128π

N1∑

k1=0

N2∑

k2=0

∫

[π2 ,π]2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

2∏

i=1

Cji−ki
(ti)

∣∣∣∣∣∣
d(t1, t2)

= 128π

N1∑

k1=0

N2∑

k2=0

∫

Ek1,k2

∣∣∣∣∣∣

∞∑

j1=k1+1

∞∑

j2=k2+1

aj1,j2

2∏

i=1

Cji(ti)

ti

∣∣∣∣∣∣
d(t1, t2).

(8.5.7)

It is now clear that (8.5.6) is a consequence of (8.5.7) and Lemma 8.5.2.�

The next theorem is a two-dimensional analogue of Theorem 7.4.14.

Theorem 8.5.5. Let (bk1,k2)(k1,k2)∈N2 be a double sequence of real numbers

such that limmax{k1,k2}→∞ bk1,k2 = 0,

∆{1,2}(bk1,k2) = 0
(
(k1, k2) ∈ N2\{2r : r ∈ N}2

)

and
∑

(k1,k2)∈N2

{
|Bk1,k2 |+

√√√√
∞∑

p=k1+1

B2
p,k2

+

( ∞∑

p=k1+1

Bp,k2

)2

+

√√√√
∞∑

q=k2+1

B2
k1,q

+

( ∞∑

q=k2+1

Bk1,q

)2 }
<∞,

where Bj,k := ∆{1,2}(b2j ,2k) (j, k ∈ N). Then∑
(k1,k2)∈N2 bk1,k2 sin k1t1 sin k2t2 is a double Fourier series if and only if

∑

(k1,k2)∈N2

{ ∞∑

p=k1+1

∞∑

q=k2+1

B2
p,q +

∞∑

p=k1+1

( ∞∑

q=k2+1

Bp,q

)2

+
∞∑

q=k2+1

( ∞∑

p=k1+1

Bp,q

)2

+

( ∞∑

p=k1+1

∞∑

q=k2+1

Bp,q

)2} 1
2
<∞.



February 7, 2011 14:52 World Scientific Book - 9in x 6in HKbook171210A

Some applications of the Henstock-Kurzweil integral to double trigonometric series 263

Proof. Let Cj(x) := 1 − cos 2jx (j ∈ N; x ∈ R) and

Sj(x) := sin 2jx (j ∈ N; x ∈ R). Then, for each (t1, t2) ∈ (0, π)2, we

deduce from Theorem 8.1.13 and Lemma 7.1.4 that∑

(k1,k2)∈N2

bk1,k2 sin k1t1 sin k2t2

=
1

4

∑

(k1,k2)∈N2

Bk1,k2

(
Ck1 (t1)

tan t1
2

+ Sk1(t1)

)(
Ck2(t2)

tan t2
2

+ Sk2(t2)

)

=
1

4

∑

(k1,k2)∈N2

Bk1,k2Ck1(t1)Ck2(t2)

tan t1
2 tan t2

2

+
1

4

∑

(k1,k2)∈N2

Bk1,k2Ck1(t1)

tan t1
2

Sk2(t2)

+
1

4

∑

(k1,k2)∈N2

Bk1,k2Ck2(t2)

tan t2
2

Sk1(t1) +
1

4

∑

(k1,k2)∈N2

Bk1,k2Sk1(t1)Sk2(t2).

Since

lim
δ→0+

∫

[δ,π]2

∣∣∣∣∣∣

∑

(k1,k2)∈N2

Bk1,k2Sk1Sk2

∣∣∣∣∣∣
d(t1, t2) ≤ π2

∑

(k1,k2)∈N2

|Bk1,k2 | ,

(7.4.8) implies that

lim
δ→0+

∫

[δ,π]2

∣∣∣∣∣∣

∑

(k1,k2)∈N2

Bk1,k2Ck1(t1)

2 tan t1
2

Sk2(t2)

∣∣∣∣∣∣
d(t1, t2)

≤ lim
δ→0+

π

∞∑

k2=1

∫ π

δ

∣∣∣∣∣

∞∑

k1=1

Bk1,k2Ck1(t1)

t1

∣∣∣∣∣ dt1

≤ 2π2
∞∑

k2=1

√√√√
∞∑

k1=1

B2
k1,k2

+

( ∞∑

k1=1

Bk1,k2

)2

and

lim
δ→0+

∫

[δ,π]2

∣∣∣∣∣∣

∑

(k1,k2)∈N2

Bk1,k2Ck2(t2)

2 tan t2
2

Sk1(t1)

∣∣∣∣∣∣
d(t1, t2)

≤ 2π2
∞∑

k1=1

√√√√
∞∑

k2=1

B2
k1,k2

+

( ∞∑

k2=1

Bk1,k2

)2

,

an application of Theorem 8.5.4 completes the proof. �

Example 8.5.6. Let

ak1,k2 =

{
(−1)r+s

(r+s)3 if (k1, k2) ∈ {(2r, 2s) : (r, s) ∈ N2},
0 otherwise
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and let bk1,k2 =
∑∞

r=k1

∑∞
s=k2

ar,s ((k1, k2) ∈ N2). Then the double series∑
(k1,k2)∈N2 bk1,k2 sin k1t1 sin k2t2 converges regularly for all (t1, t2) ∈ [0, π]2.

However, it is not the double Fourier series of a function in L1(T2).

Proof. This is an easy consequence of Theorem 8.5.5. �

8.6 A convergence theorem for Henstock-Kurzweil inte-

grals

In this section, we establish a new convergence theorem for Henstock-

Kurzweil integrals. Since the Riesz-Fischer Theorem does not hold for

HK([a1, b1] × [a2, b2]) (cf. Example 4.5.5), it is not surprising that the

proof of the following result is more involved.

Theorem 8.6.1. Let (ck1,k2)(k1,k2)∈N2
0

be a double sequence of real

numbers, let (φ1,j)
∞
j=0 (resp. (φ2,j)

∞
j=0) be a sequence in

L1[a1, b1] (resp. L
1[a2, b2]), and let (Cn)

∞
n=1 be a sequence of real numbers.

If

max
Γ⊆{1,2}

∑

(k1,k2)∈N2
0

|ck1,k2 |
∏

j∈{1,2}\Γ
||φj,kj

||HK[aj ,bj]

∏

i∈Γ

||φi,ki
||
L1[ ai+

bi−ai
n+1 ,bi]

≤ Cn (8.6.1)

for all n ∈ N, then there exists φ ∈ HK([a1, b1]× [a2, b2]) such that

lim
min{n1,n2}→∞

∣∣∣∣
∣∣∣∣

n1∑

k1=0

n2∑

k2=0

ck1,k2(φ1,k1 ⊗ φ2,k2)− φ

∣∣∣∣
∣∣∣∣
HK([a1,b1]×[a2,b2])

= 0.

(8.6.2)

Proof. First we apply (8.6.1) with Γ = ∅ to conclude that the double

series

∑

(k1,k2)∈N2
0

ck1,k2

∫

[s,t]×[u,v]

φ1,k1 ⊗ φ2,k2 dµ2

converges absolutely for all [s, t] × [u, v] ∈ I2([a1, b1] × [a2, b2]). Therefore

we can define an interval function Φ : I2([a1, b1]× [a2, b2]) −→ R by setting

Φ([s, t]× [u, v]) =
∑

(k1,k2)∈N2
0

ck1,k2

∫

[s,t]×[u,v]

φ1,k1 ⊗ φ2,k2 dµ2.
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Using (8.6.1) with Γ = {1, 2}, it follows from the Riesz-Fischer Theorem

that there exists a function φ : [a1, b1] × [a2, b2] −→ R with the following

property:

(x1, x2) ∈
2∏

i=1

(ai, bi)

=⇒ φ ∈ L1(

2∏

i=1

[xi, bi]) and

∫
∏

2
i=1[xi,bi]

φ dµ2 = Φ(

2∏

i=1

[xi, bi]). (8.6.3)

It remains to prove that φ ∈ HK([a1, b1]× [a2, b2])) and Φ is the indefi-

nite Henstock-Kurzweil integral of φ. In view of assertion (8.6.3), Theorems

5.2.1(iii) and 5.5.9, it suffices to prove that

VHKΦ(ZΓ,n) = 0 (n ∈ N; Γ ⊂ {1, 2}), (8.6.4)

where
(
[a1, b1]× [a2, b2]

)
\
(
(a1, b1]× (a2, b2]

)
=

⋃

n∈N

⋃

Γ⊂{1,2}
ZΓ,n,

ZΓ,n :=

2∏

k=1

ZΓ,n,k and ZΓ,n,k :=






{ak} if k ∈ {1, 2}\Γ,

[ak + bk−ak

n+1 , bk] if k ∈ Γ.

Proof of (8.6.4). Let ε > 0 be given. For each n ∈ N and Γ ⊂ {1, 2}, we
use (8.6.1) to select a positive integer K = K(Γ, n, ε) so that the following

conditions are satisfied:

max
`=1,2

∑

(k1,k2)∈N2
0

k`>K

|ck1,k2 |
∏

j∈{1,2}\Γ
||φj,kj

||HK[aj ,bj ]

∏

i∈Γ

||φi,ki
||
L1[ai+

bi−ai
n+1 ,bi]

<
ε

4
; (8.6.5)

there exists η(Γ, n) > 0 so that

max
j∈{1,2}\Γ

max
kj=0,...,K

sup
[u,v]⊆[aj,bj ]

0<v−u<η(Γ,n)

‖φj,kj
‖
HK[u,v]

<
ε

2

(
1 + max

k1=0,...,K
k2=0,...,K

|ck1,k2 |
)−1(

1 +
∏

i∈Γ

||φi,n||L1[ai+
bi−ai
n+1 ,bi]

)−1

. (8.6.6)

Define a gauge δΓ,n on ZΓ,n by setting δΓ,n(x1, x2) := η(Γ, n), and let

PΓ,n be a ZΓ,n-tagged δΓ,n-fine Perron subpartition of [a1, b1]× [a2, b2]. We

claim that ∑

(t,I)∈PΓ,n

|Φ(I)| < ε. (8.6.7)
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We consider three cases.

Case 1: Γ = ∅.
In this case, (8.6.7) follows from the obvious equality card(P∅,n) = 1,

(8.6.5) and (8.6.6).

Case 2: Γ = {1}.
In this case, our choice of P{1},n implies that

µ1(I1 ∩ U1) = 0 whenever ((x1, x2), I1 × I2) and ((y1, y2), U1 × U2) are

two distinct elements of P{1},n. Letting

Sk1,k2(P{1},n) = | ck1,k2 |
∑

(t,I)∈P{1},n

‖φ1,k1‖L1[a1+
b1−a1
n+1 ,b1]

‖φ2,k2‖HK[a2,b2],

we infer that (8.6.5) and (8.6.6) that

∑

(t,I)∈P{1},n

|Φ(I)|

≤
∑

(k1,k2)∈N2
0

∑

(t,I)∈P{1},n

∣∣∣∣
∫

I

φ1,k1 ⊗ φ2,k2 dµ2

∣∣∣∣

≤
K∑

k1=0

K∑

k2=0

Sk1,k2(P{1},n) +
K∑

k1=0

∞∑

k2=K+1

Sk1,k2(P{1},n)

+

∞∑

k1=K+1

K∑

k2=0

Sk1,k2(P{1},n) +
∞∑

k1=K+1

∞∑

k2=K+1

Sk1,k2(P{1},n)

< ε.

Case 3: Γ = {2}.
In this case, we follow the proof of case 2 to obtain (8.6.7).

Combining the above cases, we conclude that (8.6.7) holds. Since ε > 0

is arbitrary, (8.6.4) is established. It is now clear that (8.6.1) implies (8.6.2).

�

The following theorem is a partial converse of Theorem 8.6.1.

Theorem 8.6.2. If the following conditions are satisfied:

(i) (cn1,n2)(n1,n2)∈N2
0
is a double sequence of non-negative numbers;

(ii) for each i ∈ {1, 2} the function hi : [ai, bi] −→ R is positive and de-

creasing on (ai, bi];
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(iii) for each i ∈ {1, 2} both sequences (φi,n)
∞
n=0 and (φi,nhi)

∞
n=0 belong to

L1[ai, bi] with

inf
n∈N0

min

{∫ bi

ai

φi,nhi dµ1, min
xi∈[ai,bi]

∫ xi

ai

φi,n dµ1

}
≥ 0; (8.6.8)

(iv) there exists φ ∈ HK([a1, b1]× [a2, b2]) such that

lim
min{n1,n2}→∞

∥∥∥∥
n1∑

k1=0

n2∑

k2=0

ck1,k2(φ1,k1 ⊗ φ2,k2)− φ

∥∥∥∥
HK([a1,b1]×[a2,b2])

= 0;

(v) φ(h1 ⊗ h2) ∈ HK([a1, b1]× [a2, b2]),

then the double series

∑

(k1,k2)∈N2
0

ck1,k2

2∏

i=1

∫ bi

ai

φi,ki
hi dµ1 converges.

Proof. In view of (i), (iii) and (v), it suffices to prove that

sup
(N1,N2)∈N2

0

N1∑

k1=0

N2∑

k2=0

ck1,k2

2∏

i=1

∫ bi

ai

φi,ki
hi dµ1

≤ 4

∥∥∥∥φ(h1 ⊗ h2)

∥∥∥∥
HK([a1,b1]×[a2,b2])

. (8.6.9)

To prove (8.6.9), we let (N1, N2) ∈ N2
0 be arbitrary and write

W (Γ, (k1, k2), (y1, y2)) =
∏

j∈Γ

1

hj(yj)

∫ bj

yj

φj,kj
hj dµ1

∏

`∈{1,2}\Γ

∫ y`

a`

φ`,k`
dµ1

((k1, k2) ∈ N2
0; (y1, y2) ∈ (a1, b1]× (a2, b2]; Γ ⊆ {1, 2}).

We will first prove that

lim
(y1,y2)→(a1,a2)

(y1,y2)∈(a1,b1]×(a2,b2]

∑

Γ⊆{1,2}

N1∑

k1=0

N2∑

k2=0

ck1,k2W (Γ, (k1, k2), (y1, y2))

2∏

i=1

hi(yi)

=

N1∑

k1=0

N2∑

k2=0

ck1,k2

2∏

i=1

∫ bi

ai

φi,ki
hi dµ1. (8.6.10)

To prove (8.6.10) we consider two cases.
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Case 1: Γ = {1, 2}.
In this case, it follows from (iii) that

lim
(y1,y2)→(a1,a2)

(y1,y2)∈(a1,b1]×(a2,b2]

N1∑

k1=0

N2∑

k2=0

ck1,k2W ({1, 2}, (k1, k2), (y1, y2))
2∏

i=1

hi(yi)

=

N1∑

k1=0

N2∑

k2=0

ck1,k2

2∏

i=1

∫ bi

ai

φi,ki
hi dµ1.

Case 2: Γ ⊂ {1, 2}.
In this case, we choose any (k1, k2) ∈ {0, . . . , N1} × {0, . . . , N2}. Then

(ii), Theorem 6.1.7 and (iii) yield

lim
(y1,y2)→(a1,a2)

(y1,y2)∈(a1,b1]×(a2,b2]

W (Γ, (k1, k2), (y1, y2))

2∏

i=1

hi(yi)

= lim
(y1,y2)→(a1,a2)

(y1,y2)∈(a1,b1]×(a2,b2]

{∏

j∈Γ

∫ bj

yj

φj,kj
hj dµ1

}{ ∏

`∈{1,2}\Γ

∫ y`

θ`

φ`,k`
h` dµ1

}

(for some θ` ∈ [a`, y`] (` ∈ {1, 2}\Γ))
= 0.

Now we have

inf
(k1,k2)∈N2

0

∑

Γ⊆{1,2}
W (Γ, (k1, k2), (y1, y2)) ≥ 0 (8.6.11)

because (k1, k2) ∈ N2
0, (ii), Theorem 6.1.7 and (iii) imply

∑

Γ⊆{1,2}
W (Γ, (k1, k2), (y1, y2))

=
∑

Γ⊆{1,2}

∏

j∈Γ

∫ vj

yj

φj,kj
dµ1

∏

`∈{1,2}\Γ

∫ y`

a`

φ`,k`
dµ1

(for some (v1, v2) ∈ [y1, b1]× [y2, b2])

=

2∏

j=1

∫ vj

aj

φj,kj
dµ1

≥ 0.
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Finally, since (i), (ii), (8.6.10) and (8.6.11) hold, it remains to prove

that

sup
(y1,y2)∈(a1,b1]×(a2,b2]

∑

(k1,k2)∈N2
0

ck1,k2

∑

Γ⊆{1,2}
W (Γ, (k1, k2), (y1, y2))

2∏

i=1

hi(yi)

≤ 4

∥∥∥∥φ(h1 ⊗ h2)

∥∥∥∥
HK([a1,b1]×[a2,b2])

. (8.6.12)

Let (y1, y2) ∈ (a1, b1] × (a2, b2] be arbitrary. We consider the following

cases.

Case α: Γ = {1, 2}.
In this case, (iv), (ii), Theorem 6.5.12 and (v) yield

∣∣∣∣∣∣

∑

(k1,k2)∈N2
0

ck1,k2 W ({1, 2}, (k1, k2), (y1, y2))h1(y1)h2(y2)

∣∣∣∣∣∣

=

∣∣∣∣∣(HK)

∫

[y1,b1]×[y2,b2]

φ(h1 ⊗ h2)

∣∣∣∣∣

≤
∥∥∥∥φ(h1 ⊗ h2)

∥∥∥∥
HK([a1,b1]×[a2,b2])

. (8.6.13)

Case β: Γ = ∅.
We use (iv), (ii), Theorem 6.5.13 and (v) to obtain (8.6.13):

∣∣∣∣∣∣

∑

(k1,k2)∈N2
0

ck1,k2 W (∅, (k1, k2), (y1, y2))h1(y1)h2(y2)

∣∣∣∣∣∣

=

∣∣∣∣∣(HK)

∫

[a1,y1]×[a2,y2]

φ

∣∣∣∣∣ h1(y1)h2(y2)

=

∣∣∣∣∣(HK)

∫

[ξ1,y1]×[ξ2,y2]

φ(h1 ⊗ h2)

∣∣∣∣∣ (for some (ξ1, ξ2) ∈
2∏

i=1

[ai, yi])

≤
∥∥∥∥φ(h1 ⊗ h2)

∥∥∥∥
HK([a1,b1]×[a2,b2])

.

Case γ: Γ ⊂ {1, 2} is non-empty.
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Without loss of generality, we may assume that Γ = {1}. Then we infer

from (iv), (ii), Theorem 6.5.12 and (v) that∣∣∣∣∣∣

∑

(k1,k2)∈N2
0

ck1,k2 W ({1}, (k1, k2), (y1, y2))h1(y1)h2(y2)

∣∣∣∣∣∣

= h2(y2)

∣∣∣∣∣(HK)

∫

[y1,b1]×[a2,y2]

φ(t1, t2)h1(t1) d(t1, t2)

∣∣∣∣∣ . (8.6.14)

Finally, it follows from (8.6.14), Fubini’s Theorem, (ii), Theorem 6.1.6

and (v) that∣∣∣∣∣∣

∑

(k1,k2)∈N2
0

ck1,k2 W ({1}, (k1, k2), (y1, y2))h1(y1)h2(y2)

∣∣∣∣∣∣

=

∣∣∣∣∣(HK)

∫

[y1,b1]×[ξ2,y2]

φ(h1 ⊗ h2)

∣∣∣∣∣ (for some ξ2 ∈ [a2, y2])

≤
∥∥∥∥φ(h1 ⊗ h2)

∥∥∥∥
HK([a1,b1]×[a2,b2])

;

that is (8.6.13) holds. Combining the above cases yields (8.6.12) to be

proved. �

8.7 Applications to double Fourier series

The aim of this section is to generalize Theorem 7.5.5 concerning single sine

series. The proof of the following lemma is left to the reader.

Lemma 8.7.1. If x ≥ 0 and p ∈ [0, 2), then

0 ≤
∫ x

0

sin θ

θp
dµ1(θ) ≤

∫ π

0

sin θ

θp
dµ1(θ). (8.7.1)

The following lemma is a simple consequence of Lemma 8.7.1.

Lemma 8.7.2. If k ∈ N, x ≥ 0 and p ∈ [0, 2), then

0 ≤ 1

kp−1

∫ x

0

sin kt

tp
dµ1(t) ≤

∫ π

0

sin θ

θ
dθ.

The following theorem is a substantial generalization of Theorem 7.5.5.

Theorem 8.7.3. Let g ∈ L1(T2) and assume that

g(t1, t2) ∼
∑

(k1,k2)∈N2

bk1,k2 sin k1t1 sin k2t2.
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If the double series
∑

(k1,k2)∈N2 |bk1,k2 | kα1−1
1 kα2−1

2 converges for some

(α1, α2) ∈ [0, 1]2, then there exists gα1,α2 ∈ HK([0, π]2) such that

lim
min{n1,n2}→∞

‖sn1,n2gα1,α2 − gα1,α2‖HK([0,π]2 = 0.

Proof. Since p ∈ [0, 1] and Lemma 8.7.2 imply

sup
k∈N

sup
x∈[0,π]

{
1

kp−1

∣∣∣∣
∫ x

0

sinkt

tp
dt

∣∣∣∣
}
+ sup

k∈N

sup
δ∈(0,π]

δp
∫ π

δ

∣∣∣∣
sin kt

tp

∣∣∣∣ dt <∞,

a simple application of Theorem 8.6.1 yields the result. �

If we begin with a double sine series with non-negative coefficients, we

obtain a sharper version of Theorem 8.7.3.

Theorem 8.7.4. Let (β1, β2) ∈ (0, 1)2, let g ∈ L1(T2) and suppose that

g(t1, t2) ∼
∑

(k1,k2)∈N2

bk1,k2 sin k1t1 sin k2t2.

If bk1,k2 ≥ 0 for all (k1, k2) ∈ N2, then the double se-

ries
∑

(k1,k2)∈N2 bk1,k2k
β1−1
1 kβ2−1

2 converges if and only if for each

(α1, α2) ∈ [0, π)2 there exists gα1,α2,β1,β2 ∈ HK([α1, π]× [α2, π]) such that

gα1,α2,β1,β2(t1, t2) =
g(t1, t2)

(t1 − α1)β1(t2 − α2)β2

for all (t1, t2) ∈ (α1, π]× (α2, π].

Proof. (=⇒) The proof is similar to that of Theorem 8.7.3.

(⇐=) For this part of the proof we assume that (α1, α2) = (0, 0) and

(β1, β2) ∈ (0, 1]2. Since

inf
(k1,k2)∈N2

bk1,k2 ≥ 0, inf
n∈N

1

np−1

∫ π

0

sinnu

up
du ≥

∫ 2π

0

sin θ

θp
dθ > 0 (p ∈ (0, 1])

and

inf
x∈[0,π]

inf
n∈N

∫ x

0

sinnt dt ≥ 0,

the conclusion follows from Theorems 8.2.4(i) and 8.6.2. �

We remark that Theorem 8.7.4 is not true if β1 = β2 = 1. However, the

proofs of Theorems 8.7.3 and 8.7.4 give the following result.
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Theorem 8.7.5. Let g ∈ L1(T2) and suppose that

g(t1, t2) ∼
∑

(k1,k2)∈N2

bk1,k2 sin k1t1 sin k2t2.

If bk1,k2 ≥ 0 for all (k1, k2) ∈ N2, then the double series∑
(k1,k2)∈N2 bk1,k2 converges if and only if there exists g0,0 ∈ HK([0, π]2)

such that

g0,0(t1, t2) =
g(t1, t2)

t1t2
for all (t1, t2) ∈ (0, π]2.

Our next theorem is a two-dimensional analogue of Lemma 7.6.1.

Theorem 8.7.6. Let f ∈ L1(T2) and suppose that

f(t1, t2) ∼
∑

(k1,k2)∈N2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sink2t2

+ ck1,k2 sink1t1 cos k2t2 + dk1,k2 sin k1t1 sin k2t2

}
.

If ak1,k2 ≥ 0 for all (k1, k2) ∈ N2, then the double series∑
(k1,k2)∈N2

ak1,k2

k1k2
converges if and only if there exists f0,0 ∈ HK([0, π]2)

such that

f0,0(x1, x2) =
1

x1x2

∫

[−x1,x1]×[−x2,x2]

f dµ2

for all (x1, x2) ∈ (0, π]2.

Proof. According to Theorem 8.2.4,
∫
∏2

i=1[−xi,xi]

f dµ2 ∼
∑

(k1,k2)∈N2

2ak1,k2

2∏

i=1

sin kixi
ki

.

An appeal to Theorem 8.7.5 completes the proof. �

The following example shows that Theorem 8.6.1 is beyond the realm

of Lebesgue integration.

Example 8.7.7. The function g2 : [0, π]2 −→ R is defined by

g2(t1, t2) =





∞∑

k1=0

∞∑

k2=1

1

(k1 + k2)3
sin(2k1t1) sin(2

k2t2)

tan t1
2 tan t2

2

if (t1, t2) ∈ (0, π)2,

0 if (t1, t2) ∈ [0, π]2\(0, π)2.
Then g2 ∈ HK([0, π]2)\L1([0, π]2) and

(HK)

∫

[0,π]2
g2 =

π4

6
.
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Proof. By Theorems 8.7.3 and 6.5.9, g2 ∈ HK([0, π]2) and

(HK)

∫

[0,π]2
g2 =

∞∑

k1=0

∞∑

k2=1

1

(k1 + k2)3

∫

[0,π]2

2∏

i=1

sin(2kiti)

tan ti
2

d(t1, t2)

= π2
∞∑

k1=0

∞∑

k2=1

1

(k1 + k2)3

= π2
∞∑

r=1

∑

(k1,k2)∈N2
0

k2≥1
k1+k2=r

1

(k1 + k2)3

= π2
∞∑

r=1

r

r3

=
π4

6
.

It remains to prove that g2 6∈ L1([0, π]2). But this is an easy consequence

of Theorem 8.4.3, since the double series
∑

(j,k)∈N2
1

(j+k)6 converges,

sup
k∈N

∞∑

j=1

√√√√
∞∑

p=j

1

(p+ k)6
+ sup

j∈N

∞∑

k=1

√√√√
∞∑

q=k

1

(j + q)6
<∞

and

∑

(j,k)∈N2

√√√√
∞∑

p=j

∞∑

q=k

1

(p+ q)6
≥

∑

(j,k)∈N2

1

5(j + k)2
= ∞.

�

Exercise 8.7.8. Let (ak1,k2)(k1,k2)∈N2
0
be a double sequence of real num-

bers such that limmax{n1,n2}→∞ an1,n2 = 0 and
∑

(k1,k2)∈N2
0
|∆1,2(ak1,k2)|

converges. Prove that

(i) the double series
∑

(k1,k2)∈N2
0
λk1λk2ak1,k2 cos k1t1 cos k2t2 converges

regularly for all (t1, t2) ∈ (0, π]2;

(ii) there exists f ∈ HK([0, π]2) such that

f(t1, t2) =
∑

(k1,k2)∈N2
0

λk1λk2ak1,k2 cos k1t1 cos k2t2

for all (t1, t2) ∈ (0, π]2;

(iii) ∣∣∣∣∣(HK)

∫

[0,π]2

{ n1∑

k1=0

n2∑

k2=0

ak1,k2

2∏

i=1

λi cos kiti−f(t1, t2)
}
d(t1, t2)

∣∣∣∣∣→0

as min{n1, n2} → ∞.
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8.8 Another convergence theorem for Henstock-Kurzweil

integrals

In this section we give another convergence theorem for Henstock-Kurzweil

integrals whose proof depends on Theorem 8.3.3. In fact, the proof of this

result is essentially based on that of Exercise 8.7.8.

Theorem 8.8.1. Let (φ1,n)
∞
n=0 (resp. (φ2,n)

∞
n=0) be a sequence in

L1[a1, b1] (resp. L
1[a2, b2]) and suppose that the set

Ξ :=

{
r ∈ {1, 2} : sup

n∈N0

∣∣∣∣

∣∣∣∣
n∑

k=0

φr,k

∣∣∣∣

∣∣∣∣
HK[ar ,br ]

<∞
}

is non-empty. If (ck1,k2)(k1,k2)∈N2
0
is a double sequence of real numbers such

that
∑

(k1,k2)∈N2
0

{
|∆Γ∪Ξ(ck1,k2)|

∏

`∈{1,2}\(Γ∪Ξ)

∣∣∣∣φ`,k`

∣∣∣∣
HK[a`,b`]

∏

j∈Γ

max
qj=0,...,kj

∣∣∣∣

∣∣∣∣
qj∑

rj=0

φj,rj

∣∣∣∣

∣∣∣∣
L1[aj+

bj−aj
n+1 ,bj ]

}
(8.8.1)

converges for every Γ ⊆ {1, 2} and n ∈ N, then the following assertions

hold.

(i) The double series

∑

(k1,k2)∈N2
0

ck1,k2

∫

I

2∏

i=1

φi,ki
(ti) dµ2(t1, t2)

converges regularly for all I ∈ I2([a1, b1]× [a2, b2]).

(ii) There exists f ∈ HK([a1, b1]× [a2, b2]) such that

lim
min{n1,n2}→∞

∣∣∣∣

∣∣∣∣
n1∑

k1=0

n2∑

k2=0

ck1,k2

2⊗

i=1

φi,ki
− f

∣∣∣∣

∣∣∣∣
HK([a1,b1]×[a2,b2])

= 0. (8.8.2)

Proof. We may assume that

Ξ =

{
r ∈ {1, 2} : 0 < sup

n∈N0

∣∣∣∣

∣∣∣∣
n∑

k=0

φr,k

∣∣∣∣

∣∣∣∣
HK[ar ,br ]

≤ 1

}
. (8.8.3)

(i) Clearly, it suffices to prove that
∣∣∣∣
∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

ck1,k2

2⊗

i=1

φi,ki

∣∣∣∣
∣∣∣∣
HK([a1,b1]×[a2,b2])

→ 0 as max{|||(p1, p2)|||, |||(q1, q2)|||} → ∞. (8.8.4)
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Let κ0 > 0 be given. Using (8.8.1) with Γ = ∅, we select N ∈ N so that

max
i=1,2

∑

(k1,k2)∈N2
0

ki≥N

|∆Ξ(ck1,k2)|
∏

`∈{1,2}\Ξ

∣∣∣∣φ`,k`

∣∣∣∣
HK[a`,b`]

<
κ0
16

(
max
r∈Ξ

sup
n∈N0

∣∣∣∣
∣∣∣∣

n∑

k=0

φr,k

∣∣∣∣
∣∣∣∣
HK[ar ,br]

)−1

. (8.8.5)

Hence, for any (p1, p2), (q1, q2) ∈ N2
0 satisfying qi ≥ pi (i = 1, 2) and

max{p1, p2} ≥ N , we write Ξ′ = {1, 2}\Ξ so that

∣∣∣∣
∣∣∣∣

q1∑

k1=p1

q2∑

k2=p2

ck1,k2

2⊗

i=1

φi,ki

∣∣∣∣
∣∣∣∣
HK([a1,b1]×[a2,b2])

≤
∑

(r1,r2)∈N2
0

rj=0∀ j∈Ξ
p`≤r`≤q` ∀ `∈ Ξ′

∣∣∣∣
∣∣∣∣

∑

(k1,k2)∈N2
0

pj≤kj≤qj ∀ j∈Ξ
k`=r` ∀ `∈Ξ′

ck1,k2

⊗

j∈Ξ

φj,kj

⊗

`∈Ξ′

φ`,k`

∣∣∣∣
∣∣∣∣
HK(

∏
2
i=1[ai,bi])

(by triangle inequality)

≤ 16max
r∈Ξ

sup
n∈N0

∣∣∣∣

∣∣∣∣
n∑

k=0

φr,k

∣∣∣∣

∣∣∣∣
HK[ar ,br]

∞∑

k1=p1

∞∑

k2=p2

|∆Ξ(ck)|
∏

`∈Ξ′

||φ`,k`
||HK[a`,b`]

(by summation by parts and triangle inequality)

< κ0 (by (8.8.5)).

Since κ0 > 0 is arbitrary, (8.8.4) follows.

We are now ready to prove (ii). Applying (8.8.1) with Γ = {1, 2}, we
see that

∑

(k1,k2)∈N2
0

∣∣∆{1,2}(ck1,k2)
∣∣

2∏

j=1

max
qj=0,...,kj

∣∣∣∣

∣∣∣∣
qj∑

rj=0

φj,rj

∣∣∣∣

∣∣∣∣
L1[aj+

bj−aj
n+1 ,bj]

(8.8.6)

converges for every n ∈ N. Hence, by Theorem 8.3.3, there exists a function

f : [a1, b1]× [a2, b2] −→ R such that

f ∈ L1(I) and

∫

I

f dµ2 =
∑

(k1,k2)∈N2
0

ck1,k2

∫

I

φ1,k1 ⊗ φ2,k2 dµ2 (8.8.7)

whenever I ∈ I2([a1, b1]× [a2, b2]) with I ⊂ (a1, b1]× (a2, b2].
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Since (i) holds, we can define the interval function

G : I2([a1, b1]× [a2, b2]) −→ R by setting

G([u1, v1]× [u2, v2]) =
∑

(k1,k2)∈N2
0

ck1,k2

2∏

i=1

∫ vi

ui

φi,ki
dµ1.

We will next show that f ∈ HK([a1, b1]×[a2, b2]) and G is the indefinite

Henstock-Kurzweil integral of f . In view of (8.8.7), Theorem 5.5.9 and

(8.8.4), it remains to prove that

VHKG

((
[a1, b1]× [a2, b2]

)
\
(
(a1, b1]× (a2, b2]

))
= 0.

Thanks to Theorem 5.2.1(iii), it suffices to prove that

VHKG(ZΓ,n) = 0

whenever n ∈ N and Γ ⊂ {1, 2}, where
(
[a1, b1]× [a2, b2]

)
\
(
(a1, b1]× (a2, b2]

)
=

⋃

n∈N

⋃

Γ⊂{1,2}
ZΓ,n,

ZΓ,n :=

2∏

k=1

ZΓ,n,k and ZΓ,n,k :=






{ak} if k ∈ {1, 2}\Γ,

[ak + bk−ak

n+1 , bk] if k ∈ Γ.

For each ε > 0 we use (8.8.1) to pick a positive integer K so that

∑

(k1,k2)∈N2
0

(k1,k2) 6∈[0,K]2

{
|∆Γ∪Ξ(ck1,k2)|

∏

`∈{1,2}\(Γ∪Ξ)

∣∣∣∣φ`,k`

∣∣∣∣
HK[a`,b`]

∏

j∈Γ

max
qj=0,...,kj

∣∣∣∣
∣∣∣∣

qj∑

rj=0

φj,rj

∣∣∣∣
∣∣∣∣
L1(ZΓ,n,j)

}

<
ε

2

(
1 + max

r∈Ξ
sup
n∈N0

∣∣∣∣
∣∣∣∣

n∑

k=0

φr,k

∣∣∣∣
∣∣∣∣
HK[ar ,br]

)−1

. (8.8.8)

Employing the uniform continuity of indefinite Henstock-Kurzweil inte-

gral, we select an η(Γ, n) > 0 so that

max
i∈{1,2}\Γ

max
ki=0,...,K

sup
[u,v]⊆[ai,bi]

0<v−u<η(Γ,n)

‖φi,ki
‖HK[u,v]

<
ε

2

(
1 +

N1∑

k1=0

N2∑

k2=0

|∆Γ∪Ξ(ck1,k2)|
∏

`∈Γ

∣∣∣∣

∣∣∣∣
k∑̀

j`=0

φ`,j`

∣∣∣∣

∣∣∣∣
L1(ZΓ,n,`)

)−1

. (8.8.9)
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Define a gauge δΓ,n on ZΓ,n by setting δΓ,n(x1, x2) := η(Γ, n), and let

PΓ,n be a ZΓ,n-tagged δΓ,n-fine Perron subpartition of [a1, b1] × [a2, b2].

Since all integrals are real-valued, it suffices to prove that∣∣∣∣∣∣

∑

(t,I)∈PΓ,n

∑

(k1,k2)∈N2
0

ck1,k2

∫

I

φ1,k1 ⊗ φ2,k2 dµ2

∣∣∣∣∣∣
< ε. (8.8.10)

Proof of (8.8.10). Write T = Γ ∪ Ξ and Φi,ki
=

∑ki

ji=0 φi,ji (i = 1, 2).

According to Theorems 7.1.2(iii) and 8.1.13(iv),∣∣∣∣∣∣

∑

(t,I)∈PΓ,n

∑

(k1,k2)∈N2
0

ck1,k2

∫

I

φ1,k1 ⊗ φ2,k2 dµ2

∣∣∣∣∣∣

=

∣∣∣∣∣∣

∑

(k1,k2)∈N2
0

∑

(t,I)∈PΓ,n

∆T (ck1,k2)

∫

I

(∏

i∈T

Φi,ki
⊗

∏

j∈{1,2}\T
φj,kj

)
dµ2

∣∣∣∣∣∣

≤
K∑

k1=0

K∑

k2=0

|∆T (ck1,k2)|

∣∣∣∣∣∣

∑

(t,I)∈PΓ,n

∫

I

(∏

i∈T

Φi,ki
⊗

∏

j∈{1,2}\T
φj,kj

)
dµ2

∣∣∣∣∣∣

+
∑

(k1,k2)∈N2
0

(k1,k2) 6∈[0,K]2

|∆T (ck1,k2)|

∣∣∣∣∣∣

∑

(t,I)∈PΓ,n

∫

I

(∏

i∈T

Φi,ki
⊗

∏

j∈{1,2}\T
φj,kj

)
dµ2

∣∣∣∣∣∣

= R1 +R2,

say. To complete the proof of (8.8.10), we have to establish the following

claims.

Claim 1: If Γ = ∅, then max{R1, R2} < ε
2 .

Since card(P∅,n) = 1, (8.8.9) and (8.8.3) imply that R1 <
ε
2 . Likewise,

we infer from (8.8.8) and (8.8.3) that R2 <
ε
2 . Thus, claim 1 holds.

Claim 2: If Γ ⊂ {1, 2} is non-empty, then max{R1, R2} < ε
2 .

In this case, our choice of PΓ,n implies that

µcard(Γ)(
∏

i∈Γ Ii ∩ ∏
i∈Γ Ui) = 0 whenever ((x1, x2), I1 × I2) and

((y1, y2), U1 × U2) are two distinct elements of PΓ,n. Combining this with

(8.8.9) and (8.8.3), we get

R1 ≤
K∑

k1=0

K∑

k2=0

{
|∆T (ck1,k2)|

∏

i∈{1,2}\T
‖φi,ki

‖HK[ai,bi]

∏

j∈Ξ\Γ
‖Φj,kj

‖HK[aj ,bj ]

∏

`∈Γ

‖Φ`,k`
‖L1(ZΓ,n,`)

}
<
ε

2
.
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A similar reasoning shows that R2 <
ε
2 . The proof is complete. �

The following corollary, which improves parts (ii) and (iii) of Exercise

8.7.8, is an immediate consequence of Theorems 8.1.13 and 8.8.1.

Corollary 8.8.2. Let S ⊆ {1, 2} be a non-empty set and let

(ck1,k2)(k1,k2)∈N2
0

be a double sequence of real numbers such that

limmax{n1,n2}→∞ cn1,n2 = 0. If the double series

∑

(k1,k2)∈N2
0

ki>0∀ i∈{1,2}\(Γ∪S)

∣∣∣∣∣
∆Γ∪S(ck1,k2)∏
i∈{1,2}\(Γ∪S) ki

∣∣∣∣∣ converges for every Γ ⊆ {1, 2},

then the following assertions hold.

(i) The double series

∑

(k1,k2)∈N2
0

ck1,k2

{∏

i∈S

cos kixi

}{ ∏

j∈{1,2}\S
sin kjxj

}

converges regularly for all (x1, x2) ∈ (0, π]2.

(ii) Let

fS(t1, t2) :=





∑
(k1,k2)∈N2

0
ck1,k2

{∏
i∈S cos kiti

}{∏
j∈{1,2}\S sin kjtj

}

if (t1, t2) ∈ (0, π]2,

0 otherwise,

and let

fn1,n2,S(t1, t2) =

n1∑

k1=0

n2∑

k2=0

ck1,k2

{∏

i∈S

cos kiti

}{ ∏

j∈{1,2}\S
sin kjtj

}
.

Then fS ∈ HK([−π, π]2) and

lim
min{n1,n2}→∞

‖fn1,n2,S − fS‖HK([−π,π]2 = 0.

8.9 A two-dimensional analogue of Boas’ theorem

The aim of this section is to prove a useful two-dimensional analogue of

Theorem 7.5.2. We need the following lemmas.
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Lemma 8.9.1. Let (ck1,k2)(k1,k2)∈N2 be a double sequence of real numbers

such that

lim
max{n1,n2}→∞

cn1,n2 = 0 (8.9.1)

and

∑

(k1,k2)∈N2

{ ∣∣∣∣
∆{2}(ck1,k2)

k1

∣∣∣∣+
∣∣∣∣
∆{1}(ck1,k2)

k2

∣∣∣∣ +
∣∣∆{1,2}(ck1,k2)

∣∣
}
<∞.

(8.9.2)

If j ∈ {1, 2} and αj ∈ N, then the series

∑

(k1,k2)∈N2

kj=αj

ck1,k2

( 2∏

i=1
i6=j

ki

)−1

is absolutely convergent.

Proof. Exercise. �

Lemma 8.9.2. Let (ck1,k2)(k1,k2)∈N2 be a double sequence of real numbers

such that (8.9.1) and (8.9.2) hold. If j ∈ {1, 2}, then

lim
nj→∞

∑

(k1,k2)∈N2

kj=nj

|ck1,k2 |
( 2∏

i=1
i6=j

ki

)−1

= 0.

Proof. Exercise. �

The following theorem, which is a generalization of [101, Theorem 4.3],

is a two-dimensional analogue of Theorem 7.5.1.

Theorem 8.9.3. Let (ck1,k2)(k1,k2)∈N2 be a double sequence of real numbers

such that

lim
max{n1,n2}→∞

cn1,n2 = 0 (8.9.3)

and

∑

(k1,k2)∈N2

{ ∣∣∣∣
∆{2}(ck1,k2)

k1

∣∣∣∣+
∣∣∣∣
∆{1}(ck1,k2)

k2

∣∣∣∣ +
∣∣∆{1,2}(ck1,k2)

∣∣
}
<∞.

(8.9.4)
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If (ϕ1,n)
∞
n=1 (resp. (ϕ2,n)

∞
n=1) is a sequence in C[a1, b1] (resp. C[a2, b2])

such that

max
i=1,2

{
sup
n∈N

||ϕi,n||C[ai,bi] + sup
ai<xi<bi

sup
n∈N

∣∣∣∣
ϕi,n(xi)− ϕi,n(ai)

n(xi − ai)

∣∣∣∣

+ sup
xi∈[ai,bi]

sup
n∈N

∣∣∣∣∣

n∑

k=1

(xi − ai)ϕi,k(xi)

∣∣∣∣∣

}
<∞,

then the following statements are true:

(i) the double series

∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(x1)ϕ2,k2(x2)

converges regularly whenever (x1, x2) ∈ ([a1, b1]× [a2, b2])\{(a1, a2)};
(ii) the function

(x1, x2) 7→
∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(x1)ϕ2,k2(x2)

is continuous on ([a1, b1]× [a2, b2])\{(a1, a2)};
(iii) if the limit

lim
(x1,x2)→(a1,a2)

(x1,x2)∈(a1,b1)×(a2,b2)

∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(x1)ϕ2,k2(x2) exists,

then
∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(a1)ϕ2,k2(a2)

converges regularly;

(iv) if the double series

∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(a1)ϕ2,k2(a2)

is regularly convergent, the the function

(x1, x2) 7→
∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(x1)ϕ2,k2(x2)

is continuous on [a1, b1]× [a2, b2].
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Proof. We may assume that

max
i=1,2

{
sup
n∈N

||ϕi,n||C[ai,bi] + sup
ai<xi<bi

sup
n∈N

∣∣∣∣
ϕi,n(xi)− ϕi,n(ai)

n(xi − ai)

∣∣∣∣

+ sup
xi∈[ai,bi]

sup
n∈N

∣∣∣∣∣

n∑

k=1

(xi − ai)ϕi,k(xi)

∣∣∣∣∣

}
≤ 1

2
. (8.9.5)

(i) We consider three cases.

Case 1: (x1, x2) ∈ (a1, b1]× (a2, b2].

In this case, the result follows from Theorem 8.1.13 (iv).

Case 2: (x1, a2) ∈ (a1, b1]× [a2, b2].

Let (p1, p2), (q1, q2) ∈ N2 with qi > pi (i = 1, 2). According to the

triangle inequality and (8.9.5),

∣∣∣∣∣∣

q1∑

k1=p1+1

q2∑

k2=p2+1

ck1,k2

k1k2
ϕ1,k1(x1)ϕ2,k2(a2)

∣∣∣∣∣∣

≤
q2∑

k2=p2+1

1

2k2

∣∣∣∣∣∣

q1∑

k1=p1+1

ck1,k2

k1
ϕ1,k1(x1)

∣∣∣∣∣∣
. (8.9.6)

Since Theorem 7.1.2(ii), triangle inequality and (8.9.5) imply that

sup
n∈N

∣∣∣∣∣

n∑

k1=1

(x1 − a1)ϕ1,k1 (x1)

k1

∣∣∣∣∣ ≤ 3

∞∑

k1=1

(
1

k1
− 1

k1 + 1
)× 1

2
< 2, (8.9.7)

we deduce from (8.9.6) and Theorem 7.1.2(ii) that

∣∣∣∣∣∣

q1∑

k1=p1+1

q2∑

k2=p2+1

ck1,k2

k1k2
ϕ1,k1(x1)ϕ2,k2(a2)

∣∣∣∣∣∣

≤ 4

q2∑

k2=p2+1

q2∑

k2=p2+1

∣∣∣∣
∆{1}(ck1,k2)

k2(x1 − a1)

∣∣∣∣ . (8.9.8)

Since (8.9.8) and (8.9.4) hold, it is now easy to show that the double series

∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(x1)ϕ2,k2(a2)

converges regularly.
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Case 3: (a1, x2) ∈ [a1, b1]× (a2, b2].

In this case, we modify the proof of case 2 to conclude that the double

series

∑

(k1,k2)∈N2

ck1,k2

k1k2
ϕ1,k1(a1)ϕ2,k2(x2)

converges regularly.

Combining the above cases yields (i) to be proved.

Since the proof of (ii) is similar to that of (i), it remains to

prove (iii) and (iv). Due to assertion (i), we define a function

ϕ :
(
[a1, b1]× [a2, b2]

)
\{(a1, a2)} −→ R by setting

ϕ(x1, x2) =
∑

(k1,k2)∈N2

ck1,k2

2∏

i=1

ϕi,ki
(xi)

ki
.

In view of Lemmas 8.9.1, 8.9.2, and Theorem 8.1.9, it suffices to prove

that

lim
(δ1,δ2)→(0,0)

(δ1,δ2)∈(0,1)2

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

1
δ2

c∑

k2=1

ck1,k2

2∏

i=1

ϕi,ki
(ai)

ki
− ϕ(a1 + δ1, a2 + δ2)

∣∣∣∣∣∣
= 0,

(8.9.9)

lim
δ1→0+

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

∞∑

k2=1

ck1,k2

k1k2

2∏

i=1

ϕi,ki
(ai)− ϕ(a1 + δ1, a2)

∣∣∣∣∣∣
= 0 (8.9.10)

and

lim
δ2→0+

∣∣∣∣∣∣

∞∑

k1=1

b 1
δ2

c∑

k2=1

ck1,k2

k1k2

2∏

i=1

ϕi,ki
(ai)− ϕ(a1, a2 + δ2)

∣∣∣∣∣∣
= 0. (8.9.11)
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Proof of (8.9.9). For each (δ1, δ2) ∈ (0, 1)2, we estimate the left-hand

side of (8.9.9):

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

ck1,k2

k1k2

2∏

i=1

ϕi,ki
(ai)− ϕ(a1 + δ1, a2 + δ2)

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

ck1,k2

k1k2

( 2∏

i=1

ϕi,ki
(ai)−

2∏

i=1

ϕi,ki
(ai + δi)

) ∣∣∣∣∣∣

+

∣∣∣∣∣∣∣

∞∑

k1=b 1
δ1

c+1

b 1
δ2

c∑

k2=1

ck1,k2

k1k2

2∏

i=1

ϕi,ki
(ai + δi)

∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣

∞∑

k2=b 1
δ2

c+1

∞∑

k1=1

ck1,k2

k1k2

2∏

i=1

ϕi,ki
(ai + δi)

∣∣∣∣∣∣∣
= A(δ1, δ2) +B(δ1, δ2) + C(δ1, δ2),

say.

Due to the assumptions (8.9.3) and (8.9.4), it suffices to prove that

Aδ1,δ2

≤ 1

b 1
δ1
c

b 1
δ1

c∑

k1=1

∞∑

k2=1

∞∑

r=k1

∣∣∣∣
cr,k2 − cr+1,k2

k2

∣∣∣∣+
1

b 1
δ1
cb 1

δ2
c

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

|ck1,k2 |

+
1

b 1
δ2
c

b 1
δ2

c∑

k2=1

∞∑

k1=1

∞∑

s=k2

∣∣∣∣
ck1,s − ck1,s+1

k1

∣∣∣∣ , (8.9.12)

B(δ1, δ2) ≤ 8

∞∑

k2=1

∞∑

k1=b 1
δ1

c+1

1

k2

∣∣∆{1}(ck1,k2)
∣∣ (8.9.13)

and

C(δ1, δ2) ≤ 8

∞∑

k1=1

∞∑

k2=b 1
δ2

c+1

1

k1

∣∣∆{2}(ck1,k2)
∣∣ . (8.9.14)
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Using triangle inequality, (8.9.5), (8.9.3) and (8.9.4), we get (8.9.12):

A(δ1, δ2) ≤

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

ck1,k2

k1k2

((
ϕ1,k1(a1)− ϕ1,k1(a1 + δ1)

)
ϕ2,k2(a2)

)∣∣∣∣∣∣

+

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

ck1,k2

k1k2

2∏

i=1

(
ϕi,ki

(ai)− ϕi,ki
(ai + δi)

)
∣∣∣∣∣∣

+

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

ck1,k2

k1k2

(
ϕ1,k1(a1)

)(
ϕ2,k2(a2 + δ2)− ϕ2,k2(a2)

)
∣∣∣∣∣∣

≤ 1

b 1
δ1
c

b 1
δ1

c∑

k1=1

∣∣∣∣∣∣

b 1
δ2

c∑

k2=1

ck1,k2ϕ2,k2(a2)

k2

∣∣∣∣∣∣
+

1

b 1
δ1
cb 1

δ2
c

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

|ck1,k2 |

+
1

b 1
δ2
c

b 1
δ2

c∑

k2=1

∣∣∣∣∣∣

b 1
δ1

c∑

k1=1

ck1,k2ϕ1,k1(a1)

k1

∣∣∣∣∣∣

≤ 1

b 1
δ1
c

b 1
δ1

c∑

k1=1

∞∑

k2=1

∞∑

r=k1

∣∣∣∣
∆{1}(cr,k2)

k2

∣∣∣∣+
1

b 1
δ1
cb 1

δ2
c

b 1
δ1

c∑

k1=1

b 1
δ2

c∑

k2=1

|ck1,k2 |

+
1

b 1
δ2
c

b 1
δ2

c∑

k2=1

∞∑

k1=1

∞∑

s=k2

∣∣∣∣
∆{2}(ck1,s)

k1

∣∣∣∣ .

(8.9.13) follows from triangle inequality, Theorem 7.1.2(ii), (8.9.7) and

(8.9.5):

B(δ1, δ2)

≤
∞∑

k2=1

1

k2

∣∣∣∣∣∣∣

∞∑

k1=b 1
δ1

c+1

ck1,k2

k1
ϕ1,k1(a1 + δ1)

∣∣∣∣∣∣∣

≤ 2
∞∑

k2=1

1

k2

∞∑

k1=b 1
δ1

c+1

∣∣∆{1}(ck1,k2)
∣∣ · sup

n≥b 1
δ1

c+1

∣∣∣∣∣∣∣

n∑

k1=b 1
δ1

c+1

ϕ1,k1(a1 + δ1)

k1

∣∣∣∣∣∣∣

≤ 4

∞∑

k2=1

1

k2

∞∑

k1=b 1
δ1

c+1

∣∣∆{1}(ck1,k2)
∣∣ · 1

δ1 · (b 1
δ1
c+ 1)

≤ 8

∞∑

k2=1

∞∑

k1=b 1
δ1

c+1

1

k2

∣∣∆{1}(ck1,k2)
∣∣ ,
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and a similar argument gives (8.9.14). This completes the proof of (8.9.9).

It remains to prove (8.9.10) and (8.9.11). It is not difficult to see that

(8.9.10) is a consequence of Theorem 7.5.1, since (8.9.3), (8.9.4) and (8.9.5)

imply that
∣∣∣∣∣

∞∑

k2=1

ck1,k2

k2
ϕ2,k2(a2)

∣∣∣∣∣ ≤
∞∑

r=k1

∞∑

k2=1

1

k2

∣∣∆{1}(cr,k2)
∣∣ → 0 as k1 → ∞,

and
∞∑

k1=1

∣∣∣∣∣∆{1}

( ∞∑

k2=1

ck1,k2

k2
ϕ2,k2(a2)

) ∣∣∣∣∣ ≤
∑

(k1,k2)∈N2

1

k2

∣∣∆{1}(ck1,k2)
∣∣ <∞.

Since a similar reasoning shows that (8.9.11) holds, the theorem is

proved. �

The following two-dimensional analogue of Theorem 7.5.2 is a corollary

of Theorem 8.9.3.

Theorem 8.9.4. Let (bk1,k2)(k1,k2)∈N2 be a double sequence of real numbers

such that

lim
max{n1,n2}→∞

bn1,n2 = 0 (8.9.15)

and

∑

(k1,k2)∈N2

{ ∣∣∣∣
∆{2}(bk1,k2)

k1

∣∣∣∣+
∣∣∣∣
∆{1}(bk1,k2)

k2

∣∣∣∣+
∣∣∆{1,2}(bk1,k2)

∣∣
}
<∞.

(8.9.16)

Then the following assertions hold.

(i) If (x1, x2) ∈ [0, π]2\{(0, 0)}, then
∑

(k1,k2)∈N2

bk1,k2

k1k2
cos k1x1 cos k2x2

converges regularly.

(ii) The function

(x1, x2) 7→
∑

(k1,k2)∈N2

bk1,k2

k1k2
cos k1x1 cos k2x2

is continuous on [0, π]2\{(0, 0)}.
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(iii) If

lim
(x1,x2)→(0,0)

(x1,x2)∈(0,π)2

∑

(k1,k2)∈N2

bk1,k2

k1k2
cos k1x1 cos k2x2

exists, then

∑

(k1,k2)∈N2

bk1,k2

k1k2

is regularly convergent.

(iv) If

∑

(k1,k2)∈N2

bk1,k2

k1k2

is regularly convergent, then the function

(x1, x2) 7→
∑

(k1,k2)∈N2

bk1,k2

k1k2
cos k1x1 cos k2x2

is continuous on [0, π]2.

Example 8.9.5. Let cn =
∑∞

k=n(−1)k−1 1
k(ln(k+1))2 for n = 1, 2, . . . .

Clearly,

lim
n→∞

cn = 0,
∞∑

k=1

(
|ck − ck+1|+

|ck|
k

)
<∞,

and

lim
(ε,δ)→(0,0)

(ε,δ)∈(0,π)2

∑

(j,k)∈N2

cjck
jk

cos jε cos kδ exists. (8.9.17)

However,
∑∞

k=1 |ck − ck+1| ln(k + 1) = ∞.
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8.10 A convergence theorem for double sine series

The following convergence theorem for double sine series is a consequence

of Theorems 8.8.1 and 8.9.4.

Theorem 8.10.1. Let (bk1,k2)(k1,k2)∈N2 be a double sequence of real num-

bers such that

lim
max{n1,n2}→∞

bn1,n2 = 0 (8.10.1)

and

∑

(k1,k2)∈N2

{ ∣∣∣∣
∆{2}(bk1,k2)

k1

∣∣∣∣+
∣∣∣∣
∆{1}(bk1,k2)

k2

∣∣∣∣+
∣∣∆{1,2}(bk1,k2)

∣∣
}
<∞.

(8.10.2)

Then the following assertions hold.

(i) If (t1, t2) ∈ [0, π]2, then the double series

∑

(k1,k2)∈N2

bk1,k2

2∏

i=1

sin kiti

converges regularly to g(t1, t2) (say).

(ii) If (x1, x2) ∈ [0, π)2\{(0, 0)}, then g ∈ HK([x1, π]× [x2, π]) and

(HK)

∫

[x1,π]×[x2,π]

g =
∑

(k1,k2)∈N2

bk1,k2

2∏

i=1

∫ π

xi

sinkiti dti; (8.10.3)

the double series on the right being regularly convergent.

(iii) g ∈ HK([0, π]2) if and only if the double series
∑

(k1,k2)∈N2

bk1,k2∏
2
i=1 ki

is

regularly convergent. In this case,

(HK)

∫

[0,π]2

{ n1∑

k1=1

n2∑

k2=1

bk1,k2

2∏

i=1

sinkiti − g(t1, t2)

}
d(t1, t2) → 0

as min{n1, n2} → ∞. (8.10.4)

Proof. (i) If (t1, t2) ∈ [0, π]2 and
∏2

i=1 sin ti 6= 0. then the result follows

from Theorem 8.1.13(iii). On the other hand, the result is clearly true if

(t1, t2) ∈ [0, π]2 and
∏2

i=1 sin ti = 0.

(ii) Using Theorem 8.8.1 with
∏2

i=1[ai, bi] =
∏2

i=1[xi, π] ((x1, x2) ∈
[0, π)2\{(0, 0)}) and φi,k(t) = sin kt (k ∈ N; i = 1, 2), we get the result.
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(iii) We infer from (8.10.3) and Theorem 2.4.12 that g ∈ HK([0, π]2) if

and only if

lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

∑

(k1,k2)∈N2

bk1,k2

2∏

i=1

∫ π

xi

sinkiti dti exists, (8.10.5)

which is easily seen to be equivalent to the existence of the following limit

lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

∑

Γ⊆{1,2}

∑

(k1,k2)∈N2

bk1,k2

k1k2

(∏

i∈Γ

cos kiπ

)( ∏

i∈{1,2}\Γ
cos kixi

)
.

Hence assertion (8.10.5) holds if and only if

lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

∑

(k1,k2)∈N2

bk1,k2

k1k2
cos k1x1 cos k2x2 exists, (8.10.6)

since Theorem 8.9.4(ii), (8.10.1) and (8.10.2) imply the existence of the

limit

lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

∑

∅6=Γ⊆{1,2}

∑

(k1,k2)∈N2

bk1,k2

k1k2

(∏

i∈Γ

cos kiπ

)( ∏

i∈{1,2}\Γ
cos kixi

)
.

It is now clear the first assertion of statement (iii) follows from parts (iii)

and (iv) of Theorem 8.9.4.

Finally, Theorem 2.4.12, (8.10.3) and Theorem 8.9.4 yield

(HK)

∫

[0,π]2
g

= lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

(HK)

∫

[x1,π]×[x2,π]

g

= lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

∑

Γ⊆{1,2}

∑

(k1,k2)∈N2

bk1,k2

k1k2

(∏

i∈Γ

cos kiπ

)( ∏

i∈{1,2}\Γ
cos kixi

)

=
∑

(k1,k2)∈N2

bk1,k2

2∏

i=1

∫ π

0

sin kiti dti.

�

Corollary 8.10.2. Let (bk1,k2)(k1,k2)∈N2 be a double sequence of real

numbers such that limmax{n1,n2}→∞ bn1,n2 = 0 and

∑

(k1,k2)∈N2

∣∣∆{1,2}(bk1,k2)
∣∣
(
ln(max{k1 + 1, k2 + 1})

)
<∞.
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Then the double series
∑

(k1,k2)∈N2

bk1,k2∏2
i=1 ki

converges regularly if and only

if

lim
(δ1,δ2)→(0,0)

(δ1,δ2)∈[0,π]2

∫

[δ1,π]×[δ2,π]

∑

(k1,k2)∈N2

bk1,k2 sin k1t1 sin k2t2 dµ2(t1, t2) exists.

Proof. According to Theorem 8.1.13, the double sequence

(bk1,k2)(k1,k2)∈N2 satisfies condition (8.10.2). Hence, for each

(t1, t2) ∈ [0, π]2, we apply Theorem 8.10.1 to conclude that the double se-

ries
∑

(k1,k2)∈N2 bk1,k2 sin k1t1 sin k2t2 converges regularly to g(t1, t2) (say),

and g ∈ HK([0, π]2) if and only if the double series
∑

(k1,k2)∈N2

bk1,k2∏2
i=1 ki

converges regularly.

It remains to prove that g ∈ L1([x1, π] × [x2, π]) whenever

(x1, x2) ∈ [0, π]2\{(0, 0)}. But this is an immediate consequence of the

Riemann-Lebesgue Lemma, Lemma 7.3.3 and Theorem 8.3.3. �

The following example shows that Theorem 8.10.1 is a proper general-

ization of Corollary 8.10.2.

Example 8.10.3. Let b1 = 0 and let

bk =

∞∑

j=k

(−1)
ln j
ln 2

χ{2r :r∈N}(j)

(ln j)
3
2

(k ∈ N\{1}).

Using Theorem 8.10.1 with m = 2, we see that the function

(t1, t2) 7→ ∑
(k1,k2)∈N2 bk1bk2 sink1t1 sin k2t2 is Henstock-Kurzweil inte-

grable on [0, π]2. On the other hand, since
∑∞

k=1 bk sin kt is not the

Fourier series of a function in L1(T) (cf. Example 7.4.15), the function

(t1, t2) 7→
∑

(k1,k2)∈N2 bk1bk2 sin k1t1 sin k2t2 cannot be Lebesgue integrable

on [0, π]2.

The following example sharpens Example 8.2.6.

Example 8.10.4. The double sine series
∑

(k1,k2)∈N2

sink1t1 sin k2t2
(ln(k1 + k2 + 2))2

converges regularly for all (t1, t2) ∈ [0, π]2. However, the function

(t1, t2) 7→
∑

(k1,k2)∈N2

sin k1t1 sink2t2
(ln(k1 + k2 + 2))2

is not Henstock-Kurzweil integrable on [0, π]2.
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Proof. For each (k1, k2) ∈ N2, let bk1,k2 = 1
(ln(k1+k2+2))2 . Then

limmax{n1,n2}→∞ bn1,n2 = 0 and

∑

(k1,k2)∈N2

{ ∣∣∣∣
∆{2}(bk1,k2)

k1

∣∣∣∣+
∣∣∣∣
∆{1}(bk1,k2)

k2

∣∣∣∣+
∣∣∆{1,2}(bk1,k2)

∣∣
}
<∞.

By Theorem 8.10.1(i), the double sine series∑
(k1,k2)∈N2 bk1,k2 sin k1t1 sin k2t2 converges regularly for all

(t1, t2) ∈ [−π, π]2. On the other hand, since
∑∞

j=1

∑∞
k=1

bj,k
jk

= ∞, we

infer from part (iii) of Theorem 8.10.1 that the function

(t1, t2) 7→
∑

(k1,k2)∈N2

bk1,k2 sink1t1 sin k2t2

cannot be Henstock-Kurzweil integrable on [0, π]2. �

Remark 8.10.5. Example 8.10.4 does not contradict Theorem 8.8.1 be-

cause

sup
n∈N

sup
x∈[0,π]

∣∣∣∣∣

n∑

k=1

∫ x

0

sinkt dt

∣∣∣∣∣ = ∞.

8.11 Some open problems

In this section we will give some open problems relating to the following

modification of Lemma 7.6.1.

Theorem 8.11.1. If f1, f2 ∈ L1(T), then the double series

∑

(k1,k2)∈N2

1

k1k2

∫

[−π,π]2

2∏

i=1

fi(ti) cos kiti dµ2(t1, t2) (8.11.1)

converges regularly if and only if there exists φ ∈ HK([0, π]2) such that

φ(x1, x2) =
1

x1x2

{∫

[−x1,x1]×[−x2,x2]

f1 ⊗ f2 dµ2

}
((x1, x2) ∈ (0, π]2).

(8.11.2)

Proof. According to Theorem 8.1.9, the assertion (8.11.1) holds if and

only if the series
∞∑

ki=1

1

ki

∫ π

−π

fi(ti) cos kiti dµ1(ti) converges for all i = 1, 2. (8.11.3)
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By Lemma 7.6.1, assertion (8.11.3) holds if and only if for each i = 1, 2

there exists φi ∈ HK[0, π] such that

φi(x) =
1

x

∫ x

−x

fi dµ1 (x ∈ (0, π)).

Now we infer from Theorem 5.6.5 and Fubini’s Theorem that the last as-

sertion is true if and only if (8.11.2) holds for some φ ∈ HK([0, π]2). �

We observe that the proof of Theorem 8.11.1 depends on Theorem 5.6.5,

for which no satisfactory analogue in higher dimensions is known (cf. Con-

jecture 5.6.7). Thus, it is natural to ask whether the following conjecture

is true.

Conjecture 8.11.2. Let f ∈ L1(T2) and assume that

f(t1, t2) ∼
∑

(k1,k2)∈N2
0

λk1λk2

{
ak1,k2 cos k1t1 cos k2t2 + bk1,k2 cos k1t1 sink2t2

+ck1,k2 sin k1t1 cos k2t2 + dk1,k2 sink1t1 sin k2t2

}
.

Then the double series
∑

(k1,k2)∈N2

1

k1k2

∫

[−π,π]2
f(t1, t2)

2∏

i=1

cos kiti dµ2(t1, t2) converges regularly

if and only if there exists φ ∈ HK([0, π]2) such that

φ(x1, x2) =
1

x1x2

∫

[−x1,x1]×[−x2,x2]

f dµ2 ((x1, x2) ∈ (0, π]2).

Although Theorem 8.7.6 provides a partial answer to Conjecture 8.11.2,

its proof relies on Theorems 8.6.1 and 8.6.2 involving absolutely conver-

gent double series. The following theorem gives another partial answer to

Conjecture 8.11.2.

Theorem 8.11.3. Let (ak1,k2)(k1,k2)∈N2 be a double sequence of real num-

bers such that limmax{n1,n2}→∞ an1,n2 = 0 and

∑

(k1,k2)∈N2

{ ∣∣∣∣
∆{2}(ak1,k2)

k1

∣∣∣∣+
∣∣∣∣
∆{1}(ak1,k2)

k2

∣∣∣∣+
∣∣∆{1,2}(ak1,k2)

∣∣
}
<∞.

Then the following assertions hold.

(i) If (x1, x2) ∈ (0, π]2, then the double series∑

(k1,k2)∈N2

ak1,k2 cos k1x1 cos k2x2

converges regularly.
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(ii) There exists f ∈ HK([−π, π]2) such that

f(x1, x2) =
∑

(k1,k2)∈N2

ak1,k2 cos k1x1 cos k2x2

for all (x1, x2) ∈ (0, π]2.

(iii) The double series
∑

(k1,k2)∈N2

ak1,k2

k1k2
converges regularly if and only if

there exists φ ∈ HK([0, π]2) such that

φ(x1, x2) = cot
x1
2

cot
x2
2

{
(HK)

∫

[0,x1]×[0,x2]

f

}

for all (x1, x2) ∈ (0, π]2. In this case,

(HK)

∫

[0,π]2
φ = π2

∑

(k1,k2)∈N2

ak1,k2

k1k2
.

Proof. Parts (i) and (ii) follow from Corollary 8.8.2.

(iii) Define the function φ : [0, π]2 −→ R by setting

φ(x1, x2) = 0 ((x1, x2) ∈ [0, π]2\(0, π]2)), and

φ(x1, x2) := cot
x1
2

cot
x2
2

{
(HK)

∫

[0,x1]×[0,x2]

f

}
((x1, x2) ∈ (0, π]2).

Since the inequality infx∈[0,π] infn∈N

∑n
k=1

sin kt
k

≥ 0 (cf. [165, Chapter II,

(9.4) Theorem]) and Fatou’s Lemma yield

sup
n∈N

∣∣∣∣∣

∫ π

0

n∑

k=1

sinkt

kt
dt

∣∣∣∣∣ = ∞, (8.11.4)

Theorem 8.8.1 cannot be applied directly. On the other hand, it is not

difficult to check that the following claims hold.

Claim 1: If x1 ∈ (0, π2 ) and n ∈ N, then

∑

(k1,k2)∈N2

{∣∣∆{1}(ak1,k2)
∣∣ max
x2∈[0,π]

∣∣∣∣
∫ x2

0

sin k2t2
k2t2

dt2

∣∣∣∣+
∣∣∆{1,2}(ak1,k2)

∣∣
}
<∞.

Claim 2: If x2 ∈ (0, π2 ) and n ∈ N, then

∑

(k1,k2)∈N2

{∣∣∆{2}(ak1,k2)
∣∣ max
x1∈[0,π]

∣∣∣∣
∫ x1

0

sin k1t1
k1t1

dt1

∣∣∣∣+
∣∣∆{1,2}(ak1,k2)

∣∣
}
<∞.

Since claims 1 and 2 hold, it follows from Theorem 8.8.1 and

Kurzweil’s multiple integration by parts formula (Theorem 6.5.9) that if
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[x1, π] × [x2, π] ∈ I2([0, π]2) with max{x1, x2} > 0, then

φ ∈ HK([x1, π]× [x2, π]) and

(HK)

∫

[x1,π]×[x2,π]

φ =
∑

(k1,k2)∈N2

ak1,k2

k1k2

2∏

i=1

∫ π

xi

sin kiti cot
ti
2
dti. (8.11.5)

It remains to prove that φ ∈ HK([0, π]2) if and only if the double series∑
(k1,k2)∈N2

ak1,k2

k1k2
is regularly convergent. Using Theorem 8.9.3 with a1 =

a2 = 0, b1 = b2 = π, and ϕi,k(x) =
∫ π

x
sin kt cot t

2 dt (i = 1, 2; k ∈ N; x ∈
[0, π]), we see that

∑

(k1,k2)∈N2

ak1,k2

k1k2

2∏

i=1

{∫ π

0

sin kiti cot
ti
2
dti

}
is regularly convergent

if and only if

lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

∑

(k1,k2)∈N2

ak1,k2

k1k2

2∏

i=1

∫ π

xi

sinkiti cot
ti
2
dti exists. (8.11.6)

Using (8.11.5) and Kurzweil’s multiple integration by parts formula

(Theorem 6.5.9) again, we see that (8.11.6) is equivalent to the condition

lim
(x1,x2)→(0,0)

(x1,x2)∈[0,π]2

(HK)

∫

[x1,π]×[x2,π]

φ exists. (8.11.7)

Finally, it follows from Cauchy extension (Theorem 2.4.12) that (8.11.7)

holds if and only if φ ∈ HK([0, π]2). The proof is complete. �

The following example shows that Theorem 8.7.6 cannot be used to

prove Theorem 8.11.3.

Example 8.11.4. We define a double sequence (ak1,k2)(k1,k2)∈N2 of real

numbers by setting ak1,k2 =
∑∞

r=k1

∑∞
s=k2

(−1)r+s

(r+s)3 ((k1, k2) ∈ N2). Then

the following statements are true.

(i) (−1)k1+k2ak1,k2 < 0 for all (k1, k2) ∈ N2.

(ii)
∑

(k1,k2)∈N2 |ak1,k2 | converges.

(iii)
∑

(k1,k2)∈N2

{ ∣∣∣∆{2}(ak1,k2
)

k1

∣∣∣ +
∣∣∣∆{1}(ak1,k2

)

k2

∣∣∣ +
∣∣∆{1,2}(ak1,k2)

∣∣
}

con-

verges.

According to (ii), there exists φ ∈ L∞([0, π]2) such that

φ(x1, x2) =
1

x1x2

∫ x1

−x1

∫ x2

−x2

∞∑

k1=1

∞∑

k2=1

ak1,k2 cos k1t1 cos k2t2 dµ2(t1, t2)

for all (x1, x2) ∈ (0, π]2. However, Theorem 8.7.6 cannot be applied here

because (i) holds.
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8.12 Notes and Remarks

Section 8.1 is based on [121, 122]. Regularly convergent double series was

first studied by Hardy in [50]; see also [18]. For a connection between

regularly convergent multiple series and Henstock-Kurzweil integrals, see

[38]. A more general version of Theorem 8.1.9 is given in [38], and a general

approach of Theorem 8.1.12 can be found in [103, Theorem 2.2]. Theorem

8.1.13 is based on [103, Theorem 2.3].

Lemma 8.2.2 is the two-dimensional analogue of [106, Lemma 5.4]. The-

orem 8.2.4, which is essentially [106, Theorem 5.5], refines a result of W.H.

Young [157, p.155] concerning double Fourier series. A different proof of

Example 8.2.6 can be found in [2]. For other results concerning multiple

Fourier series, consult, for instance, [47, 128–131].

Theorem 8.3.3 is a special case of [103, Theorem 2.2]. A different ap-

proach to Theorem 8.3.5 can be found in [124,126]. Theorem 8.3.6 is [126,

Corollary 3].

Sections 8.4 and 8.5 are based on the paper [107]. More general versions

of Theorem 8.4.3 are given in [123] and [19].

Sections 8.6, 8.7, 8.8, 8.9, 8.10 and 8.11 are based on the paper [106].
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Points, intervals and partitions

(a, b], 41
[a, b], 22
[a, b], 1
an, 210
ak1,k2 , 241

B(x, r), 25
bn, 210
bk1,k2 , 241

ck1,k2 , 241

diam(I), 79
dk1,k2 , 241

Im([a, b]), 23

Λ(t, [u, v]), 111

N, 1
N0, 205

Q, 5

R, 1
R+, 1
Rm, 21

S(f, P ), 4, 26

(t, I), 25
(t, [u, v]), 1
< t,x >, 38

[u,v], 21
{[uk, vk] : k = 1, . . . , p}, 1

V[u, v], 38

x, 21
x − y := (x1 − y1, . . . , xm − ym), 25
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spaces

AC0[a, b], 177

AC[a, b], 103

BV [a, b], 176

BV [a, b], 101

BV0[a, b], 176

BVHK [a, b], 188

B(X,Y ), 195

C[a, b], 26

C[a, b], 3

χX , 44

DsF (x), 34

∆[a, b], 132

∆′[a, b], 132

∆F ([u, v]), 128

Fα(x), 81

F (x), 81

Fα(x), 81

F (x), 81

F̃ , 41

F̃t, 38

f ⊗ g, 46

(HK)
∫
[a,b]

f , (HK)
∫
[a,b]

f(x) dx,
27

(HK)
∫
[a,b]

f(t) dt, 27

(HK)
∫ b

a
f , 5

(HK)
∫ b

a
f(t) dt, 5

(HK)
∫ b

a
f(x) dx, 5

HK[a, b], 27
HK[a, b], 4

L1(T), 210
L1(T2), 240
L1[a, b], 53
L∞[a, b], 84∫
[a,b]

f dµm, 53∫
[a,b]

f(t) dµm(t), 53∫
[a,b]

f(x) dµm(x), 53

(Mc)
∫
[a,b]

f dµm, 100

(Mc)
∫
[a,b]

f(t) dµm(t), 100

Mc[a, b], 100

∫ b

a
f , 5∫ b

a
f(t) dt, 5∫ b

a
f(x) dx, 5

(RS)
∫
[a,b]

F dH , 180

(RS)
∫
[a,b]

F (x) dH(x), 180

R[a, b], 26
R[a, b], 4

X∗, 195
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Measures and outer measures

VHKF � µm, 119

B, 143

µ1, 12
µm(X), 65
µm, 22
µ∗
m(X), 135

V (F,X, δ), 109
VHKF (X), 109
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Miscellaneous

Zn, 71

∆g([u, v]), 175
dist(X,Y ), 64
dist(x, X), 32

Γ(
∏m

k=1 Yk), 188

Lp[a, b], 84
λk, 241
λ0, 241

ω(F, I), 148
ω(f, [a, b]), 88

Pm, 188
Φ∏

m
i=1 Xi,k

(T ), 148

reg([u, v]), 79

∼, 210

VF (I), 95
V ar(g, [a, b]), 175

X∆Y , 40
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General index

Lp-norm, 84
VHKF -measurable, 141
X-tagged, 107
α-regular, 79
δ-fine, 15
δ-fine Perron subpartition, 35
δ-fine partition, 1
δ-variation, 109
µm-almost all , 60
µm-measurable function, 74
µm-measurable , 65
σ-algebra, 142
indefinite Henstock-Kurzweil inte-

gral, 34

δ-fine Perron partition, 25

absolutely continuous additive inter-
val function, 92

additive interval function, 34

Borel sets, 143
bounded linear operator, 195
bounded variation, 101
bounded variation (in the sense of

Vitali), 176
bounded variation in the sense of

Hardy and Krause, 187

Cantor set, 130
Cantor singular function, 132

Cauchy Criterion, 30
Cauchy extension, 17
Cauchy-Schwarz inequality, 85
characteristic function, 44
closed set, 63
completeness of Lp spaces, 86
convex, 216
countably additive, 69
countably subadditive, 69
Cousin’s Lemma, 2, 25

Dirichlet test, 207
division, 1, 22
dual, 195

extended real-valued functions, 81

Fatou’s Lemma, 61
Fourier coefficients, 210
Fourier series, 210
Fubini’s Theorem, 47
functional, 194
Fundamental Theorem of Calculus,

6

gauge, 1, 25

Hölder’s Inequality, 85
Hahn-Banach, 195
Harnack extension, 120
Henstock variational measure, 109
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Henstock-Kurzweil equi-integrable,
124

Henstock-Kurzweil integrable, 4, 26
Henstock-Kurzweil integral, 5

indefinite HK-integral, 34
indefinite Lebesgue integral, 91
interval, 1

degenerate, 21
in R, 1
in Rm, 21

Jordon Decomposition Theorem,
176

Lebesgue integrable, 53
Lebesgue outer measure, 136
Lebesgue’s criteria for Riemann in-

tegrability, 90
Lebesgue’s Dominated Convergence

Theorem, 61
linear operator, 194

µm-negligible, 60
McShane integrable, 100
McShane partition, 99
Minkowski’s Inequality, 85
Monotone Convergence Theorem,

60
multiplier, 169

net, 23
non-overlapping, 1, 21
norm, 194

open, 66
operator norm, 195
oscillation, 88

perfect, 152
Perron partition, 1, 25
Perron subpartition, 15, 35
point-interval pair, 1, 25
Pringsheim, 233

rational numbers, 5
regularity of [u, v], 79
regularly, 234
Riemann integrable, 4, 26
Riemann integral, 26
Riemann-Lebesgue Lemma, 210
Riemann-Stieltjes integrable, 180
Riemann-Stieltjes integral, 180
Riesz-Fischer Theorem, 86

Saks-Henstock Lemma, 14, 35
sgn, 38
signum function, 38
simple function, 78
single trigonometric series, 205
step function, 73
Strong version of Saks-Henstock

Lemma, 39
strongly derivable, 34
summation by parts, 205

tag, 1, 25
total variation, 175

upper semicontinuous, 114

Vitali covering, 79
Vitali Covering Theorem, 79
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